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Reverse plane partition
Partition and skew shapes

A partition λ = (λ1, λ2, · · · ) is a weakly decreasing finite sequence of
non-negative integers.
A partition is visualized as its Young diagram.
A skew shape λ/µ is the set-theoretic difference λ− µ of the Young
diagrams.
We consider partitions with at most n parts (n ∈ N is fixed).

(4, 3, 2, 1) (4, 3, 2, 1)/(2, 1)
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Reverse Plane Partition
Definition
A reverse plane partition of skew shape λ/µ is a filling of the skew
diagram λ/µ with positive integers which is weakly increasing along both
rows and columns.

3

1 1 3

1 1 2

1 2 4

4

1 3

2 3

1 2

Semi-standard tableau
A semi-standard tableau of shape λ/µ is a reverse plane partition of the
same shape such that the entries are strictly increasing along columns.
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Row reading word, weight, height of a RPP T
The weight of T is defined as wt(T ) = (t1, t2, · · · ), where ti is the
number of columns of T that contain an i .
The row reading word rT is defined as follows: omit all entries from
T which are equal to the entry immediately below it; then read T
from left to right and bottom to top.
The height h(T ) of T is defined as the sequence of positive integers
whose i th part (from the left) is the row number of the i th letter
(from the left) in rT .

3

1 1 3

1 1 2

1 2 4

row reading word 3113124, weight (3, 1, 2, 1), height 4333221
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Flagged reverse plane partition

Flagged reverse plane partition
A flag Φ = (Φ1, Φ2, · · · , Φn) is defined as a weakly increasing
sequence of positive integers with Φn = n.
A reverse plane partition respects flag Φ if every entry in the kth row
is at most Φk for all k.
R respects the flag (1, 2, 3, 4) whereas S does not.

R = 4

1 3

1 2

1 1

S = 4

1 3

2 3

1 2
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Flagged skew Schur polynomial

Tab(λ/µ, Φ) is the set of all semi-standard tableaux of shape λ/µ
which respect flag Φ.

Definition
The flagged skew Schur polynomial is defined as

sλ/µ(XΦ) =
∑
T

xwt(T ),

where T varies over Tab(λ/µ, Φ) and for α ∈ Zn
+, xα = xα1

1 xα2
2 · · · xαn

n .

Special case
If Φ = (n, n, · · · , n) then sλ/µ(XΦ) = sλ/µ(x1, x2, · · · , xn) which is
skew Schur polynomial.
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Flagged skew dual stable Grothendieck polynomial

RPP(λ/µ, Φ) is the set of all reverse plane partitions of shape λ/µ
which respect flag Φ.

Definition ([Kim20], [Hwa+21])
The flagged skew dual stable Grothendieck polynomial gλ/µ(XΦ) is
defined by

gλ/µ(XΦ) =
∑
R

xwt(R),

where R varies over RPP(λ/µ, Φ).

gλ/µ(XΦ) = sλ/µ(XΦ)+ lower degree terms.
If Φ = (n, n, · · · , n) then gλ/µ(XΦ) = gλ/µ(x1, x2, · · · , xn) which is
the skew dual stable Grothendieck polynomial.
gλ/µ(x1, x2, · · · , xn) = sλ/µ(x1, x2, · · · , xn)+ lower degree terms.
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Key Polynomial
Demazure crystal
For σ ∈ Sn, λ ∈ P[n], the Demazure crystal Bσ(λ) is defined as:

Bσ(λ) := {f k1
i1 f k2

i2 · · · f
kp

ip Tλ : kj ≥ 0}\{0} ⊂ Tab(λ),

where si1si2 · · · sip is any reduced expression of σ and Tλ is the unique
semi-standard tableau of shape and weight both equal to λ.

Key polynomial
For σ ∈ Sn, λ ∈ P[n], the key polynomial is κα :=

∑
T∈Bσ(λ)

xwt(T )

(σ.λ = α).

Theorem (Reiner-Shimozono)
The key polynomials {κα} as α varies over all compositions form an
Z-basis of the polynomial ring Z[x1, x2, · · · ].
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Previous results
A polynomial f ∈ Z[x1, x2, · · · ] is called key positive if it is a sum of
key polynomials.

Theorem (Reiner-Shimozono)
sλ/µ(XΦ) is key positive. Explicitly,

sλ/µ(XΦ) =
∑
Q

κ
β̂(Q),

where Q varies over all (λ/µ, Φ)-compatible tableaux and β(Q) is the
weight of the left-key tableau K_(Q) of Q.

The crystal-theoretic version of the above result is as follows:

Theorem (K-Raghavan-Sathish-Viswanath)
Tab (λ/µ, Φ) is a disjoint union of Demazure crystals.
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New Results
Main Theorem (K)
RPP(λ/µ, Φ) is a disjoint union of Demazure crystals (up to
isomorphism). More precisely,

RPP(λ/µ, Φ) ∼=
⊔
Q
Bτ (β̂(Q)

†
),

where Q varies over all (λ/µ, Φ)-compatible tableaux for RPP and τ is any
permutation such that τ.β̂(Q)

†
= β̂(Q).

Corollary
gλ/µ(XΦ) is key positive. Explicitly,

gλ/µ(XΦ) =
∑
Q

κ
β̂(Q),

where Q varies over all (λ/µ, Φ)-compatible tableaux for RPP.
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A sketch of proof

Fix Q, a (λ/µ, Φ)-compatible tableau for RPP.

C(λ/µ, Q, Φ) := {T ∈ RPP(λ/µ, Φ) :
[
h(T )
rT

]
Burge−−−→←−−− (−, Q)}.

Thus RPP(λ/µ, Φ) =
⊔
Q
C(λ/µ, Q, Φ), where Q runs over all

(λ/µ, Φ)-compatible tableaux for RPP.

Proposition

Ψ : C(Q, λ/µ, Φ)→ Bτ (β̂(Q)
†
) via T 7→ P(rT ) is a weight-preserving

bijection which commutes the crystal raising and lowering operators.
(P(rT ) is the unique semi-standard tableau Knuth equivalent to rT .)
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Thank You
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