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MOTIVATION
-

• There are a handful of QFTS in 3d Pkd where confinement

and mass gap generation can
be understood analytically .

• Polyakov modern
on IR? as)

Seiberg
- Witten on 1124 ( 94)

QCD Lads) on
1133×5

'
(07 )

deformed Yang - Mills
on 1123×5

' (08) .

• In all of the
above;

SUCN)→ UCDN-I due to either

an adjoint Higgs vev (algebra
valued) or gauge helonomy

- (group
valued)

"

Dynamical abelianization
"

• In all; SN = Weyl group of
SUN) is Higgsed .

↳ permutation group
.

• Higgins pervades the physics of these

systems &
renders them quite distinct from pure YM.



•• Spectrum of fundamental string tensions.
Nt types in

SW f Polyakov. (see Douglas ,Shenker 95J.

• Spectrum of
"

glueball
"
masses . N

-I distinct dual photon

masses
in all abelianizing

theories .
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Sw , P, QCD
lads),dYM .

.

• Splitting to N -I ⇒ Imprint of broken Sn .

• Tensions
dictated by charges W€¥!gww→¥ N°18

µ - ality !• ( sometimes presented as delicacy . Not so, it is)a feature.



CURIOUS FACT ABOUT STRING TENSION IN YM .

-

• In YM or QCD with adjoint matter, we are usually told

that tensions are dictated by N -ality .

e. real story is actually more interesting
.

• However,
th

-
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( not widely appreciated)
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DEFINITIONOFSEMI-ABELIANTHEORY.ca
we construct two interesting gauge theories .

•• UCD
"

theory with .gg/obal non-abelian
discrete sym -§

•
UCDN

- '
* SN Selig.

obtained by
•

me gauging Sn . ( coupling to SN TQFT)

Semi - direct product..
-

• Non-abelian
Abelionizing Semi -abelian

sow) theories .

theories ULDN-65N
sum→unit

'

Sm : nottliggsedgg
Sw : Higgs Sn : n.gl#otged. .

• Many properties of semi-abelian theory
are much

closer to pure YM than abelianizirg theories .



3d LGT

• Wilson formulation

• Villain formulation } of 3d U" )"
'
Lattice g.

t
. (LGT)

• Equivalent
at weak coupling .

•Villain more convenient for
exact dualities .

• Wilson better for gauging
SN .

• We work with 3d LGT; very
concrete and simple

illustration of some general ideas .



Jifferential forms and dual lattice .

Az :

'

original lattice Thg : Dual lattice .

Ccr) : r- cells, r
-

-

oil , 2,3 Elr)

site , link, phaguette,
cube . *cM=E

{ su , lip ,
c } * s = E

X
- * l = § shifted by half .

* p -
- E -

s

.

.

* e
-

-
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Wilson formulation-
N

Sw⇐ p §? ,

G - wsfpi ) - i que? aie ;
↳
Lagrange multiplier

.

first @ai)p . ; ale C- CO,2tD produce constraint !€aie=O .

• Constraint tells us
that only N- l photons are physical

.

• Global Sn symmetry manifest
.

'

late . .
. ai)P ( ai" , . . . . , at

"' )

• Pure gaeilge theories studied '

to date are not equipped with

non-abelian global symmetries .

•• This is
the first example of this

new class, and opens
a new

window .

Wait f see , . -especially when we gauge SN
.



Villain formulation .

S=÷epE(Fpt2tnp5, Fp = @A)p
N- I .

Ae valued in IR

Np valued in Tre IRN
' ' Tr : Root lattice of sun

) .

O - form gauge
invariance : Ae → Aet@De Hg ERN

"

I - form gauge
inv . Ae→ Aet#Be ; np→np

-@B)p, BEEF .

• Since
IR
"

"/2*p
,

= Uu)
" '

;
this also defines

a UNM LGT .

Z-jfe.az/f..dAeIe-s.IiYii:iinorm,can be exactly
dualized .



globo.lsymmetrieso.tnform symmetry : Ae → Aet Oe; Get
IRN
-'

& @04--0-

• Discrete non - abelian O- form symmetry:

Ae → TAE ; Np → Tnp

II. : OCN
-D transformations

that preserve
root lattice I.

Weyl group of SUN), SN f Zz charge
cons .

Ae → Ae -L (d. Ae)
Ae → -Ae

Np → Np -
alt - np ) hp -7

- np .

G" = {SILK III Ga! {vain
-I



Weyl reflections : Salus = re - 2 (a. re)

xz
→ plane -1 to 2 ,

q••
aitdz

-

Mraz- a, agent
. "

m planet to az .

6$
Ma-22 4

Is planet to 4+22

Saz (Mz) = M2
- d2

Sa
, (Mz - Az) = Mz

-42-2 ,



-

• Sa ( re) = re - 2 (dare )Weyl reflections .
.

a

→ planet
to 2 ,

µ,-he 21+22 -

{
→

m , →
phone

-1 to 42 .

I a,
M
,-4-42

→
planet

to 4th

Mi

Sa
, cm)

= Mi - ai

Sada , - ai) = Mi
- as -22



Observables .

-

• Wilson lines
. Ww ( c) = eifw.it

Invariance under 1- form gauge
transformation

.⇒ WE II
weight
lattice .

•• Transformation under global symmetries .

G
'"

:
Ww Cc) a- With CC) .

G
'"
.

-

Ww 1- Wwc
eifcw .

O

•

hence contractible loops are invariant under GED and

non
- contractible loops transform .



Villain ⇒ ru- ferromagnet⇒ iagnetic Coulomb goes.
• Poisson resummation .

n§zq e
- FredTo +2*972 = ,§z, e-

Itekptikp . Fp

•• Integrate out Ae exactly . ⇒ (dtk )e=0 .
⇒

* He-1dm)e where my is Tw - valued

scalar on the dual lattice Tz .

• Exact dualgmgepwge-tTeeE@m7eTw-ferro.Z= [ of villain -



• Let us replace MCI) with a continuous field . Using

another Poisson resummation;

§×yep{ lol 'D
-2Tmix )) =L ei9cxT.mx,

94T)Err

Z = fldrcxy] E e
- ¥§GiraD4i§9 rug

{9lbErr}

/
.

9cD=§np E R

faces,center
I

↳
Magnetic charge .↳
Gauss surface .



•• Integrating out reel exactly ; we reach to

Coulomb goes representation
.

Z }g¥e, } e'
⇐ EE. 4*-599×7

.%,

• Euclidean Vacuum : Proliferation of monopoles , but
very different
from Polyakov

di 92 44kHz model f deformed

YM due to
'

unbroken SN .43 4h42

42,443 di



EFT
.

• f -
- II. § rixsDT-2e-I.EE#cosk.rcxnD

OI : all NZ- N roots of SUN) algebra .

a-Ads Guth)

All on the same footing due
to unbroken SN.

• In Polyakov model; the
action are

hierarchical .

Our construction is more egalitarian .

Sulu ) → uh)N
- I ( the best we can do is :

-So simple roots in So -

Li , az ,
i -
- - , any

E e

*Hd2 ) 22+23 , .
.

-any -12N
I E-

250

*Hd2-123, .
. .

. q e
-350

it . . -

+ am , : e-
ants.



• In Polyakov; there are N- l dual photon mass &

N - I fundamental string
tension . (same in SW RED

.

amass
- MN-I

= : f Tm ,
# Tm

,
-2,
#Tri-a

,
-a# " "TM-a

,
-
-

-
-

-dm

m ,

o - - - -
E
- -
- -

-

Sw , p, QCD
lads),dYM . •• Imprints of broken (Higgsed) SN .

• In UC DN
"
LGT with SN .

mass

$

TETE N- I fold deg . & Ty ,=Tara ,= - - - - - ⇒id,
- Ha ,

f gap
a-
-
- -

-
-

-
-

-

• Imprints of unbroken SN .



Wilson loops & string tensions.

w Eru charge.

C -

- 3D contractible loop .
Www (c) = eiocw

-
A

Wwc c) =
eifw -

F

= e
i&D7*p (Wfp)
PEN ]

Wwa) : Soo e
-¥,fd3x{ IIdo -2*431 7M¥,

Ausa of

Ww Cc) : Defect operator
-in dual formulation

.

Delete C;
restrict path integral to config

.

Sos ,do = 25W
Si

C

-

I



• Ww Cc) n e
- Tw Area .

↳ tension
↳ Area law .

S
'

@
→ fills .KZ x. y plane

go
To = rat)

- r(07=2#w .

• impolite . • Action of TCZ ) =
AT-_ 24W T

S= Area x w

where Tw
is instanter action

in reduced QM system .

• ACD) is area
law .

•

+D

' twain, E.I.kz#EzT+.nife*.ftwsar
)



One can
calculate tensions with a- plausible ansate, wrcz) .

The main point is it
w

, #wz;
wfrw ; the

tensions are typically different .

• Let Mi , 2M , , uz , a
Eirw denote highest weight of

F
,
S

,
AS , ads rep

such respectively .

Ty , :
minimal tension

Tzu , = 2T,

Taz -_2ff Tn ,
Ta = 2T,

etc -

• Fairly obviously;
there is no

w C- fu for which

tension vanishes .
This simple fact

will be

important hater.



Gauging SN is good.

• Clearly , properties
of our abelian theory with Sn

'

g loyal

symmetry
resembles to YM more than dynamically

abelianizing
theories .

•• But global symmetries
are different from

YM .

SUCN) YM
-

Ucl)
N - ' with global SN -
_- → change cony .

God , SN ZT
charge cont GM : Zz

GCD : Uci)
N - I

GCD =zffD

9. Let us gauge
SN .

and construct
UCDN

-'XSN

theory .
Then; we

will show that Uci,
N- '

y Sn

¥72
Gcn : #N



Semi- abelian gauge theory
.

• Start with Wilson formulation . and gauge
SN -

• Embed elements of UCDN - 'x Sn inside Sven) as

P
.

C E SUN) ; C- Leia; . . . - e'
an)

PE Sn : NXN
matrix rep . of

Weyl reflection
.

LP, . G) ( P2 . G) =P, B. (PI
'

GRCs)
- me.

• Let He.ee/Esucn5sndenoteEinY
' "
variable . staff

• S=? B. (trct-teeaple.ee#EBa-trf1n-eIapPel(

p.SN



Coupling to SN Taft.-

• Ba-soo . imposes flatness condition on Sn gaugefield
-

- IT Pe = In' n

eEdp

• As long as correlates do not involve
non-

contractible

cycles on Mz ; local dynamics
must be the

same as

with trivial top
.

abelian model

✓
Open ball

• Pe can be fixed to
-13

133 I inside B
? Local

Oita) O.dk) dynamics same
as

•

i

abelian model
.

• Globally different theories . e. g .
correlates involving non- contractible

cycles know about SN TQFT .



• In the Bz→a limit; Sn monopoles are energetically forbidden .

( O, ex, Wsncx , 02K¥
,
.gg?fQcxDO2Hz)?,,q ,

• Local dynamics same as
abelian theory .

• But spectrum of line operators
& global symmetries

are
distinct.



Center symmetry & a puzzle
• Center Sym . is a t - form symmetry (acting on lines) generated
by co-dim 2 defect .

• E.g . Ucl) LGT. ( easiest to describe on lattice?

Let ve# ex - e'
'

9"'
.

S - elteapue say Vulxtnvtncx UIM

2- Gu) ) : Unix) → ei drunk)
-

global .

• Z ( ULDN
- ' ) = Ucl )

N- I

=L ( Sw ) = I

2- ( Uci)
N- 'XSN) = Ztn just like pure

SUM YM .



Wilson Loops & symmetry generators in abelian un)
N-I model

.

Wilson hoops : Wku) = eid '
- IE 'T) .# ka

,
. .

-

n .

.

µ ,@ WIIo

wz " "
"

ftp.sa-W3
[VCD

' ")
"'

generators: Tok
'
cc) = ei # Sink

. dr

OE IRN-421T Mw KH, - - -
N- l -

"""

⇒ io.fm
"

'f÷÷÷÷÷÷÷÷i:operator.

troikas



Gauging SN

• After gauging Sn; generators & Wilson operators

are no longer gauge
invariant.

• We must symmetrize Wilson loops f topological

operators
to build gauge

invariant objects.

• Wilson loops in Ucr Sn theory .

Wfd (C) = W ,
(C) t Wz (c) t - - - -

1- Ww ( C)

• In generators .
"

Un CC) = II
'

-U÷"an (c) = eiffel
, -12kt . -

- kN-Dan-D.dr

Fusion obeys group
Un (C) Um CC) = Umm med NCC) multiplication law .



-

ZE" center & failure of N-ality rule .

ZINC
"
: Wfd →

CZTYN Wfa .

or

i

(g) Wfaccz)) = e2n
link↳G)( Wfdcczj)

""

I
'

=ei¥fm*
"

fu:c! . prawnGD .

Qi Does l- form Zf" center Sym .
control string tensions

?

No . Tee, #O, but I to as well . *zero N-alitg) . Tzu,#Tmz
(both N-ality 2).

••• Infinitely many string tensions , instead of gust N .

Puzzle .

. How is the presence of infinitely many string

tensions compatible with finite
center symmetry ?

-



Non- invertible topological lines & symmetry .
• Need to explain the failure of the N- Iity rule .

• ⇒ Non- invertible top . symmetry .

Generalization of

1- form 7h43 center symmetry .

• Symmetrizing center generators UI
"(c) in abelian theory :

Told = in fees
.

PUI" cc) P
"

=#§§eiEfa
.
dr

•• Satisfies all features of l- form symmetry, except group
multiplication law.

'
- symmetry , but
to (C) To. (c) # Tata Cc) . not a group .



• Consider Wilson loop that corresponds to cot.
electric

e.g . Wwp = EPWWP
"

etc - FEpEifttice.
PESN

•

Told Wray = to,r-WrCc
'

)

few
HR -÷,§§ei0a•w

fd Nfd

= barf
Tok) Wfdcc

' ) = # (N - 21-2 cost) Wfdcc't



Tension for A-ali#y zero rep .

• Here is the main point concerning non - invertible sym
.

Despite the fact
that Wad

,
is trivial under

ZNC '} U (G) Wad, CG) =
I Wadgccz) j it obeys

To (G) Wad, lez) = LN-27CN-DTLCN-4coso-t2wskI-waq.cc
)

NCN-D
-

non- trivial . eigenvalue .

• String tension beyond N-ality is characterized

by non- invertible topological line operators To .

• To is a l - form sym .

But it does not have

an inverse . to = To .

Fusion rule does not

conform with group
law . Fusion category ?? ?



Distinguishing two N
-alitty two reps .

• Consider
two N - ality 2- reps, Wsgm .

f Wasym .

• Eigen- operators of non- invertible generators Tocci)
are

Wasym & @Sym - Wasym) .

Tous) ( wgm-wasgmjccd-N-2-nywsw-cwym-was.com
)

To CG ) Wasymccz
)=@-2KN-3)twt Wayne.)

NCN-D

•
consistent with Tye, # Tzu , .



Dynamical electric charges & breaking non
-invertible gym.

• Add W
- bosons . Since eigenvalue of Wadj

must be
one
,
(perimeter law or adjoint string breaking

);

Ta (G) Wad, (Cz) = Xo ,
ad,
Nady ( Cz )

"I . .

the only solution is for
0=0 ,

and we loose non
- inv -

symmetry .

• If W is heavy; then;

Rep. deep . . N-ality
- i

, deep.Er
'

!:

I

d r
i constructed by Mw -

•• suspiciously curious, isn't it ?



Conclusions- speculations
'

• Abelian and semi
-abelian dynamics are quite different

from other solvable , abelionizing
theories : Polyakov, N

-25W
,

QCD lady),
deformed YM . Provides new insights .

• Non- invertible Sym .

is very likely also present in pure

YM as an approximate Sym .

We believe that

it becomes exact
at N=• limit and string tensions

are not controlled by N-alky .

• Non - inv . sym
can very likely provide a meaning to

confinement in
theories such as QCDCF) and

YM with Gz group
etc . It also gives a meaning

to confinement of adjoint probes
in SUCN) YM .


