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Dirichlet’s Theorem on simultaneous Diophantine approximation

Theorem (Dirichlet)

Fixm,n € N. Forany A € Mnn(R) andt > 1, there exists (p, q) € Z™ x (Z" ~ {0})
satisfying the following system of inequalities:

|Aq — pl||” <f and |q||" <t

e Here ||(x1, ..., x| = max{|x,-| 1 <i<k}
e m=n=1, |x—B\< and1<g<t

Corollary (Dirichlet)
For any A € Mn,n(R), there exist infinitely many (p, q) € Z™ x (Z" . {0}) satisfying

Aq — plI" < lqlI".

Question
Can we improve Dirichlet’s theorem?
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Asymptotic approximation: Khintchine-Groshev Theorem

Let ¢ : [1,00) — (0, c0) be continuous, decreasing and tim P(t) =0.

Definition

A € My o(R) is y-approximable if 3 co many (p, q) € Z™ x (Z" \ {0}) satisfying
1Aq — p||" < 4(q|").

@ Ais y-approximable if and only if A + A’ is ¢)-approximable for any A € Mm n(Z).
e W(y) C Mnn(R/Z) the set of y-approximable real matrices.

Theorem (Khintchine-Groshev)

eowi) = { o bl 2o
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Uniform approximation

Definition (Kleinbock-Wadleigh, 2018)

A € Mn n(R) is -Dirichlet if for all sufficiently large t, there exists
(p,q) € Z™ x (Z" \ {0}) satisfying the following system of inequalities:

IAq —p||" < 3(t) and |lq||" <t.

@ Ais ¢-Dirichlet if and only if A+ A’ is 1-Dirichlet for any A" € My, »(Z).
@ Denote by DI(v) € Mn,n(R/Z) the set of ¢-Dirichlet real matrices.

Question
Is there a zero-one law for Leb(DI(v)) analogous to the Khintchine-Groshev theorem? J

o Let 4y (t) = 1. DI(¢1) = Mmn(R/Z) (Dirichlet).

@ Ais Dirichlet improvable < A is cy1-Dirichlet for some 0 < ¢ < 1.
@ Leb(Dl(cy1)) = 0 (Davenport-Schmidt, 1969).

@ Leb(W(v)) = Leb(W(cy)) for any ¢ > 0.
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Interesting cases for 1

In view of results of Dirichlet and Davenport-Schmidt, to get interesting results for
Leb(DI(%)), we need forany 0 < ¢ < 1

cr(t) < ¥(t) < (t) for all sufficiently large t.
That is to say we need

1—a(t)
t )

where a(t) : [1,00) — (0, 1) is some function with a(t) — 0 as t — oc.

P(t) =

Some heuristics:

@ If a(t) decays fast (so that v is close to 1), then we expect DI(v) to be close to
DI(+1), thus having large Lebesgue measure.

@ If a(t) decays slow (so that v is close to ¢y for some 0 < ¢ < 1), then we expect
DI(v) to be close to DI(cy1), thus having small Lebesgue measure.
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A zero-one law for Leb(DI(y)) when m=n =1

Theorem (Kleinbock-Wadleigh, 2018)

Assumem=n=1. Lety(t) = 1‘—?” : [1,00) — (0, c0) be continuous and decreasing
with also a(t) : [1,00) — (0, 1) also decreasing. Then

1 if S en k' a(k) log ga(‘k); < 0,

Leb(Dl(w)):{ 0 IS,k 'a(k)log

1Y _
aw ) = o

o If a(t) = (logt)~° (& (t) = 1=00"") then

.f 1
Leb(DI(+)) = { ; :fgz c<1.

@ Proof uses continued fractions, not applicable to higher dimensions.
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Main result: a partial zero-one law on Leb(DI(%)))

Theorem (Kleinbock-Strémbergsson-Y. 2021)

Fixm,neN. Setd=m+n, a = d2+d—4 and B = d2—d let

P(t) = 1= f(' [1,00) — (0,00) be cont/nuous and decreasmg with also
a(t) : [1,00) — (0, 1) also decreasing. Then

g 1 @ B 00,
Leb(D/(w))z{ | Vet LG gam; )

0 if Y enk "a(k)log” ( g ) = oo and (x).

Here
—1 a | .8+ [ 1
i 1=t 407" ()

e (E1Sksr"_1 atk)= '°gﬁ<a(k)>)2

=0. (%)

@ When m = n=1, (%) is not needed (Kleinbock-Wadleigh).

© (x) says that when the series 3_, ., k' a(k)® log” (75 ) diverges, the rate of
divergence can not be too slow.
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Examples

0 a(t) = (logt)~° (& o(t) = 1=120") then
1 if 1
Lob(It) = { o 62 &/ e,
@ (zoom in at the critical case) a(t) = (log t)~"/*(loglog t)~° then

1 ife> 24
Leb(DI(v)) = { 0 ifo<c<?.

When £ < ¢ < £ our theorem does not give any |nformat|on on Leb(DI(w)).

(When m=n= 1 Kleinbock-Wadleigh implies Leb(DI(y)) =
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Homogeneous dynamics

@ Letd =m+n. X = G/T =SL4(R)/SL4(Z) parameterizes the space of covolume
1 lattices in RY via gI' < gZ°.

@ 1 the unique G-invariant probability measure on X.
@ G acts on X via left multiplication.
@ The matrix space Mm »(R/Z) naturally embeds in X via

A€ Mnn(R/Z) — A= ("7 1) 2% € X.
It thus gets identified with the sub-manifold
Y={Aa:A€E Mnn(R/Z)} C X

endowed Lebesgue measure.
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Dani correspondence

Proposition (Dani Correspondence)

There exists a continuous decreasing function r : [So, 00) — Rsq uniquely determined
by ¥(t) = =20 such that

A¢ DI(y) <= gsha € Kys) for an unbounded set of s > 0,

where gs := diag(e¥/"In,e/") and K, := {A € X : AN (—e ", e")? = {0}}.
Moreover,

Zk”a(k)“ log” (ﬁ) oo = Zr(k)a log” (ﬁ) < oo.
k

k

In other words,
DI(1/})C = limsup(g-s r(s) N Y).
S— 00

Discretize it: define By := Uy s 9—sKr(k+s), then

DI(%)° = limsup(g_«Bx N Y).
k— oo
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Measure of limsup sets: Borel-Cantelli lemma

Lemma (Convergence case)

Let (X, v) be a probability space. Given {Ax}ken @ sequence of measurable sets. If
>k Y(Ak) < oo, then v(limsupy_, ., Ax) = 0.

Lemma (Divergence case)

£, v(Ak) = oo and {Ax}ken further satisfies the following quasi-independence
condition that

Zk1§i¢j§kz v(AiNAj) — v(A)v(A)

liminf =0 for some ky € N, (@])]

fo=roe (524, v(A))?

i=kq

then v(limsup,_, . Ax) = 1.
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The convergence case

Recall DI(4)¢ = lim sup,_, . (9—«Bx N Y). Borel-Cantelli lemma tells us

S Lleb(g-kBxkNY) < o0 = Leb(DI()°) =0,
{ S Leb(g_kBxkNY) =00 & (Ql) = Leb(DI(¢))°) = 1.

Need to restate the convergence or divergence of the series >, Leb(g_«xBx N Y) in
terms of ¢ = =20

T

Theorem (Kleinbock-Strémbergsson-Y. 2021)

Sk a(k)” log” (ﬁ) <oo = Y Leb(g_«BinY) < cc.
k k

@ This theorem settles the convergence case.

@ Proof consists of two steps:
Step 1. Estimate p(Bx).
Step 2. Relate Leb(g_«Bx N Y) with p(Bx).
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Step 1: A quantitative Hajés’ theorem
Recall Bx = U< 51 9—sKr(k+s) and

K, = {/\ EX:AN(—e e ) = {0}} .
{K:},~0 are compact neighborhoods of the critical locus for the supremum norm in R9:

Ko := {/\eX:/\m(—1,1)d:{0}}.

Theorem (Hajos, 1941)

Let U be the subgroup of upper triangular unipotent matrices in SLy(R), and let W be
the subgroup of permutations. Then

Ko = |J (wuw")z°.

weWw

@ u(K:) — u(Ko) = 0as r — 0. Need a more precise asymptotic formula.
Theorem (Kleinbock-Strémbergsson-Y. 2021)
2. 4 2_
Leta = &H2=% and g = <9,

u(Kr) =a r*tlog? (1), asr—0".

= = = =

et
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Step 1: A quantitative Hajés’ theorem
Up to permutations, gZ9 € K, roughly means each diagonal entry satisfies
gi = 1+ O(r), contributing
1+cr
/ ax =r
1—cr

with d — 1 copies, and each pair of symmetric off-diagonal entries (gj, g;;) satisfies
|gigi| < r and max{|g;l,|g;|} < 1, contributing

]
/ dxdy = rlog(-)
{06y)max{ x|,y |} <1, lxy| <r} r

with 21 copies. In total

d(d—1)
r(riog(1)) = r*"1og”(1).
Corollary
p( | g-sK)=rlog” (1), asr— 0"
0<s<1
In particular,

Zk a(k)” log” (Lk)<oo & Zr(k) log” (Lk))<oo & Zu(Bk)<oo.

= o - = = T
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Step 2: Effective equidistribution of expanding horoshperes

To relate Leb(g_«Bx N Y) with u(Bx) we use

Proposition (Kleinbock-Margulis, 1996)
There exists 6 > 0 such that for any f € C°(X) and for any k € N,

/Y F(gk\a) dA = () + O(e~%S(£)),

where S(-) is some Sobolev norm.

Note
Leb(g_kBk N Y) = / X By (gkAA) dA.
Y

@ Take f, =~ xp, a smooth function approximating xs, .
@ S(fx) < r(k)~* for some L > 0.
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Step 2: Effective equidistribution of expanding horoshperes

To summarize we show
Leb(g_kBk n Y) = / XBk(gkAA) dA ~ / fk(gk/\,q) dA ~ ,u(fk) ~ M(Bk)~
4 Y

Making all these “x" precise one shows that

D Leb(gkBiNY)<oo <= Y u(By) <o
k k

We have shown from step 1 that

Zk a(k)" log” (%)<oo = > B <o

k

Combining these two we get

Zk a(k)® log” (Lk)<oo = Y Leb(gkBiNY) < .
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Divergence case: Effective doubly mixing of expanding horospheres

To verify quasi-independence condition, need to show
Leb(g-iBing-jBiNY) ~ Leb(g—;B;N Y)Leb(g—;B;NY)

on average. For this we use

Proposition (Kleinbock-Shi-Weiss, 2017; Bjorklund-Gorodnik, 2019)

Forany fi, £ € C3°(X) and for any i # |,

| f(@Ma)(aA) A = () + O (&7 IS ()5 (8))

Note

Leb(g_ BN g BN Y) = / X6, (G 4) X, (GiAa) OA
Y

@ Not so useful when |/ — j| is small.
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Divergence case: Effective doubly mixing of expanding horospheres

@ When |i — j| is large, taking f ~ x5, and f; ~ x5 and applying this effective doubly
mixing we get

Leb(g-18: 1918, Y) ~ | Kahw)i(ga) A= u(f)ut)
~ 1(Bi)u(B;) = Leb(g—_;Bin Y)Leb(g_;BiNY).

@ For i < jwith j — i small we use the trivial bound
Leb(g-iBing-;BNY)= / x5,(9iNa)x5,(giA) dA
Y
< / ij(gj/\,q) dA = Leb(g_;B;nY).
Y

@ The extra condition (x) is needed to ensure (Ql).
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Thank you for your attention!

o F = = DA
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