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“hydrodynamics is an asymptotic 
series” (Bjorken flow, attractor, …)

“hydrodynamics works 
unreasonably well”

quantum chaotic mess 
leads to (collective) 

hydrodynamisation and 
thermalisation

holographic calculation  
of works extremely well 

 is there a bound? ⌘
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is the speed of sound bounded? 
[Annala, Gorda, Kurkela, Nättilä, Vuorinen (2020)]



O U T L I N E

• introduction: hydrodynamics and holographic duality  

I. complex spectral curves and convergence 

II. quantum chaos through pole-skipping 

III. bounds from univalence 

• future directions
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I N T R O D U C T I O N :  
H Y D R O DY N A M I C S  A N D  
H O L O G R A P H I C  D U A L I T Y



• low-energy limit of QFTs — a Schwinger-Keldysh effective field theory  
[Grozdanov, Polonyi (2013); Crossley, Glorioso, Liu (2015); Haehl, Loganayagam, Rangamani (2015); 
…] 

• expressed through conservation laws (equations of motion) of  
globally conserved operators 

• tensor structures (symmetries and phenomenological  
gradient expansions) with transport coefficients (microscopic)
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H Y D R O DY N A M I C S

• small     = small frequency-momentum                                         :  

• dispersion relations:
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shear diffusion
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<latexit sha1_base64="a2Ga+eTMpWNJMZn9Mw6Z1YxEPKw=">AAACDXicjVDLSgMxFM3UV62vUZduglVwVWakoO6KblxW6As6Y8mkmTY0yQx5CGXoD7jxV9y4UMSte3f+jZm2iIqCBy4czrn3JvdEKaNKe967U1hYXFpeKa6W1tY3Nrfc7Z2WSozEpIkTlshOhBRhVJCmppqRTioJ4hEj7Wh0kfvtGyIVTURDj1MScjQQNKYYaSv13IMgRVJTxKC5DriBgaIcfmoNGDAG/Z5b9iveFPBvUgZz1HvuW9BPsOFEaMyQUl3fS3WY5VsxI5NSYBRJER6hAelaKhAnKsym10zgoVX6ME6kLaHhVP06kSGu1JhHtpMjPVQ/vVz8zesaHZ+GGRWp0UTg2UOxYVAnMI8G9qkkWLOxJQhLav8K8RBJhLUNsPS/EFrHFb9aObuqlmvn8ziKYA/sgyPggxNQA5egDpoAg1twDx7Bk3PnPDjPzsusteDMZ3bBNzivHwTDmuM=</latexit>

equilibrium 
temperature

uµ, T ⇠ e�i!t+iq·x

<latexit sha1_base64="AwZDbQNqhc948sHT2WUX6z9CSaA="></latexit>

q =
p
q2

<latexit sha1_base64="tZ/pTcPB1XH325HYkzt9YwzcFPs=">AAAB/XicjVDLSsNAFL2pr1pf8bFzM1gEVyUpBetCKLhxWcE+oKllMp20QyeTdGYi1BD8FTcuFHHrf7jzb5w+FioKHrhwOOde7uH4MWdKO86HlVtaXlldy68XNja3tnfs3b2mihJJaINEPJJtHyvKmaANzTSn7VhSHPqctvzRxdRv3VKpWCSu9SSm3RAPBAsYwdpIPftgjM6Rp8ZSp6nnB2ic3ZSznl10S84M6G9ShAXqPfvd60ckCanQhGOlOq4T626KpWaE06zgJYrGmIzwgHYMFTikqpvO0mfo2Ch9FETSjNBopn69SHGo1CT0zWaI9VD99Kbib14n0UG1mzIRJ5oKMn8UJBzpCE2rQH0mKdF8YggmkpmsiAyxxESbwgr/K6FZLrmV0tlVpVirLurIwyEcwQm4cAo1uIQ6NIDAHTzAEzxb99aj9WK9zldz1uJmH77BevsEue+UwQ==</latexit>



• infinite, all-order hydrodynamic expansion 

• non-analytic corrections due to statistical (quantum) corrections;  
long-time tails 

• conformal symmetry constrains the series 

• state of the art for relativistic neutral hydrodynamics
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Grozdanov, Kaplis, PRD (2016)

first order

second order

third order

BRSSS (2007)

Navier-Stokes (1821)

max N max N in CFT
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i T µ⌫

(n)

#
=) !(k) =

1X

n=0

↵n+1k
n+1

CFT: 
Weyl covariance

uµ ⇠ T ⇠ e�i!t+iqz
<latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit><latexit sha1_base64="2Py7x5HNUpjsn2AIIMKyvfhHai8=">AAACEnicjVDLSgMxFM3UV62vUZdugkVQxDIjgi6LblxW6As605JJ77ShycyYZIQ69Bvc+CtuXCji1pU7/8b0sVBR8EDI4Zx7ufeeIOFMacf5sHJz8wuLS/nlwsrq2vqGvblVV3EqKdRozGPZDIgCziKoaaY5NBMJRAQcGsHgYuw3bkAqFkdVPUzAF6QXsZBRoo3UsQ/StidS7CkmcHX6QTs7YtiLBfQI1vgQM3yNb0cdu+iWnAnw36SIZqh07HevG9NUQKQpJ0q1XCfRfkakZpTDqOClChJCB6QHLUMjIkD52eSkEd4zSheHsTQv0niifu3IiFBqKAJTKYjuq5/eWPzNa6U6PPMzFiWphohOB4UpxzrG43xwl0mgmg8NIVQysyumfSIJ1SbFwv9CqB+XXMOvTorl81kcebSDdtE+ctEpKqNLVEE1RNEdekBP6Nm6tx6tF+t1WpqzZj3b6Bust08vFpvg</latexit>

Tµ
µ = 0

<latexit sha1_base64="xbnp6ebT9A2FMq6W9PeHr1HZoi0=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAbBU9gVIV6EoBePEfKCZF1mJ7PJkJnZZWY2EJb4JV48KOLVP/Hm3zh5HFQULOimqOqmm4pSzrTxvA+nsLK6tr5R3Cxtbe/s7rn7By2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o9H1zG+PqdIskQ0zSWkg8ECymBFsrBS6buOuJ7Iwv7d9ii6RF7plv+LNgf4mZViiHrrvvX5CMkGlIRxr3fW91AQ5VoYRTqelXqZpiskID2jXUokF1UE+/3yKTqzSR3GibEmD5urXjRwLrScispMCm6H+6c3E37xuZuKLIGcyzQyVZHEozjgyCZrFgPpMUWL4xBJMFLO/IjLEChNjwyr9L4TWWcW3/Pa8XLtaxlGEIziGU/ChCjW4gTo0gcAYHuAJnp3ceXRenNfFaMFZ7hzCNzhvn6VIkv4=</latexit><latexit sha1_base64="xbnp6ebT9A2FMq6W9PeHr1HZoi0=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAbBU9gVIV6EoBePEfKCZF1mJ7PJkJnZZWY2EJb4JV48KOLVP/Hm3zh5HFQULOimqOqmm4pSzrTxvA+nsLK6tr5R3Cxtbe/s7rn7By2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o9H1zG+PqdIskQ0zSWkg8ECymBFsrBS6buOuJ7Iwv7d9ii6RF7plv+LNgf4mZViiHrrvvX5CMkGlIRxr3fW91AQ5VoYRTqelXqZpiskID2jXUokF1UE+/3yKTqzSR3GibEmD5urXjRwLrScispMCm6H+6c3E37xuZuKLIGcyzQyVZHEozjgyCZrFgPpMUWL4xBJMFLO/IjLEChNjwyr9L4TWWcW3/Pa8XLtaxlGEIziGU/ChCjW4gTo0gcAYHuAJnp3ceXRenNfFaMFZ7hzCNzhvn6VIkv4=</latexit><latexit sha1_base64="xbnp6ebT9A2FMq6W9PeHr1HZoi0=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAbBU9gVIV6EoBePEfKCZF1mJ7PJkJnZZWY2EJb4JV48KOLVP/Hm3zh5HFQULOimqOqmm4pSzrTxvA+nsLK6tr5R3Cxtbe/s7rn7By2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o9H1zG+PqdIskQ0zSWkg8ECymBFsrBS6buOuJ7Iwv7d9ii6RF7plv+LNgf4mZViiHrrvvX5CMkGlIRxr3fW91AQ5VoYRTqelXqZpiskID2jXUokF1UE+/3yKTqzSR3GibEmD5urXjRwLrScispMCm6H+6c3E37xuZuKLIGcyzQyVZHEozjgyCZrFgPpMUWL4xBJMFLO/IjLEChNjwyr9L4TWWcW3/Pa8XLtaxlGEIziGU/ChCjW4gTo0gcAYHuAJnp3ceXRenNfFaMFZ7hzCNzhvn6VIkv4=</latexit><latexit sha1_base64="xbnp6ebT9A2FMq6W9PeHr1HZoi0=">AAAB+XicjVDLSgNBEOyNrxhfqx69DAbBU9gVIV6EoBePEfKCZF1mJ7PJkJnZZWY2EJb4JV48KOLVP/Hm3zh5HFQULOimqOqmm4pSzrTxvA+nsLK6tr5R3Cxtbe/s7rn7By2dZIrQJkl4ojoR1pQzSZuGGU47qaJYRJy2o9H1zG+PqdIskQ0zSWkg8ECymBFsrBS6buOuJ7Iwv7d9ii6RF7plv+LNgf4mZViiHrrvvX5CMkGlIRxr3fW91AQ5VoYRTqelXqZpiskID2jXUokF1UE+/3yKTqzSR3GibEmD5urXjRwLrScispMCm6H+6c3E37xuZuKLIGcyzQyVZHEozjgyCZrFgPpMUWL4xBJMFLO/IjLEChNjwyr9L4TWWcW3/Pa8XLtaxlGEIziGU/ChCjW4gTo0gcAYHuAJnp3ceXRenNfFaMFZ7hzCNzhvn6VIkv4=</latexit>

H Y D R O DY N A M I C S

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

[also Diles, Mamani, Miranda, Zanchin, JHEP (2020)  
and A. Jaiswal, PRC (2013) for kinetic theory]



H O L O G R A P H I C  D U A L I T Y

• holographic or gauge/gravity duality is a result of string theory, which is a  
quantum theory of gravity [Maldacena (1997)] 

strongly coupled quantum theory                                weakly coupled gravity 

                (extremely hard)                                                       (much easier) 

                                                                              

• weakly interacting gravity allows to analyse strongly coupled microscopic QFTs 

• invaluable explicit (toy) models, e.g., the              supersymmetric Yang-Mills theory 
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=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

• duality: theory A = theory B

N = 4



!8

• holography is an extremely useful tool for studying  
the structure of thermal spectra                               

• example: the spectrum (physical excitations) of a free 
(zero coupling) massive relativistic theory plotted for 
complex frequency                 :

H O L O G R A P H I C  H Y D R O DY N A M I C S

energy-momentum  
(frequency-wavevector) relation

4d QFT spectrum

●●

dispersion relation 
no damping (no imaginary part)



• sound: 

• shear:

!9

• holography is an extremely useful tool for studying  
the structure of thermal spectra 

• the spectrum of field theory correlators equals 
the quasinormal spectrum of frequencies 
of dual black branes, plotted for                           :  

• analytically known dispersion relations in 
supersymmetric Yang-Mills theory at infinite  
’t Hooft coupling and 
[Grozdanov, Kovtun, Starinets, Tadić, JHEP (2019)]                                 

N = 4

Nc ! 1
<latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit><latexit sha1_base64="2Mk93ctrhViF6ck+JylKY0AzZPI=">AAAB9XicjVBNS8NAEJ34WetX1aOXxSJ4KokIeix68SQV7Ac0sWy2m3bpZhN2J0oI/R9ePCji1f/izX/j9uOgouCDgcd7M8zMC1MpDLruh7OwuLS8slpaK69vbG5tV3Z2WybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0cXEb99xbUSibjBPeRDTgRKRYBStdHvVY8THhPhCRZj3KlWv5k5B/iZVmKPRq7z7/YRlMVfIJDWm67kpBgXVKJjk47KfGZ5SNqID3rVU0ZiboJhePSaHVumTKNG2FJKp+nWioLExeRzazpji0Pz0JuJvXjfD6CwohEoz5IrNFkWZJPbPSQSkLzRnKHNLKNPC3krYkGrK0AZV/l8IreOaZ/n1SbV+Po+jBPtwAEfgwSnU4RIa0AQGGh7gCZ6de+fReXFeZ60LznxmD77BefsE59WSHg==</latexit>

w ⌘ !

2⇡T
2 C

<latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit><latexit sha1_base64="UlVZoSf5Jfy+nAMa/E1NaPlRiMw=">AAACIXicjVDLSgMxFM34rPVVdekmWARXZaYIdlnsxmWFvqAzlEx6pw3NZMYkUynD/Iobf8WNC0W6E3/GTNuFioIHAifnnEtujh9zprRtv1tr6xubW9uFneLu3v7BYenouKOiRFJo04hHsucTBZwJaGumOfRiCST0OXT9SSP3u1OQikWipWcxeCEZCRYwSrSRBqWaGxI9DiSZpPcZduEuYVPsmjtN3SiEEcnSqhsz3DImE3iR9v20kQ1KZadiL4D/JmW0QnNQmrvDiCYhCE05Uarv2LH2UiI1oxyyopsoiAmdkBH0DRUkBOWlix9m+NwoQxxE0hyh8UL9OpGSUKlZ6JtkvqH66eXib14/0UHNS5mIEw2CLh8KEo51hPO68JBJoJrPDCFUMrMrpmNi6tGm1OL/SuhUK47ht5fl+vWqjgI6RWfoAjnoCtXRDWqiNqLoAT2hF/RqPVrP1ps1X0bXrNXMCfoG6+MTmwukXQ==</latexit>

H O L O G R A P H I C  H Y D R O DY N A M I C S

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

! = � i

4⇡T
q2 � i(1� ln 2)

32⇡3T 3
q4 � i(24 ln2 2� ⇡2)

96 (2⇡T )5
q6

�
i
⇥
2⇡2(ln 32� 1)� 21⇣(3)� 24 ln 2(1 + ln 2(ln 32� 3))

⇤

384 (2⇡T )7
q8 + · · ·

<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>

! = ± 1p
3
q � i

6⇡T
q2 ± 3� 2 ln 2

24
p
3⇡2T 2

q3 �
i
�
⇡2 � 24 + 24 ln 2� 12 ln2 2

�

864⇡3T 3
q4 ± · · ·

<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>



T H E  R E S T  O F  T H E  TA L K :

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

!, q 2 C

<latexit sha1_base64="bTmue832jvKsXHK5GASMPGQFmK0=">AAACAXicjVDLSsNAFJ3UV62vqBvBzWARXEhJpKDuit24rGAf0IQymU7aofOIMxOhhLrxV9y4UMStf+HOv3HSdqGi4IELh3Pu5d57ooRRbTzvwyksLC4trxRXS2vrG5tb7vZOS8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2N6rnfviVKUymuzTghIUcDQWOKkbFSz90LJCcDdAxvYEAFDDgywyjK6pOeW/Yr3hTwb1IGczR67nvQlzjlRBjMkNZd30tMmCFlKGZkUgpSTRKER2hAupYKxIkOs+kHE3holT6MpbIlDJyqXycyxLUe88h25hfqn14u/uZ1UxOfhRkVSWqIwLNFccqgkTCPA/apItiwsSUIK2pvhXiIFMLGhlb6Xwitk4pfrZxfVcu1i3kcRbAPDsAR8MEpqIFL0ABNgMEdeABP4Nm5dx6dF+d11lpw5jO74Buct09uMJZE</latexit>



I .  C O M P L E X  S P E C T R A L  
C U R V E S  A N D  C O N V E R G E N C E
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• algebraic curves are solutions to polynomial equations  

• e.g.: elliptic curves are  
non-singular solutions of 

• we will be interested in critical points, such as cusps, self-intersections, …, of 
complex spectral curves (with P(x,y) not necessarily a polynomial)

C O M P L E X  S P E C T R A L  C U R V E S

P (x, y) = 0 ) y(x)
<latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit><latexit sha1_base64="Oc1ZD5uBwvZ0Gm5yueLHEEX94Vg=">AAACCXicjVDLSgMxFM3UV62vUZdugkVooZQZEXQjFN24rGIf0BlKJs20oZlkSDLaYejWjb/ixoUibv0Dd/6N6WOhouCBCyfn3MvNPUHMqNKO82HlFhaXllfyq4W19Y3NLXt7p6lEIjFpYMGEbAdIEUY5aWiqGWnHkqAoYKQVDM8nfuuGSEUFv9ZpTPwI9TkNKUbaSF0b1kujSlqGp9CBXsW7ov2BRlKKW/OCaWlU7tpFt+pMAf8mRTBHvWu/ez2Bk4hwjRlSquM6sfYzJDXFjIwLXqJIjPAQ9UnHUI4iovxseskYHhilB0MhTXENp+rXiQxFSqVRYDojpAfqpzcRf/M6iQ5P/IzyONGE49miMGFQCziJBfaoJFiz1BCEJTV/hXiAJMLahFf4XwjNw6pr+OVRsXY2jyMP9sA+KAEXHIMauAB10AAY3IEH8ASerXvr0XqxXmetOWs+swu+wXr7BFNKl5A=</latexit>

y2 = x3 + ax+ b, x, y 2 R
<latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit><latexit sha1_base64="y0gLqFgQQO5BN9CpgTFjHf/4ohU=">AAACFXicjVDLSgMxFM34rPVVdenmYhEEh9JWQTdC0Y3LKvYBnWnJpGkbmskMSUY6DP0JN/6KGxeKuBXc+Tdm2i5UFDxwL4dz7iU3xws5U7pY/LDm5hcWl5YzK9nVtfWNzdzWdl0FkSS0RgIeyKaHFeVM0JpmmtNmKCn2PU4b3vAi9Ru3VCoWiBsdh9T1cV+wHiNYG6mTs+N2Gc5g1D6CQ8AwMt2zwbEdG0Z2DA4T4PhYDzwvuR53cvlSoTgB/E3yaIZqJ/fudAMS+VRowrFSrVIx1G6CpWaE03HWiRQNMRniPm0ZKrBPlZtMfjWGfaN0oRdIU0LDRP26kWBfqdj3zGR6ofrppeJvXivSvVM3YSKMNBVk+lAv4qADSCOCLpOUaB4bgolk5lYgAywx0SbI7P9CqJcLJcOvjvOV81kcGbSL9tABKqETVEGXqIpqiKA79ICe0LN1bz1aL9brdHTOmu3soG+w3j4BZtObRg==</latexit>

P (x, y) = 0 ) y(x), x, y 2 C
<latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit><latexit sha1_base64="S3PNaZL8rfpCNrL1T6T4X9JnmWU=">AAACIXicjVDNS8MwHE3n15xfVY9egkPYYIxWBHcRhrt4nOI+YC0jzdItLE1LkupK2b/ixX/FiwdFdhP/GdNtBxUFHwRe3ns/8svzIkalsqx3I7eyura+kd8sbG3v7O6Z+wdtGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6XjjRuZ37oiQNOS3KomIG6Ahpz7FSGmpb9aapUklKV9Y0KlA54YORwoJEd5n16Q0KWuxoqnOQIdy6ARIjTwvbUz7ZtGuWnPAv0kRLNHsmzNnEOI4IFxhhqTs2Vak3BQJRTEj04ITSxIhPEZD0tOUo4BIN53/cApPtDKAfij04QrO1a8TKQqkTAJPJ7MN5U8vE3/zerHya25KeRQrwvHiIT9mUIUwqwsOqCBYsUQThAXVu0I8QgJhpUst/K+E9mnV1vz6rFi/XNaRB0fgGJSADc5BHVyBJmgBDB7AE3gBr8aj8Wy8GbNFNGcsZw7BNxgfnxtEoHE=</latexit>
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L O C A L  A N A LY S I S :  P U I S E U X  S E R I E S

• Taylor series is a series in integer powers of the expansion parameter 

• Puiseux series is a series in fractional powers of the expansion parameter 

• consider a simple example of an algebraic curve for 

• we want to find series solutions for 

• a regular point is defined by                                                           at the  
regular point                          , the solution gives a Taylor series 

• a critical point (of order 2) is defined by 
here, two such points,                              , each with two branches of Puiseux series, e.g. 

• radius of convergence is distance to the nearest critical point:

x, y 2 C
<latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit><latexit sha1_base64="7NvayCvx3Uy4XPu/jnRobVlwo6Q=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBhZRECrosduOygn1AE8pkOmmHTiZhZiKGUH/FjQtF3Poh7vwbJ20XKgoeuHA4517u4QQJZ0o7zodVWlldW98ob1a2tnd29+z9g66KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gmmr8Hu3VCoWixudJdSP8FiwkBGsjTS0q3enKEMeE8iLsJ4EQd6aDe2aW3fmQH+TGizRHtrv3igmaUSFJhwrNXCdRPs5lpoRTmcVL1U0wWSKx3RgqMARVX4+Dz9Dx0YZoTCWZoRGc/XrRY4jpbIoMJtFQvXTK8TfvEGqwws/ZyJJNRVk8ShMOdIxKppAIyYp0TwzBBPJTFZEJlhiok1flf+V0D2ru4ZfN2rNy2UdZTiEIzgBF86hCVfQhg4QyOABnuDZurcerRfrdbFaspY3VfgG6+0TqPmUIQ==</latexit>

y(x)
<latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit><latexit sha1_base64="qkFBenPGgomjYMjCj0r6t8YeWYE=">AAAB7HicjVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cKpi20oWy2k3bpZhN2N2II/Q1ePCji1R/kzX/j9uOgouCDgcd7M8zMC1PBtXHdD2dpeWV1bb20Ud7c2t7Zreztt3SSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Or6Z++w6V5om8NXmKQUyHkkecUWMlP6/dn5B+perV3RnI36QKCzT7lffeIGFZjNIwQbXuem5qgoIqw5nASbmXaUwpG9Mhdi2VNEYdFLNjJ+TYKgMSJcqWNGSmfp0oaKx1Hoe2M6ZmpH96U/E3r5uZ6CIouEwzg5LNF0WZICYh08/JgCtkRuSWUKa4vZWwEVWUGZtP+X8htE7rnuU3Z9XG5SKOEhzCEdTAg3NowDU0wQcGHB7gCZ4d6Tw6L87rvHXJWcwcwDc4b5/kd44R</latexit>

P (xr, yr) = 0, @yP (xr, yr) 6= 0
<latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit><latexit sha1_base64="O/l6r9PBEWFggE5nKOcUtJb1M2o=">AAACGHicjVDLSgMxFL1TX7W+Rl26CRahQqkzIuhGKLpxWcE+oFOGTJq2wUxmTDLiUPoZbvwVNy4Ucdudf2Om7aKKgudy4XDOvdzkBDFnSjvOp5VbWFxaXsmvFtbWNza37O2dhooSSWidRDySrQArypmgdc00p61YUhwGnDaD28vMb95TqVgkbnQa006I+4L1GMHaSL59VCs9+LKc+vIQnSOn7GUVY6kZ5n6K5lxP0Dvk+HbRrTgToL9JEWao+fbY60YkCanQhGOl2q4T684wu0A4HRW8RNEYk1vcp21DBQ6p6gwnHxuhA6N0US+SpoVGE3V+Y4hDpdIwMJMh1gP108vE37x2ontnnSETcaKpINNDvYQjHaEsJdRlkhLNU0Mwkcy8FZEBlphok2XhfyE0jiuu4dcnxerFLI487ME+lMCFU6jCFdSgDgQe4Rle4c16sl6sd+tjOpqzZju78A3W+AtiUZ1+</latexit>

(xr, yr) = (0, 1)
<latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit><latexit sha1_base64="Q5Fc4lTPZT6DaYPIBbQvMNku/v8=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBahhVISEXQjFN24rGAf0IYwmU7aoZNJmJmoJfZT3LhQxK1f4s6/cfpYqCh44MLhnHu5hxMknCntOB9Wbml5ZXUtv17Y2Nza3rGLuy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6OLqd++oVKxWFzrcUK9CA8ECxnB2ki+XSzf+bI69mUFnaGyU3Urvl1ya84M6G9SggUavv3e68ckjajQhGOluq6TaC/DUjPC6aTQSxVNMBnhAe0aKnBElZfNok/QoVH6KIylGaHRTP16keFIqXEUmM0I66H66U3F37xuqsNTL2MiSTUVZP4oTDnSMZr2gPpMUqL52BBMJDNZERliiYk2bRX+V0LrqOYafnVcqp8v6sjDPhxAGVw4gTpcQgOaQOAWHuAJnq1769F6sV7nqzlrcbMH32C9fQLYBJHD</latexit>

y = y(T )(x) = 1� x2

2
� x4

8
+ · · ·

<latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit><latexit sha1_base64="93eHZ05FW/+nXaTVWth+PKjr9OU=">AAACJXicjVDLSgMxFM3UV62vUZdugkVoEUunFOxCoejGZYW+oDMtmUymDc08SDLSYZifceOvuHFhEcGVv2L6WFRR8MCFk3Pu5eYeO2RUyHL5Q8usrW9sbmW3czu7e/sH+uFRWwQRx6SFAxbwro0EYdQnLUklI92QE+TZjHTs8e3M7zwQLmjgN2UcEstDQ5+6FCOppIF+FcNrGPeTQrOYFiZF9TDgBTRdjnAy6VfSpJLCFaGaJrUUnkMTO4EUAz1vlMpzwL9JHizRGOhT0wlw5BFfYoaE6BnlUFoJ4pJiRtKcGQkSIjxGQ9JT1EceEVYyvzKFZ0pxoBtwVb6Ec3V1IkGeELFnq04PyZH46c3E37xeJN2alVA/jCTx8WKRGzEoAziLDDqUEyxZrAjCnKq/QjxCKhCpgs39L4R2pWQofl/N12+WcWTBCTgFBWCAS1AHd6ABWgCDR/AMXsFUe9JetDftfdGa0ZYzx+AbtM8vMeOiEQ==</latexit>

P (x⇤, y⇤) = 0, @yP (x⇤, y⇤) = 0, @2
yP (x⇤, y⇤) 6= 0

<latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit><latexit sha1_base64="WlQcXy98a99m3O6yRdKZXkgyyRg=">AAACOnicjVBLSwMxGMz6rPVV9eglWIRaStkWQS9C0YvHFuwDuuuSTbNtaDa7JllxWfq7vPgrvHnw4kERr/4As20FWxScEBhm5uNLxg0Zlco0n4yFxaXlldXMWnZ9Y3NrO7ez25JBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O7xI/fYtEZIG/ErFIbF91OfUoxgpLTm5Rr1w5xRLsVM8gmfQLFnpCZFQFDEnhnMuTG347V9XZxMWJzfQdHL5StkcA/5N8mCKupN7tHoBjnzCFWZIym7FDJWdpDswI6OsFUkSIjxEfdLVlCOfSDsZf30ED7XSg14g9OUKjtWfEwnypYx9Vyd9pAZy3kvF37xupLxTO6E8jBTheLLIixhUAUx7hD0qCFYs1gRhQfVbIR4ggbDSbWf/V0KrWq5o3jjO186ndWTAPjgABVABJ6AGLkEdNAEG9+AZvII348F4Md6Nj0l0wZjO7IEZGJ9f0eanfA==</latexit>

(x⇤, y⇤) = (±1, 0)
<latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit><latexit sha1_base64="V4ESoIhO/Kb/k3iAIFPaarZJobI=">AAAB/nicjVDLSsNAFL2pr1pfUXHlZrAIbSklEUE3QtGNywq2FdoQJtNJO3QyCTMTsYSCv+LGhSJu/Q53/o3Tx0JFwQMXDufcyz2cIOFMacf5sHILi0vLK/nVwtr6xuaWvb3TUnEqCW2SmMfyJsCKciZoUzPN6U0iKY4CTtvB8GLit2+pVCwW13qUUC/CfcFCRrA2km/vle78SnXkV8roDJW6SYTcqlP27aJbc6ZAf5MizNHw7fduLyZpRIUmHCvVcZ1EexmWmhFOx4VuqmiCyRD3acdQgSOqvGwaf4wOjdJDYSzNCI2m6teLDEdKjaLAbEZYD9RPbyL+5nVSHZ56GRNJqqkgs0dhypGO0aQL1GOSEs1HhmAimcmKyABLTLRprPC/ElpHNdfwq+Ni/XxeRx724QBK4MIJ1OESGtAEAhk8wBM8W/fWo/Vivc5Wc9b8Zhe+wXr7BKuJkrQ=</latexit>

y = y(P )
1 (x) = i

p
2(x� 1)

1
2 + i2�

3
2 (x� 1)

3
2 + · · ·

y = y(P )
2 (x) = �i

p
2(x� 1)

1
2 � i2�

3
2 (x� 1)

3
2 + · · ·

<latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit><latexit sha1_base64="WKpxpZTUnDuhi1dbqd3RG9NnwlY="></latexit>

at (x⇤, y⇤) = (1, 0) :
<latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit><latexit sha1_base64="6+HaTFOODB4bkL1ciTfNbiKAK6s=">AAACBXicjVDJSgNBEO1xjXEb9aiHxiAkIYQZERRBCHrxGMEskAxDT6cnadKz0F0jCUM8ePFXvHhQxKv/4M2/sbMcVBR8UPB4r4qqel4suALL+jDm5hcWl5YzK9nVtfWNTXNru66iRFJWo5GIZNMjigkeshpwEKwZS0YCT7CG178Y+40bJhWPwmsYxswJSDfkPqcEtOSae21gA0gJjG7zA7dYGrrFAj7DebtkFU5dM2eXrQnw3ySHZqi65nu7E9EkYCFQQZRq2VYMTkokcCrYKNtOFIsJ7ZMua2kakoApJ518McIHWulgP5K6QsAT9etESgKlhoGnOwMCPfXTG4u/ea0E/BMn5WGcAAvpdJGfCAwRHkeCO1wyCmKoCaGS61sx7RFJKOjgsv8LoX5YtjW/OspVzmdxZNAu2kd5ZKNjVEGXqIpqiKI79ICe0LNxbzwaL8brtHXOmM3soG8w3j4BAz6WRw==</latexit>

R(T )
x = 1, R(P )

x = 2
<latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit><latexit sha1_base64="CH5fX81U1qhAGU8CoDyGLX6MnD4=">AAACCHicjZDLSgMxFIbP1Futt1GXLgwWoYKUThF0IxTduKzSG7TjkEkzbWjmQpIRy9ClG1/FjQtF3PoI7nwbM+0sVBQ8IfDz/edwkt+NOJOqUvkwcnPzC4tL+eXCyura+oa5udWSYSwIbZKQh6LjYkk5C2hTMcVpJxIU+y6nbXd0nvrtGyokC4OGGkfU9vEgYB4jWGnkmLtX10mpcTBxbtEpsg57+qSknpGqYxatcmVa6G9RhKzqjvne64ck9mmgCMdSdq1KpOwEC8UIp5NCL5Y0wmSEB7SrZYB9Ku1k+pEJ2tekj7xQ6BsoNKVfJxLsSzn2Xd3pYzWUP70U/uZ1Y+Wd2AkLoljRgMwWeTFHKkRpKqjPBCWKj7XARDD9VkSGWGCidHaF/4XQqpYtrS+PirWzLI487MAelMCCY6jBBdShCQTu4AGe4Nm4Nx6NF+N11pozsplt+FbG2yf+oZbB</latexit>

P (x, y) = x2 + y2 � 1 = 0
<latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit><latexit sha1_base64="IP2Eo08ghIoyk75vWaSRpLRjFrQ=">AAACA3icjVDLSgMxFL3js9bXqDvdBItQUctMEXQjFN24rGAf0I4lk2ba0ExmSDLSoRTc+CtuXCji1p9w59+YPhYqCh7I5eSce0nu8WPOlHacD2tmdm5+YTGzlF1eWV1btzc2qypKJKEVEvFI1n2sKGeCVjTTnNZjSXHoc1rzexcjv3ZLpWKRuNZpTL0QdwQLGMHaSC17u5zvH6b76Az1b4roAKWmHiHX3J2WnXMLzhjob5KDKcot+73ZjkgSUqEJx0o1XCfW3gBLzQinw2wzUTTGpIc7tGGowCFV3mC8wxDtGaWNgkiaIzQaq18nBjhUKg190xli3VU/vZH4m9dIdHDqDZiIE00FmTwUJBzpCI0CQW0mKdE8NQQTycxfEeliiYk2sWX/F0K1WHANvzrOlc6ncWRgB3YhDy6cQAkuoQwVIHAHD/AEz9a99Wi9WK+T1hlrOrMF32C9fQK44pO0</latexit>
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• hydrodynamic modes as complex spectral (or infinite-order algebraic) curves 
[Grozdanov, Kovtun, Starinets, Tadić, PRL (2019) and JHEP (2019)] 

• e.g., first-order hydrodynamics: 

• analytic implicit function theorem (a regular point) 

• Puiseux theorem: there exists a convergent series around a critical point 

• hydrodynamic series are Puiseux series around

w =
!

2⇡T
, q =

|q|
2⇡T

2 C
<latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit><latexit sha1_base64="HivbDI4GV+arST1vf3YITjWdeNA="></latexit>

C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

P1(q
2,!) =

�
! + iDq2

�2 �
!2 + i�!q2 � v2sq

2
�
= 0

<latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit><latexit sha1_base64="+roACdp/CeiditCnKB5t+3KUQTg="></latexit>

P (q2,!) = 0 =) !i(q
2)

<latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit><latexit sha1_base64="HjSUTkJmAvyDB+4Y5mFV1A9/8JU=">AAACLnicjVDLSgMxFM3UV62vqks3wSK0IGVaBN0IRRFcuKhgH9CpJZNmpqGZZEwyShk6P+TGX9GFoCJu/QzTx8KKggcCh3Pu4d4cN2RUadt+sVJz8wuLS+nlzMrq2vpGdnOrrkQkMalhwYRsukgRRjmpaaoZaYaSoMBlpOH2T0d+45ZIRQW/0oOQtAPkc+pRjLSROtmzat4JkO65XnwzvC7vOyIgPoIFeAztJHEuBPcl9XsaSSnukgRO/A6dSRU62VypaI8B/yY5MEW1k31yugJHAeEaM6RUq2SHuh0jqSlmZJhxIkVChPvIJy1DOQqIasfj7w7hnlG60BPSPK7hWP2eiFGg1CBwzeToSPXTG4m/ea1Ie0ftmPIw0oTjySIvYlALOOoOdqkkWLOBIQhLam6FuIckwto0nPlfCfVysWT45UGucjKtIw12wC7IgxI4BBVwDqqgBjC4B4/gFbxZD9az9W59TEZT1jSzDWZgfX4BTDGouA==</latexit>

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

(q2,!)(regular)shear = (q2
⇤,!⇤)

(critical)
sound = (0, 0)

<latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit><latexit sha1_base64="V6Oa5KWC4RaK5D8MFMUfLbj937Y="></latexit>

(q2
⇤, !⇤)

<latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit><latexit sha1_base64="+18xriof6UrrmGS7qYymWUAQU7c=">AAACAnicjVDLSsNAFJ3UV62vqCtxEyxCLVKSIuiy6MZlBfuAJobJdNIOnUecmQglFDf+ihsXirj1K9z5N05qFyoKHrhwOOde7r0nSihR2nXfrcLc/MLiUnG5tLK6tr5hb261lUglwi0kqJDdCCpMCcctTTTF3URiyCKKO9HoLPc7N1gqIvilHic4YHDASUwQ1EYK7Z2Kz6AeRnF2Pbmqh9VDXzA8gGH1ILTLXs2dwvmblMEMzdB+8/sCpQxzjShUque5iQ4yKDVBFE9KfqpwAtEIDnDPUA4ZVkE2fWHi7Bul78RCmuLamapfJzLIlBqzyHTm96qfXi7+5vVSHZ8EGeFJqjFHn4vilDpaOHkeTp9IjDQdGwKRJOZWBw2hhEib1Er/C6Fdr3mGXxyVG6ezOIpgF+yBCvDAMWiAc9AELYDALbgHj+DJurMerGfr5bO1YM1mtsE3WK8fzwaWYw==</latexit>

pshear = 1

psound = 2
<latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit><latexit sha1_base64="JT72G+PaR4UbM5AvqXRMU3H7ZLs=">AAACDHicjZDLSgMxGIX/qbc63qou3QSL4qp0iqAboejGZQV7gc5QMplMG5pJhiQjlKEP4MZXceNCEbc+gDvfxvQiqCh4IHD4zv+T5IQpZ9pUq+9OYWFxaXmluOqurW9sbpW2d1paZorQJpFcqk6INeVM0KZhhtNOqihOQk7b4fBikrdvqNJMimszSmmQ4L5gMSPYWNQrldNe7qsE6QHFanx45vm++4lkJiKLanbKq1SnQn+bMszV6JXe/EiSLKHCEI617nrV1AQ5VoYRTseun2maYjLEfdq1VuCE6iCffmaMDiyJUCyVPcKgKf26keNE61ES2skEm4H+mU3gb1k3M/FpkDORZoYKMrsozjgyEk2aQRFTlBg+sgYTxexbERlghYmx/bn/K6FVq3jWXx2X6+fzOoqwB/twBB6cQB0uoQFNIHAL9/AIT86d8+A8Oy+z0YIz39mFb3JePwBHD5p3</latexit>

hydro: 

QNM:

detL(q2,!) = 0

a(q2,!) = 0
<latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit><latexit sha1_base64="X4yoUwfEKhKAZwF1+IVWa865Evs=">AAACNHicjVDJSgNBEO2JW4xb1KOXxqBEkDAJgl6EoBdBDxHMApkYajo1SZOexe4eIQz5KC9+iBcRPCji1W+wsxxUFHxQ8Hiviqp6biS40rb9ZKVmZufmF9KLmaXlldW17PpGTYWxZFhloQhlwwWFggdY1VwLbEQSwXcF1t3+6civ36JUPAyu9CDClg/dgHucgTZSO3vudFBTxwfdYyCSi2F+zF0vuRlel/ad0Mcu7NHdY2pTx8nAHzY1fqadzRUL9hj0b5IjU1Ta2QenE7LYx0AzAUo1i3akWwlIzZnAYcaJFUbA+tDFpqEB+KhayfjpId0xSod6oTQVaDpWv04k4Cs18F3TOTpZ/fRG4m9eM9beUSvhQRRrDNhkkRcLqkM6SpB2uESmxcAQYJKbWynrgQSmTc7/DKFWKhQNvzzIlU+mcaTJFtkmeVIkh6RMzkiFVAkjd+SRvJBX6956tt6s90lryprObJJvsD4+AZDUqDQ=</latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) = 0, . . . , @p
!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit><latexit sha1_base64="gTr7Fpr6EdKk4VVoyjAmK73oPcM="></latexit>

P (q2
⇤,!⇤) = 0, @!P (q2

⇤,!⇤) 6= 0
<latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit><latexit sha1_base64="dfMiu5POgkfOa2IM9Sh+ws7Bd8I=">AAACO3icjVA9SwNBFNzzM8avqKXNYhBUQrgEQRshaGMZxXxALh57m3fJkr29y+6eEI78Lxv/hJ2NjYUitvbuJSlUVBxYGGbe8N6OF3GmtG0/WDOzc/MLi5ml7PLK6tp6bmOzrsJYUqjRkIey6REFnAmoaaY5NCMJJPA4NLz+Weo3bkAqFoorPYygHZCuYD6jRBvJzV1W95yA6J7nJ4PRddk9KDhhAF3iHuzjE2wXnIITEakZ4e7EwH8EHAEDbLu5fKloj4F/J3k0RdXN3TudkMYBCE05UapVsiPdTtK1lMMo68QKIkL7pAstQwUJQLWT8d9HeNcoHeyH0jyh8Vj9nEhIoNQw8Mxkerb67qXiT14r1v5xO2EiijUIOlnkxxzrEKdF4g6TQDUfGkKoZOZWTHtEEqpN3dn/lVAvF0uGXxzmK6fTOjJoG+2gPVRCR6iCzlEV1RBFt+gRPaMX6856sl6tt8nojDXNbKEvsN4/AOiPq5Y=</latexit>



!15

C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

[animation by  
P. Tadić]

• complexify                          , fix the absolute value and vary the argument in the QNM 
spectrum of the shear (diffusive) channel in              supersymmetric Yang-Mills theory  

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

N = 4
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C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

[animation by  
P. Tadić]

• complexify                          , fix the absolute value and vary the argument in the QNM 
spectrum of the shear (diffusive) channel in              supersymmetric Yang-Mills theory  

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

N = 4
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C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

[animation by  
P. Tadić]

• complexify                          , fix the absolute value and vary the argument in the QNM 
spectrum of the shear (diffusive) channel in              supersymmetric Yang-Mills theory  

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

N = 4
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C O N V E R G E N C E  O F  H Y D R O DY N A M I C S

• complexify                          , fix the absolute value and vary the argument in the QNM 
spectrum of the shear (diffusive) channel in              supersymmetric Yang-Mills theory  

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

N = 4

[animation by  
P. Tadić]
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• radius of convergence of                                   , i.e.               , is set by the lowest momentum 

at which the hydro pole collides (level-crossing):

sh
ea

r
so

un
d

q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>

q⇤ ⇡ 1.49131

w(q⇤) ⇡ ±1.4436414� 1.0692250i
<latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit><latexit sha1_base64="SJGX4vYnP4g555Pnxx17a1nnSe0="></latexit>

shear: sound: q⇤ =
p
2 ⇡ 1.41421

w(q⇤) = ±1� i
<latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit><latexit sha1_base64="F8iyGzmyOd4JQD3oLcySYKzMyRY="></latexit>

N = 4

SYM

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

C O N V E R G E N C E  O F  H Y D R O DY N A M I C S
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H I G H E R  C R I T I C A L  P O I N T S  ( E . G .  S H E A R / D I F F U S I V E  C H A N N E L )
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A N A LY T I C  S T U R C T U R E

• analytic structure of dispersion relations in complexified momentum space 

• dispersion relations are complicated, multi-sheeted Riemann surfaces  
“connecting various modes in the spectrum into one entity”
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U N R E A S O N A B L E  E F F E C T I V E N E S S

microscopic input 
from holography

radius of 
convergence in 

N=4 SYM at 
infinite coupling

q/T ⇠ O(10)
<latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit><latexit sha1_base64="6GDZ3uSJnnj+Jro+cSCZGlBZ+oc=">AAAB9XicjVDLSgMxFL1TX7W+qi7dBItQN3VGBF0W3bizQl/QjiWTZtrQJDMmGaUM/Q83LhRx67+4829Mp12oKHjgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRhdTv3VHlWaRrJtxTH2BB5KFjGBjpZvbozrqaibQVdlzD3vFkldxM6C/SQnmqPWK791+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+mqWeoAOr9FEYKTvSoEz9epFiofVYBHZTYDPUP72p+JvXSUx45qdMxomhkswehQlHJkLTClCfKUoMH1uCiWI2KyJDrDAxtqjC/0poHlc8y69PStXzeR152IN9KIMHp1CFS6hBAwgoeIAneHbunUfnxXmdreac+c0ufIPz9gkHxJDj</latexit>

orders of magnitude larger radius of convergence than naive                   —  if this is true 
in general, it may explain the “unreasonable effectiveness of hydrodynamics”

q/T ⌧ 1
<latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit><latexit sha1_base64="JbvW5lHWkjPY5U07BCt24wU69Sk=">AAAB8nicjVDLSgNBEOz1GeMr6tHLYBA8xV0R9Bj04jFCXpAsYXYymwyZnVlneoWw5DO8eFDEq1/jzb9x8jioKFjQUFR1090VpVJY9P0Pb2l5ZXVtvbBR3Nza3tkt7e03rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0PfVb99xYoVUdxykPEzpQIhaMopM6d+SU1ElXShL0SuWg4s9A/iZlWKDWK713+5plCVfIJLW2E/gphjk1KJjkk2I3szylbEQHvOOoogm3YT47eUKOndInsTauFJKZ+nUip4m14yRynQnFof3pTcXfvE6G8WWYC5VmyBWbL4ozSVCT6f+kLwxnKMeOUGaEu5WwITWUoUup+L8QmmeVwPHb83L1ahFHAQ7hCE4ggAuowg3UoAEMNDzAEzx76D16L97rvHXJW8wcwDd4b58FZo/E</latexit>

“unreasonable”: hydro works for large derivatives

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

hydrodynamics is neither convergent nor asymptotic; it depends on the observable!
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• classical chaos means extreme  
sensitivity to initial conditions 

• exponential Lyapunov divergence of  
trajectories and the butterfly effect 

• in quantum systems, molecules collide chaotically 

• “out-of-time-ordered” correlation functions [Larkin, Ovchinnikov; Kitaev]  

• its “build-up” describes the quantum butterfly effect 

• standard lore: “microscopic quantum information is smeared out at large distances”
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butterfly velocityLyapunov exponent

|�Z(t,x)| ⇡ |�Z(ti,xi)| e�L(t�|x|/vB)
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C(t,x) =
⌦
[W (t,x), V (0,0)]†[W (t,x), V (0,0)]

↵
T
⇠ ✏ e�L(t�|x|/vB)
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Lyapunov exponent
butterfly velocity

typically, ✏ = 1/N2
c ⌧ 1
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scrambling time t⇤ =
1

�L
lnN
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C H A O S



• Exponential Lyapunov Chaos — Lyapunov exponent and butterfly  
velocity in holographic theories can be computed from holography 

• Lyapunov exponent saturates the Maldacena-Shenker-Stanford bound 

• in lattice spin systems, quantum chaos is not exponential (Lyapunov), but spreads 
polynomially with a bounded rate of maximal power-law growth —  
Weak Quantum Chaos [Kukuljan, Grozdanov, Prosen, PRB (2017)] 

• all these theories exhibit macroscopic collective transport: hydrodynamics 

• what is the precise connection between hydrodynamics and chaos [Hartnoll; Blake]?
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• the phenomenon of pole-skipping makes precise the analytic connection between 
hydrodynamics and exponential chaos — true in “all” holographic theories  
[Grozdanov, Schalm, Scopelliti, PRL (2017); Blake, Lee, Liu, JHEP (2018); Blake, Davison, 
Grozdanov, Liu, JHEP (2018); Grozdanov, JHEP (2019)] 

• resumed all-order hydrodynamic series (e.g. the sound channel)  
 
 
 
 
passes through a special “chaos point” at imaginary momentum 
 
 
 
defined through the fact that the associated two point function has both a pole and a 
zero at this point (e.g. in the sound channel, this is the energy density correlator)
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• in              SYM theory at infinite Nc: 
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N = 4

• the reason for pole-skipping in holography is a special,  
new property of Einstein’s equations at the horizon  
[Blake, Davison, Grozdanov, Liu, JHEP (2018)]

point of chaos is inside the 
radius of convergence of

• simple example: the Sachdev-Ye-Kitaev chain [Gu, Qi, Stanford (2017)]

pole (diffusion): 

zero :

P O L E - S K I P P I N G

!(q) =
1X

n=1

↵nq
n

<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>



• in             SYM theory at infinite Nc and infinite coupling 
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N = 4

0.0 0.5 1.0 1.5 2.0
0

1

2

3

4

! = � i

4⇡T
q2 � i(1� ln 2)

32⇡3T 3
q4 � i(24 ln2 2� ⇡2)

96 (2⇡T )5
q6

�
i
⇥
2⇡2(ln 32� 1)� 21⇣(3)� 24 ln 2(1 + ln 2(ln 32� 3))

⇤

384 (2⇡T )7
q8 + · · ·

<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>

shear (diffusion):

q0 2 R
<latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit>

Lyapunov exponent : �L = |!c| = 2⇡T

butterfly velocity : vB = |!c/qc|
<latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit>

di↵usion : !c = !(qc = q0) = �i�L

sound : !c = !(qc = iq0) = i�L
<latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit>

hTxz(�!,�qz), Txz(!, qz)i
<latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit><latexit sha1_base64="SZ1GbvAHFMVnw1hwbjliT/4CBBc=">AAACInicjZBLSwMxFIUzPmt9VV26CRahQltaEdRd0Y3LCn1BpwyZ9E4bmsmMSUZsh/4WN/4VNy4UdSX4Y8y0RVQUPBA4fOdekhw35EzpUunNmptfWFxaTq2kV9fWNzYzW9sNFUSSQp0GPJAtlyjgTEBdM82hFUogvsuh6Q7Ok7x5DVKxQNT0MISOT3qCeYwSbZCTObU5ET0OuObEN6MxzhXswIceyReunNFB/hPPaAJtOdlwMtlysTQR/ttk0UxVJ/NidwMa+SA05USpdrkU6k5MpGaUwzhtRwpCQgekB21jBfFBdeLJF8d435Au9gJpjtB4Qr9uxMRXaui7ZtInuq9+Zgn8LWtH2jvpxEyEkQZBpxd5Ecc6wElfuMskUM2HxhAqmXkrpn0iCdWm1fT/SmgcFsvGXx5lK2ezOlJoF+2hHCqjY1RBF6iK6oiiW3SPHtGTdWc9WM/W63R0zprt7KBvst4/AK+QoyQ=</latexit>

P O L E - S K I P P I N G

[Grozdanov, Kovtun, Starinets, 
Tadić, JHEP (2019)]
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sound:

q0 2 R
<latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit><latexit sha1_base64="3Q1tyhtt+u6qV4ZJHAebamPcfjc=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBbBVUlE0GXRjcsq9gFNCJPppB06mcSZiVhCfsWNC0Xc+iPu/BsnbRcqCh64cDjnXu7hhClnSjvOh1VZWl5ZXauu1zY2t7Z37N16VyWZJLRDEp7IfogV5UzQjmaa034qKY5DTnvh5KL0e3dUKpaIGz1NqR/jkWARI1gbKbDrt4GDPCaQF2M9DsP8ugjshtt0ZkB/kwYs0A7sd2+YkCymQhOOlRq4Tqr9HEvNCKdFzcsUTTGZ4BEdGCpwTJWfz7IX6NAoQxQl0ozQaKZ+vchxrNQ0Ds1mmVD99ErxN2+Q6ejMz5lIM00FmT+KMo50gsoi0JBJSjSfGoKJZCYrImMsMdGmrtr/SugeN13Dr04arfNFHVXYhwM4AhdOoQWX0IYOELiHB3iCZ6uwHq0X63W+WrEWN3vwDdbbJzn5k+k=</latexit>

! = ± 1p
3
q � i

6⇡T
q2 ± 3� 2 ln 2

24
p
3⇡2T 2

q3 �
i
�
⇡2 � 24 + 24 ln 2� 12 ln2 2

�

864⇡3T 3
q4 ± · · ·

<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>

di↵usion : !c = !(qc = q0) = �i�L

sound : !c = !(qc = iq0) = i�L
<latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit><latexit sha1_base64="IV/JOMl5ynPGMPaUnb4PN6K8Cjw="></latexit>

Lyapunov exponent : �L = |!c| = 2⇡T

butterfly velocity : vB = |!c/qc|
<latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit><latexit sha1_base64="K+n2gei44Ba/8KrKPaX2fiV//wo="></latexit>

hTtt(�!,�qz), Ttt(!, qz)i
<latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit><latexit sha1_base64="kuX1k3NGlZCiboq7YM7aVQhnbeg=">AAACInicjZBLSwMxFIUzvq2vqks3wSIo2NIRQd2JblxW6As6Zcikt21oJjMmd4Q69Le48a+4caGoK8EfY/pAVBQ8EDh8516SnCCWwmCx+OZMTc/Mzs0vLGaWlldW17LrG1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFvfNhXrsGbUSkytiPoRmyjhJtwRla5GdPPMlURwIt+ynigO7mvSiEDtvPX/k3e/ufeEKH0NOjDT+bcwvFkejfJkcmKvnZF68V8SQEhVwyYxpuMcZmyjQKLmGQ8RIDMeM91oGGtYqFYJrp6IsDumNJi7YjbY9COqJfN1IWGtMPAzsZMuyan9kQ/pY1EmwfN1Oh4gRB8fFF7URSjOiwL9oSGjjKvjWMa2HfSnmXacbRtpr5XwnVg4Jr/eVh7vRsUscC2SLbZJe45IickgtSIhXCyS25J4/kyblzHpxn53U8OuVMdjbJNznvH46uoxA=</latexit>

P O L E - S K I P P I N G

[Grozdanov, Kovtun, Starinets, 
Tadić, JHEP (2019)]
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• leading coupling corrections preserve  
pole-skipping [Grozdanov, JHEP (2019)] 

• in general, multiple Lyapunov exponents, … ? 

• at weak coupling (kinetic theory), existence of 
pole-skipping is unknown  
[Grozdanov, Schalm, Scopelliti, PRE (2018)]  

• (holographic) CFTs exhibit an infinite tower  
of pole-skipping points (various operators)
[Grozdanov, Kovtun, Starinets, Tadić, JHEP (2019);  
Blake, Davison, Vegh, JHEP (2019); …]  

• frequencies are multiples of Matsubara frequencies   

• pole-skipping imposes infinite constraints on  
the structures of field theory correlators  

• example: 2d CFT dual to a 3d black hole

P O L E - S K I P P I N G

in              SYM:

vB =

r
2

3

✓
1 +

23⇣(3)

16

1

�3/2
+ · · ·

◆

<latexit sha1_base64="/1qt0g/gB97jxrKAoA/1DPFWKeQ="></latexit><latexit sha1_base64="/1qt0g/gB97jxrKAoA/1DPFWKeQ="></latexit><latexit sha1_base64="/1qt0g/gB97jxrKAoA/1DPFWKeQ="></latexit><latexit sha1_base64="/1qt0g/gB97jxrKAoA/1DPFWKeQ="></latexit>

[plot from Blake, Davison, Vegh, JHEP (2019)]

N = 4



I I I .  B O U N D S  F R O M  U N I V A L E N C E

�L  2⇡T (?) =) (?)
⌘

s
� C?

1

4⇡
, C?

v2B
�L

 D  C?v2⌧eq, vs  C?
r

1

d� 1

<latexit sha1_base64="wGinHKpckqMBI5vFHlAR90C9kRA="></latexit>

[Grozdanov, arXiv:2008.00888]
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• univalent function                         is a complex, holomorphic and injective function 

• injectivity:  

• assume that           has a finite (open) region of univalence 

• the Riemann mapping theorem: 

U N I V A L E N T  F U N C T I O N S

f(z1) 6= f(z2) for all z1 6= z2

<latexit sha1_base64="kQOE2BoO6SsKfc6lfOHHMnO9CKo=">AAACGHicjVA9TwJBFNzzE/ELtbTZSEy0QY6QqB3RxhITQRMgZG95Bxv39s7dd0a8wL+w8a/YWGiMLZ3/xj2gUKOJU01m5uW9N14khcFi8cOZmZ2bX1jMLGWXV1bX1nMbm3UTxppDjYcy1FceMyCFghoKlHAVaWCBJ+HSuz5N/ctb0EaE6gL7EbQC1lXCF5yhldq5A3/vvu3u06aCG5ry0v6wiXCHiR9qyqQcDKkNTHzrtnN5t1Acg/5N8mSKajs3anZCHgegkEtmTMMtRthKmEbBJQyyzdhAxPg160LDUsUCMK1k/NiA7lqlQ9NL/FAhHatfJxIWGNMPPJsMGPbMTy8Vf/MaMfpHrUSoKEZQfLLIjyXFkKYt0Y7QwFH2LWFcC3sr5T2mGUfbZfZ/JdRLBbdcOD4v5ysn0zoyZJvskD3ikkNSIWekSmqEkwfyRF7Iq/PoPDtvzvskOuNMZ7bINzijT1AInr0=</latexit>

f(z), z 2 C

<latexit sha1_base64="n7YzuTwvPiw1IeQL6TmwVI5fvgU=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBahgpRGCuqu2I3LCvYBTSiT6aQdOpmEmYnQhoq/4saFIm79Dnf+jZO2CxUFD1w4nHMv93D8mDOly+UPa2FxaXllNbeWX9/Y3Nq2d3abKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vKHtcxv3VKpWCRu9CimXoj7ggWMYG2krr0fFMfHJ3djlwnkhlgPfD+tTbp2wSmVp0B/kwLMUe/a724vIklIhSYcK9VxyrH2Uiw1I5xO8m6iaIzJEPdpx1CBQ6q8dBp/go6M0kNBJM0Ijabq14sUh0qNQt9sZgnVTy8Tf/M6iQ7OvZSJONFUkNmjIOFIRyjrAvWYpETzkSGYSGayIjLAEhNtGsv/r4TmacmplC6uK4Xq5byOHBzAIRTBgTOowhXUoQEEUniAJ3i27q1H68V6na0uWPObPfgG6+0Tf/2VOQ==</latexit>

U

<latexit sha1_base64="8VH4WTJKCGQvjgBd/PZNN9yjrHY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkUN0V3bisYNpCG8pkOmmHTiZhZqKUmE9x40IRt36JO//GadqFioIHLhzOuS9OkHCmtON8WKWV1bX1jfJmZWt7Z3fPru53VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbTy7nfvaVSsVjc6FlC/QiPBQsZwdpIQ7uaDYolWcAxmebIy4d2za07BdDfpAZLtIf2+2AUkzSiQhOOleq7TqL9DEvNCKd5ZZAqmpjleEz7hgocUeVnxdUcHRtlhMJYmhIaFerXiQxHSs2iwHRGWE/UT28u/ub1Ux2e+RkTSaqpIItDYcqRjtE8BzRikhLNZ4ZgIpn5FZEJlphok1blfyF0Tutuo35+3ai1LpZxlOEQjuAEXGhCC66gDR4QuIMHeIJn6956tF6s10VryVrOHMA3WG+foCaUQQ==</latexit>

z

<latexit sha1_base64="GvO+0KyWFBqbMHJKkm1kIcOcNPY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkoO6KblxWsA9oQ5lMJ+3QySTMTJQY8yluXCji1i9x5984TbtQUfDAhcM598XxY86UdpwPq7S0vLK6Vl6vbGxube/Y1d2OihJJaJtEPJI9HyvKmaBtzTSnvVhSHPqcdv3pxczv3lCpWCSudRpTL8RjwQJGsDbS0K5mg2JJ5nNMpjm6y4d2za07BdDfpAYLtIb2+2AUkSSkQhOOleq7Tqy9DEvNCKd5ZZAoGpvleEz7hgocUuVlxdUcHRplhIJImhIaFerXiQyHSqWhbzpDrCfqpzcTf/P6iQ5OvYyJONFUkPmhIOFIR2iWAxoxSYnmqSGYSGZ+RWSCJSbapFX5Xwid47rbqJ9dNWrN80UcZdiHAzgCF06gCZfQgjYQuIUHeIJn6956tF6s13lryVrM7ME3WG+f2F+UZg==</latexit>

⇣

<latexit sha1_base64="5w3oJjuUcNgwxH8JhR4vrSDz4VA=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBbBVUmkoO6KblxWsA9oQplMJ+3QyYOZG6GGgL/ixoUibv0Od/6N08dCRcEDA4dz7r1nOEEqhUbH+bAWFpeWV1ZLa+X1jc2tbXtnt6WTTDHeZIlMVCegmksR8yYKlLyTKk6jQPJ2MLqc+O1brrRI4hscp9yP6CAWoWAUjdSz93NveiQPJGWjgnh3HGnRsytu1ZmC/E0qMEejZ797/YRlEY+RSap113VS9HOqUDDJi7KXaZ6aADrgXUNjGnHt59PkghwZpU/CRJkXI5mqXzdyGmk9jgIzGVEc6p/eRPzN62YYnvm5iNMMecxmQWEmCSZk0gXpC8UZyrEhlClh/krYkCrK0DRW/l8JrZOqW6ueX9cq9Yt5HSU4gEM4BhdOoQ5X0IAmMMjhAZ7g2bq3Hq0X63U2umDNd/bgG6y3T/JaliQ=</latexit>

D

<latexit sha1_base64="r334kN+KeW1/RZDGghhAXNkmIDg=">AAACA3icjVDLSsNAFL2pr1pfUXe6GSyCq5JKQd0VdeGygn1AE8pkOmmHTiZhZiKUEHDjr7hxoYhbf8Kdf+Mk7UJFwQMDh3PunXM5fsyZ0o7zYZUWFpeWV8qrlbX1jc0te3uno6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cpH73VsqFYvEjZ7G1AvxSLCAEayNNLD3Urf4JPU5JpMMuSHWY99PL7NsYFfrNacA+ptUYY7WwH53hxFJQio04Vipft2JtZdiqRnhNKu4iaKxScEj2jdU4JAqLy3iM3RolCEKImme0KhQv26kOFRqGvpmMj9R/fRy8Tevn+jg1EuZiBNNBZkFBQlHOkJ5IWjIJCWaTw3BRDJzKyJjLDHRprbK/0roHNfqjdrZdaPaPJ/XUYZ9OIAjqMMJNOEKWtAGAnfwAE/wbN1bj9aL9TobLVnznV34BuvtE9NdmEw=</latexit>

⇣ = '(z)

<latexit sha1_base64="2Tz/D3rL0yKQzxfFi+hD2h5WWro=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBahbkoiBXUhFN24rGAf0IQymU7aoZNJmJkU29BfceNCEbf+iDv/xuljoaLggQuHc+7lHk6QcKa043xYuZXVtfWN/GZha3tnd8/eLzZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvZ35rRKVisbjT44T6Ee4LFjKCtZG6dtGbUI3RJfJGWCYDVp6cdO2SW3HmQH+TEixR79rvXi8maUSFJhwr1XGdRPsZlpoRTqcFL1U0wWSI+7RjqMARVX42zz5Fx0bpoTCWZoRGc/XrRYYjpcZRYDYjrAfqpzcTf/M6qQ7P/YyJJNVUkMWjMOVIx2hWBOoxSYnmY0MwkcxkRWSAJSba1FX4XwnN04pbrVzcVku1q2UdeTiEIyiDC2dQgxuoQwMI3MMDPMGzNbUerRfrdbGas5Y3B/AN1tsn0e+TrA==</latexit>

z = '�1(⇣)

<latexit sha1_base64="fDcJ2YzmCch20r2AKudRRjxBsqA=">AAACAXicjVDLSgNBEOz1GeNr1YvgZTAI8WDISkA9CEEvHiOYB2TXMDuZTYbMzi4zs4FkiRd/xYsHRbz6F978GyePg4qCBQ1FVTfdXX7MmdLF4oc1N7+wuLScWcmurq1vbNpb2zUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+73LsV/vU6lYJG70IKZeiDuCBYxgbaSWvTtE58jtYxl32W165IxQ3h1SjQ9bds4pFCdAf5MczFBp2e9uOyJJSIUmHCvVdIqx9lIsNSOcjrJuomiMSQ93aNNQgUOqvHTywQgdGKWNgkiaEhpN1K8TKQ6VGoS+6Qyx7qqf3lj8zWsmOjj1UibiRFNBpouChCMdoXEcqM0kJZoPDMFEMnMrIl0sMdEmtOz/QqgdF5xS4ey6lCtfzOLIwB7sQx4cOIEyXEEFqkDgDh7gCZ6te+vRerFep61z1mxmB77BevsEnKWVvA==</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

U

<latexit sha1_base64="UWttEO5phJHgvHsS8LS/RMdZYL4=">AAAB6HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHhswbSFNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3H4cVBR8MPB4b4aZeWEquDau++EU1tY3NreK26Wd3b39g/LhUVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5Hrud+5RaZ7IWzNNMYjpSPKIM2qs1PIH5YpXdRcgf5MKrNAclN/7w4RlMUrDBNW657mpCXKqDGcCZ6V+pjGlbEJH2LNU0hh1kC8OnZEzqwxJlChb0pCF+nUip7HW0zi0nTE1Y/3Tm4u/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsSv8LoX1R9WrVq1at0qiv4ijCCZzCOXhwCQ24gSb4wADhAZ7g2blzHp0X53XZWnBWM8fwDc7bJ7ZwjN4=</latexit>

• function is now univalent on the open unit disk: 

f(⇣) = ⇣ +
1X

n=2

bn⇣
n

<latexit sha1_base64="7nWKTEw585NUxScXUA6qjKoSeVw=">AAACGXicjVDLSgMxFM34rPVVdekmWISKUKalYF0UCm5cVrAP6EyHTJppQzOZIbkj1KG/4cZfceNCEZe68m9MHwsVBQ9cOJxzD8k9fiy4Btv+sJaWV1bX1jMb2c2t7Z3d3N5+S0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/upj67RumNI/kNYxj5oZkIHnAKQEjeTk7KDi3DMgJruEZwafY0UnopbJWnvQcLgMYY9+Tc7dnIvlS0Z4B/03yaIGGl3tz+hFNQiaBCqJ1t2TH4KZEAaeCTbJOollM6IgMWNdQSUKm3XR22QQfG6WPg0iZkYBn6tdESkKtx6FvNkMCQ/3Tm4q/ed0EgqqbchknwCSdPxQkAkOEpzXhPleMghgbQqji5q+YDokiFEyZ2f+V0CoXS5Xi+VUlX68u6sigQ3SECqiEzlAdXaIGaiKK7tADekLP1r31aL1Yr/PVJWuROUDfYL1/Anw+n2M=</latexit>

D = {⇣ | |⇣| < 1}

<latexit sha1_base64="5y6UzymiR1QsyWWhliHJQGgjn9o=">AAACE3icjVBNS8MwGE7n15xfVY9egkMQkdHKwAkKAz14nOA+YC0jzdItLE1Lkgqz63/w4l/x4kERr168+W9Mux1UFHwg4cnzvC9v3seLGJXKsj6Mwtz8wuJScbm0srq2vmFubrVkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y3OM799Q4SkIb9W44i4ARpw6lOMlJZ65oETIDX0vOQihWfQSZxbopBzCCcwu/LXBJ5CGzppzyzbFSsH/JuUwQyNnvnu9EMcB4QrzJCUXduKlJsgoShmJC05sSQRwiM0IF1NOQqIdJN8pxTuaaUP/VDowxXM1a8dCQqkHAeersw2kD+9TPzN68bKr7kJ5VGsCMfTQX7MoAphFhDsU0GwYmNNEBZU/xXiIRIIKx1j6X8htI4qdrVyclUt12uzOIpgB+yCfWCDY1AHl6ABmgCDO/AAnsCzcW88Gi/G67S0YMx6tsE3GG+fDVKcWA==</latexit>
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• holomorphic functions are “stiff”, univalent function even more so…  

• the growth theorem: 

• the famous Bieberbach conjecture (1916), now de Branges’s theorem (1985):

U N I V A L E N T  F U N C T I O N S

|⇣|
(1 + |⇣|)2

 |f(⇣)|  |⇣|
(1� |⇣|)2

<latexit sha1_base64="S3T5IRIrWWCiB8Wa1l8W5kC4+PY="></latexit>

|bn|  n, for all n � 2

<latexit sha1_base64="yGKyN7ZZPJqnzBJL9Y93ljlN/Ik=">AAACFHicjVC7SgNBFJ31GeNr1dJmMAiCEpIQMHYBG8sI5gHZEGYnd5Mhs7Obmbti2MR/sPFXbCwUsbWw82/cPAoVBU91OOde7rnHDaUwmMt9WAuLS8srq6m19PrG5ta2vbNbM0GkOVR5IAPdcJkBKRRUUaCERqiB+a6Euts/n/j1a9BGBOoKhyG0fNZVwhOcYSK17eMRdduKjqgjYUDViTOIWMdBuMHYCzRlUo5vFXW6iVlo25l8NjcF/ZtkyByVtv3udAIe+aCQS2ZMM58LsRUzjYJLGKedyEDIeJ91oZlQxXwwrXj61JgeJkqHTkJ4gUI6Vb9uxMw3Zui7yaTPsGd+ehPxN68ZoVdqxUKFEYLis0NeJCkGdNIQ7QgNHOUwIYxrkWSlvMc045j0mP5fCbVCNl/Mnl0WM+XSvI4U2ScH5IjkySkpkwtSIVXCyR15IE/k2bq3Hq0X63U2umDNd/bIN1hvn6qNnfQ=</latexit>

f(⇣) = ⇣ +
1X

n=2

bn⇣
n

<latexit sha1_base64="7nWKTEw585NUxScXUA6qjKoSeVw=">AAACGXicjVDLSgMxFM34rPVVdekmWISKUKalYF0UCm5cVrAP6EyHTJppQzOZIbkj1KG/4cZfceNCEZe68m9MHwsVBQ9cOJxzD8k9fiy4Btv+sJaWV1bX1jMb2c2t7Z3d3N5+S0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/upj67RumNI/kNYxj5oZkIHnAKQEjeTk7KDi3DMgJruEZwafY0UnopbJWnvQcLgMYY9+Tc7dnIvlS0Z4B/03yaIGGl3tz+hFNQiaBCqJ1t2TH4KZEAaeCTbJOollM6IgMWNdQSUKm3XR22QQfG6WPg0iZkYBn6tdESkKtx6FvNkMCQ/3Tm4q/ed0EgqqbchknwCSdPxQkAkOEpzXhPleMghgbQqji5q+YDokiFEyZ2f+V0CoXS5Xi+VUlX68u6sigQ3SECqiEzlAdXaIGaiKK7tADekLP1r31aL1Yr/PVJWuROUDfYL1/Anw+n2M=</latexit>

recall:

• when is          univalent and what is     ?  

• local univalence:  

• global univalence is tricky 

• if                                       then

f 0(z) 6= 0

<latexit sha1_base64="f6FmF/UeiaTkh+xxmwHn960swvQ=">AAAB9HicjVDLSgNBEOz1GeMr6tHLYBDjJWwkYLwFvHiMYB6QLGF20psMmZ3dzMwG4pLv8OJBEa9+jDf/xsnjoKJgQUNR1U0X5ceCa+O6H87K6tr6xmZmK7u9s7u3nzs4bOgoUQzrLBKRavlUo+AS64Ybga1YIQ19gU1/eD3zm2NUmkfyzkxi9ELalzzgjBorecFZ4f6cdCSOiEu6uXyp6M5B/iZ5WKLWzb13ehFLQpSGCap1u+TGxkupMpwJnGY7icaYsiHtY9tSSUPUXjoPPSWnVumRIFJ2pCFz9etFSkOtJ6FvN0NqBvqnNxN/89qJCSpeymWcGJRs8ShIBDERmTVAelwhM2JiCWWK26yEDaiizNiesv8roXFRLJWLV7flfLWyrCMDx3ACBSjBJVThBmpQBwYjeIAneHbGzqPz4rwuVlec5c0RfIPz9glhdZCJ</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

U

<latexit sha1_base64="UWttEO5phJHgvHsS8LS/RMdZYL4=">AAAB6HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYL0VvHhswbSFNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3H4cVBR8MPB4b4aZeWEquDau++EU1tY3NreK26Wd3b39g/LhUVsnmWLos0QkqhtSjYJL9A03ArupQhqHAjvh5Hrud+5RaZ7IWzNNMYjpSPKIM2qs1PIH5YpXdRcgf5MKrNAclN/7w4RlMUrDBNW657mpCXKqDGcCZ6V+pjGlbEJH2LNU0hh1kC8OnZEzqwxJlChb0pCF+nUip7HW0zi0nTE1Y/3Tm4u/eb3MRPUg5zLNDEq2XBRlgpiEzL8mQ66QGTG1hDLF7a2EjamizNhsSv8LoX1R9WrVq1at0qiv4ijCCZzCOXhwCQ24gSb4wADhAZ7g2blzHp0X53XZWnBWM8fwDc7bJ7ZwjN4=</latexit>

|{f(z), z}|  2

(1� |z|2)2
, |z| < 1

<latexit sha1_base64="0yiMrs70yG660PsbiSL5UGirilg="></latexit>

if         is univalent, then

|{f(z), z}|  6

(1� |z|2)2
, |z| < 1

<latexit sha1_base64="rf/n9a280a/QlJKiUoX3McaO51g="></latexit>

        is univalent iff(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

f(z)

<latexit sha1_base64="J3r44uKxS0ouHdPuXj6aGPS+AZg=">AAAB63icjVBNS8NAEJ34WetX1aOXxSLUS0mkYL0VvHisYD+gDWWznbRLdzdhdyPU0L/gxYMiXv1D3vw3Jm0PKgo+GHi8N8PMvCAW3FjX/XBWVtfWNzYLW8Xtnd29/dLBYdtEiWbYYpGIdDegBgVX2LLcCuzGGqkMBHaCyVXud+5QGx6pWzuN0Zd0pHjIGbW5FFbuzwalsld15yB/kzIs0RyU3vvDiCUSlWWCGtPz3Nj6KdWWM4GzYj8xGFM2oSPsZVRRicZP57fOyGmmDEkY6ayUJXP160RKpTFTGWSdktqx+enl4m9eL7Fh3U+5ihOLii0WhYkgNiL542TINTIrphmhTPPsVsLGVFNms3iK/wuhfV71atXLm1q5UV/GUYBjOIEKeHABDbiGJrSAwRge4AmeHek8Oi/O66J1xVnOHME3OG+fdKyN2A==</latexit>

�|⇣|+ 2 ln (1 + |⇣|)  |f(⇣)|  �|⇣|� 2 ln (1� |⇣|)
|bn|  2/n, for all n � 2

<latexit sha1_base64="xu7Ka/i/fyPsTMO6Pfkf5FI2UJc="></latexit>

Re f 0(z) > 0 in any convex z 2 U ⇢ C

<latexit sha1_base64="P/wxaMmSszkQJ3wgqc2N9rBfCPA="></latexit>

Re f 0(⇣) > 0, ⇣ 2 D,

<latexit sha1_base64="sjPba4OjBjSQ4XYjBo0hkIg+X2M=">AAACG3icjVBNS8NAEN3Ur1q/qh69LBaxQimpCNaLCHrwqGKt0ISy2U7s0s0m7E7EGurv8OJf8eJBEU+CB/+NaexBRcEHA2/fm2FnnhdJYdC2363c2PjE5FR+ujAzOze/UFxcOjNhrDk0eChDfe4xA1IoaKBACeeRBhZ4Eppeb3/oNy9BGxGqU+xH4AbsQglfcIap1C5uOghXmJzAwKn462XnGpBt0F1qV+gNzV7UEYo6AcOu5yUHgwptF0u1qp2B/k1KZISjdvHV6YQ8DkAhl8yYVs2O0E2YRsElDApObCBivMcuoJVSxQIwbpLdNqBrqdKhfqjTUkgz9etEwgJj+oGXdg53ND+9ofib14rRr7uJUFGMoPjnR34sKYZ0GBTtCA0cZT8ljGuR7kp5l2nGMY2z8L8Qzjarta3qzvFWaa8+iiNPVsgqKZMa2SZ75JAckQbh5Jbck0fyZN1ZD9az9fLZmrNGM8vkG6y3D7zyn1c=</latexit>
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• diffusive Puiseux (Taylor) series 

• assume we know some                       , and one value  

• define:

D I F F U S I V E  D I S P E R S I O N  R E L AT I O N

fdi↵(z) = i!di↵(z)  ! fdi↵(⇣) ⌘
i!di↵('�1(⇣))

D@⇣'�1(0)
= ⇣ +

1X

n=2

bdi↵n ⇣n

<latexit sha1_base64="A5j7Krep+zoiIx9Re9/f7x9cVAA="></latexit>

!di↵(z ⌘ q2) = �i
1X

n=1

cnz
n, c1 = D

<latexit sha1_base64="RKeiImz8tYjv4EuIKIhuNY/Ju+c="></latexit>

• exact bounds immediately follow: 

• stronger bounds (logs, …) exist if 

U

<latexit sha1_base64="8VH4WTJKCGQvjgBd/PZNN9yjrHY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkUN0V3bisYNpCG8pkOmmHTiZhZqKUmE9x40IRt36JO//GadqFioIHLhzOuS9OkHCmtON8WKWV1bX1jfJmZWt7Z3fPru53VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbTy7nfvaVSsVjc6FlC/QiPBQsZwdpIQ7uaDYolWcAxmebIy4d2za07BdDfpAZLtIf2+2AUkzSiQhOOleq7TqL9DEvNCKd5ZZAqmpjleEz7hgocUeVnxdUcHRtlhMJYmhIaFerXiQxHSs2iwHRGWE/UT28u/ub1Ux2e+RkTSaqpIItDYcqRjtE8BzRikhLNZ4ZgIpn5FZEJlphok1blfyF0Tutuo35+3ai1LpZxlOEQjuAEXGhCC66gDR4QuIMHeIJn6956tF6s10VryVrOHMA3WG+foCaUQQ==</latexit>

z

<latexit sha1_base64="GvO+0KyWFBqbMHJKkm1kIcOcNPY=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkoO6KblxWsA9oQ5lMJ+3QySTMTJQY8yluXCji1i9x5984TbtQUfDAhcM598XxY86UdpwPq7S0vLK6Vl6vbGxube/Y1d2OihJJaJtEPJI9HyvKmaBtzTSnvVhSHPqcdv3pxczv3lCpWCSudRpTL8RjwQJGsDbS0K5mg2JJ5nNMpjm6y4d2za07BdDfpAYLtIb2+2AUkSSkQhOOleq7Tqy9DEvNCKd5ZZAoGpvleEz7hgocUuVlxdUcHRplhIJImhIaFerXiQyHSqWhbzpDrCfqpzcTf/P6iQ5OvYyJONFUkPmhIOFIR2iWAxoxSYnmqSGYSGZ+RWSCJSbapFX5Xwid47rbqJ9dNWrN80UcZdiHAzgCF06gCZfQgjYQuIUHeIJn6956tF6s13lryVrM7ME3WG+f2F+UZg==</latexit>

⇣

<latexit sha1_base64="5w3oJjuUcNgwxH8JhR4vrSDz4VA=">AAAB/nicjVDLSsNAFL3xWesrKq7cDBbBVUmkoO6KblxWsA9oQplMJ+3QyYOZG6GGgL/ixoUibv0Od/6N08dCRcEDA4dz7r1nOEEqhUbH+bAWFpeWV1ZLa+X1jc2tbXtnt6WTTDHeZIlMVCegmksR8yYKlLyTKk6jQPJ2MLqc+O1brrRI4hscp9yP6CAWoWAUjdSz93NveiQPJGWjgnh3HGnRsytu1ZmC/E0qMEejZ797/YRlEY+RSap113VS9HOqUDDJi7KXaZ6aADrgXUNjGnHt59PkghwZpU/CRJkXI5mqXzdyGmk9jgIzGVEc6p/eRPzN62YYnvm5iNMMecxmQWEmCSZk0gXpC8UZyrEhlClh/krYkCrK0DRW/l8JrZOqW6ueX9cq9Yt5HSU4gEM4BhdOoQ5X0IAmMMjhAZ7g2bq3Hq0X63U2umDNd/bgG6y3T/JaliQ=</latexit>

D

<latexit sha1_base64="r334kN+KeW1/RZDGghhAXNkmIDg=">AAACA3icjVDLSsNAFL2pr1pfUXe6GSyCq5JKQd0VdeGygn1AE8pkOmmHTiZhZiKUEHDjr7hxoYhbf8Kdf+Mk7UJFwQMDh3PunXM5fsyZ0o7zYZUWFpeWV8qrlbX1jc0te3uno6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cpH73VsqFYvEjZ7G1AvxSLCAEayNNLD3Urf4JPU5JpMMuSHWY99PL7NsYFfrNacA+ptUYY7WwH53hxFJQio04Vipft2JtZdiqRnhNKu4iaKxScEj2jdU4JAqLy3iM3RolCEKImme0KhQv26kOFRqGvpmMj9R/fRy8Tevn+jg1EuZiBNNBZkFBQlHOkJ5IWjIJCWaTw3BRDJzKyJjLDHRprbK/0roHNfqjdrZdaPaPJ/XUYZ9OIAjqMMJNOEKWtAGAnfwAE/wbN1bj9aL9TobLVnznV34BuvtE9NdmEw=</latexit>

⇣ = '(z)

<latexit sha1_base64="2Tz/D3rL0yKQzxfFi+hD2h5WWro=">AAAB+3icjVDLSsNAFL2pr1pfsS7dDBahbkoiBXUhFN24rGAf0IQymU7aoZNJmJkU29BfceNCEbf+iDv/xuljoaLggQuHc+7lHk6QcKa043xYuZXVtfWN/GZha3tnd8/eLzZVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQyvZ35rRKVisbjT44T6Ee4LFjKCtZG6dtGbUI3RJfJGWCYDVp6cdO2SW3HmQH+TEixR79rvXi8maUSFJhwr1XGdRPsZlpoRTqcFL1U0wWSI+7RjqMARVX42zz5Fx0bpoTCWZoRGc/XrRYYjpcZRYDYjrAfqpzcTf/M6qQ7P/YyJJNVUkMWjMOVIx2hWBOoxSYnmY0MwkcxkRWSAJSba1FX4XwnN04pbrVzcVku1q2UdeTiEIyiDC2dQgxuoQwMI3MMDPMGzNbUerRfrdbGas5Y3B/AN1tsn0e+TrA==</latexit>

z = '�1(⇣)

<latexit sha1_base64="fDcJ2YzmCch20r2AKudRRjxBsqA=">AAACAXicjVDLSgNBEOz1GeNr1YvgZTAI8WDISkA9CEEvHiOYB2TXMDuZTYbMzi4zs4FkiRd/xYsHRbz6F978GyePg4qCBQ1FVTfdXX7MmdLF4oc1N7+wuLScWcmurq1vbNpb2zUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+73LsV/vU6lYJG70IKZeiDuCBYxgbaSWvTtE58jtYxl32W165IxQ3h1SjQ9bds4pFCdAf5MczFBp2e9uOyJJSIUmHCvVdIqx9lIsNSOcjrJuomiMSQ93aNNQgUOqvHTywQgdGKWNgkiaEhpN1K8TKQ6VGoS+6Qyx7qqf3lj8zWsmOjj1UibiRFNBpouChCMdoXEcqM0kJZoPDMFEMnMrIl0sMdEmtOz/QqgdF5xS4ey6lCtfzOLIwB7sQx4cOIEyXEEFqkDgDh7gCZ6te+vRerFep61z1mxmB77BevsEnKWVvA==</latexit>

z0

<latexit sha1_base64="2LTnZkxjlP96MUt9hfsgpcrDDtI=">AAAB/HicjVDLSsNAFL2pr1pf0S7dDBbBVUlEsO4KblxWsA9oQ5hMJ+3QySTMTIQY4q+4caGIWz/EnX/jNO1CRcEDFw7n3BcnSDhT2nE+rMrK6tr6RnWztrW9s7tn7x/0VJxKQrsk5rEcBFhRzgTtaqY5HSSS4ijgtB/MLud+/5ZKxWJxo7OEehGeCBYygrWRfLuej8olecAxmRXozncK3264TacE+ps0YImOb7+PxjFJIyo04Vipoesk2sux1IxwWtRGqaKJWY8ndGiowBFVXl7eLdCxUcYojKUpoVGpfp3IcaRUFgWmM8J6qn56c/E3b5jqsOXlTCSppoIsDoUpRzpG8yTQmElKNM8MwUQy8ysiUywx0Sav2v9C6J023bPmxfVZo91axlGFQziCE3DhHNpwBR3oAoEMHuAJnq1769F6sV4XrRVrOVOHb7DePgEGd5T/</latexit>

⇣0 = '(z0)

<latexit sha1_base64="rumsx1CGLq96izN5xdS7YhNTSl8=">AAACD3icjVDLSsNAFJ3UV62vqEs3g0Wpm5JKwboQCm5cVrC10IRwM520QycPZiaFNuQP3Pgrblwo4tatO//GadqFioIHLhzOuS+OF3MmlWV9GIWl5ZXVteJ6aWNza3vH3N3ryCgRhLZJxCPR9UBSzkLaVkxx2o0FhcDj9NYbXc782zEVkkXhjZrE1AlgEDKfEVBacs3j1M6XpB4HMsqwPaUKXAtfYHsMIh6yytS1TjLXLNeqVg78NymjBVqu+W73I5IENFSEg5S9mhUrJwWhGOE0K9mJpLG+CAPa0zSEgEonzV/J8JFW+tiPhK5Q4Vz9OpFCIOUk8HRnAGoof3oz8Tevlyi/4aQsjBNFQzI/5CccqwjPwsF9JihRfKIJEMH0r5gMQQBROsLS/0LonFZr9er5db3cbCziKKIDdIgqqIbOUBNdoRZqI4Lu0AN6Qs/GvfFovBiv89aCsZjZR99gvH0CKGmcEA==</latexit>

!0 ⌘ !di↵(z0), z0 2 U

<latexit sha1_base64="3YKKZmcwcQtJ6br+uWJspQinLJM=">AAACHHicjVDNSgMxGMz6W+tf1aOXYBEUpGy1oN4KXjxWsK3QXZZs+m0NJtk1yRbqUt/Di6/ixYMiXjwIvo1puwcVBQcCk5n5SL4JE860cd0PZ2p6ZnZuvrBQXFxaXlktra23dJwqCk0a81hdhEQDZxKahhkOF4kCIkIO7fDqZOS3+6A0i+W5GSTgC9KTLGKUGCsFpQMvFtAjgYs9uE5ZH+f3zFMCd1kUDXduAnd3D9/im1GISdwMSuVqxR0D/03KKEcjKL153ZimAqShnGjdqbqJ8TOiDKMchkUv1ZAQekV60LFUEgHaz8bLDfG2Vbo4ipU90uCx+nUiI0LrgQhtUhBzqX96I/E3r5Oa6MjPmExSA5JOHopSjk2MR03Z7RVQwweWEKqY/Suml0QRamyfxf+V0NqvVGuV47NauX6U11FAm2gL7aAqOkR1dIoaqIkoukMP6Ak9O/fOo/PivE6iU04+s4G+wXn/BELFoC0=</latexit>

U ) '(z)

<latexit sha1_base64="nBho6DeLlhqUgqp1Lg5Yp+bgC4A=">AAACBHicjVDLSgMxFM3UV62vUZfdBItQN2VGCtZdwY3LKk5baIeSSTOd0EwyJJlKHSq48VfcuFDErR/hzr8xfSxUFDxw4eSce7m5J0gYVdpxPqzc0vLK6lp+vbCxubW9Y+/uNZVIJSYeFkzIdoAUYZQTT1PNSDuRBMUBI61geDb1WyMiFRX8So8T4sdowGlIMdJG6tlF7xZ2L+kg0khKcQ3Na4RkEtHyzVHPLrkVZwb4NymBBRo9+73bFziNCdeYIaU6rpNoP0NSU8zIpNBNFUkQHqIB6RjKUUyUn82OmMBDo/RhKKQpruFM/TqRoVipcRyYzhjpSP30puJvXifVYc3PKE9STTieLwpTBrWA00Rgn0qCNRsbgrCk5q8QR0girE1uhf+F0DyuuNXK6UW1VK8t4siDIjgAZeCCE1AH56ABPIDBHXgAT+DZurcerRfrdd6asxYz++AbrLdP9hOXpQ==</latexit>

|!0| (1� |⇣0|)2

|⇣0| |@⇣'�1(0)|  D  |!0| (1 + |⇣0|)2

|⇣0| |@⇣'�1(0)|

<latexit sha1_base64="ZTUL03jwWnif+GkRgjwNeQcF6E4="></latexit>

|bn|  n )

�����c2 +
D

2

@2
⇣'

�1(0)

[@⇣'�1(0)]2

����� 
2D

|@⇣'�1(0)| , . . .

<latexit sha1_base64="whglbrKzltTX8eS+B/YC/EhgGK8="></latexit>

Re f 0(⇣) > 0, |⇣| < 1

<latexit sha1_base64="D9Dw9aOs9B+ylAs4NXUU0/78BkI=">AAACD3icjVDLSgNBEJz1bXytevQyGNQIIeyKoIJIwItHFfOA7BJmJ71xcPbBTK8YN/ELvPgrXjwo4tWrN//GTcxBRcGChpqqbnq6vFgKjZb1boyMjo1PTE5N52Zm5+YXzMWlqo4SxaHCIxmpusc0SBFCBQVKqMcKWOBJqHkXh32/dglKiyg8w04MbsDaofAFZ5hJTXPdQbjC9BR6TtHfKDjXgGyTHlCreEO7g1eX7lO7aebtkjUA/ZvkyRDHTfPNaUU8CSBELpnWDduK0U2ZQsEl9HJOoiFm/IK1oZHRkAWg3XRwT4+uZUqL+pHKKkQ6UL9OpCzQuhN4WWfA8Fz/9Prib14jQX/XTUUYJwgh/1zkJ5JiRPvh0JZQwFF2MsK4EtlfKT9ninHMIsz9L4TqVsneLu2dbOfLu8M4psgKWSUFYpMdUiZH5JhUCCe35J48kifjzngwno2Xz9YRYzizTL7BeP0A4J6anw==</latexit>

map 0 to 0
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• are diffusive dispersion relations really univalent?  

• function is holomorphic and invertible at              (Puiseux), hence locally univalent;  
a finite                                                     with group velocity                        and                   

D I F F U S I V E  D I S P E R S I O N  R E L AT I O N

z = 0

<latexit sha1_base64="RTpcjPeUvlAV/BSW5mrZFMQQRNI=">AAAB7HicjVBNS8NAEJ3Ur1q/qh69LBbBU0mkYD0IBS8eK5i20Iay2W7apZtN2J0INfQ3ePGgiFd/kDf/jduPg4qCDwYe780wMy9MpTDouh9OYWV1bX2juFna2t7Z3SvvH7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhq5rfvuDYiUbc4SXkQ06ESkWAUreTfk0vi9ssVr+rOQf4mFVii2S+/9wYJy2KukElqTNdzUwxyqlEwyaelXmZ4StmYDnnXUkVjboJ8fuyUnFhlQKJE21JI5urXiZzGxkzi0HbGFEfmpzcTf/O6GUb1IBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n9L/QmidVb1a9eKmVmnUl3EU4QiO4RQ8OIcGXEMTfGAg4AGe4NlRzqPz4rwuWgvOcuYQvsF5+wSLVI3Y</latexit>

vg = @!/@q

<latexit sha1_base64="Xy5F5MIwopoyxD71DUfC2XKPFg8=">AAACC3icjVDLSgMxFM3UV62vUZduQovgqs5IwboQCm5cVrAPaIchk2amoclkTDKFMnTvxl9x40IRt/6AO//GTFvwgYIHLhzOufcm9wQJo0o7zrtVWFpeWV0rrpc2Nre2d+zdvbYSqcSkhQUTshsgRRiNSUtTzUg3kQTxgJFOMLrI/c6YSEVFfK0nCfE4imIaUoy0kXy7PPYjeA77CZKaIgb7gpMIweNP5ca3K27VmQH+TSpggaZvv/UHAqecxBozpFTPdRLtZfk+zMi01E8VSRAeoYj0DI0RJ8rLZrdM4aFRBjAU0lSs4Uz9OpEhrtSEB6aTIz1UP71c/M3rpTqsexmNk1STGM8fClMGtYB5MHBAJcGaTQxBWFLzV4iHSCKsTXyl/4XQPqm6terZVa3SqC/iKIIDUAZHwAWnoAEuQRO0AAa34B48gifrznqwnq2XeWvBWszsg2+wXj8AHu6Z1A==</latexit>

• example:                SYM theory

U = {z | |z| < min[|zg|, R]}

<latexit sha1_base64="iACMaEvRsXv53Fo0UNYRexeiwGE=">AAACEXicjVDLSsNAFJ3UV62vqks3F4vQRSmpFKygUHDjsop9QBPKZDpph04mYWYitEl/wY2/4saFIm7dufNvTNMuVBQ8MMPhnHu59x4n4Exp0/wwMkvLK6tr2fXcxubW9k5+d6+l/FAS2iQ+92XHwYpyJmhTM81pJ5AUew6nbWd0MfPbt1Qq5osbPQ6o7eGBYC4jWCdSL19swjlY0QTAKkGcfpMYzsDymOjGk94ghhJc29a0ly9UymYK+JsU0AKNXv7d6vsk9KjQhGOluhUz0HaEpWaE02nOChUNMBnhAe0mVGCPKjtKL5rCUaL0wfVl8oSGVP3aEWFPqbHnJJUe1kP105uJv3ndULs1O2IiCDUVZD7IDTloH2bxQJ9JSjQfJwQTyZJdgQyxxEQnIeb+F0LruFyplk+vqoV6bRFHFh2gQ1REFXSC6ugSNVATEXSHHtATejbujUfjxXidl2aMRc8++gbj7RMAEJqk</latexit>

N = 4

Re f 0(⇣) > 0 =) zg = q2g ⌘ min q2 |Re vg Im q = Im vg Re q

<latexit sha1_base64="AWv+pH5OEmHIGgaBRSawAmG0ksY="></latexit>

U

<latexit sha1_base64="/2trKUaUPgFWu9qUYNz61w7Tu28=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmk0LoruHFZwbSFNpTJdNIOnUzCzEQpMZ/ixoUibv0Sd/6N07QLFQUPXDicc1+cIOFMacf5sEpr6xubW+Xtys7u3v6BXT3sqjiVhHok5rHsB1hRzgT1NNOc9hNJcRRw2gtmlwu/d0ulYrG40fOE+hGeCBYygrWRRnY1GxZLsoBjMsuRl4/smlt3CqC/SQ1W6Izs9+E4JmlEhSYcKzVwnUT7GZaaEU7zyjBVNDHL8YQODBU4osrPiqs5OjXKGIWxNCU0KtSvExmOlJpHgemMsJ6qn95C/M0bpDps+RkTSaqpIMtDYcqRjtEiBzRmkhLN54ZgIpn5FZEplphok1blfyF0z+tuo35x3ai1W6s4ynAMJ3AGLjShDVfQAQ8I3MEDPMGzdW89Wi/W67K1ZK1mjuAbrLdPnSSUNw==</latexit>

z

<latexit sha1_base64="EDo7IoFyBK3lCUMiDC2yww3y8f4=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkYN0V3LisYB/QhjKZTtqhk0mYmSg15lPcuFDErV/izr9xknahouCBC4dz7ovjx5wp7TgfVmlldW19o7xZ2dre2d2zq/tdFSWS0A6JeCT7PlaUM0E7mmlO+7GkOPQ57fmzi9zv3VCpWCSu9TymXognggWMYG2kkV1Nh8WS1OeYzDJ0l43smlt3CqC/SQ2WaI/s9+E4IklIhSYcKzVwnVh7KZaaEU6zyjBRNDbL8YQODBU4pMpLi6sZOjbKGAWRNCU0KtSvEykOlZqHvukMsZ6qn14u/uYNEh00vZSJONFUkMWhIOFIRyjPAY2ZpETzuSGYSGZ+RWSKJSbapFX5Xwjd07rbqJ9fNWqt5jKOMhzCEZyAC2fQgktoQwcI3MIDPMGzdW89Wi/W66K1ZC1nDuAbrLdP1V2UXA==</latexit>

pole-
skipping

!0

<latexit sha1_base64="bUJie0qnWAmjr0JkLSnxVcG6zcc=">AAACAXicjVDLSsNAFJ3UV62vqBvBzWARXJVECtZdwY3LCrYVmhAm00k7dB5hZiKUEDf+ihsXirj1L9z5N07TLlQUPDBwOOfee4YTp4xq43kfTmVpeWV1rbpe29jc2t5xd/d6WmYKky6WTKqbGGnCqCBdQw0jN6kiiMeM9OPJxczv3xKlqRTXZpqSkKORoAnFyFgpcg/yoDySxwzhSQEDyckIRV4RuXW/4ZWAf5M6WKATue/BUOKME2EwQ1oPfC81YY6UoZiRohZkmqQ2A43IwFKBONFhXoYX8NgqQ5hIZZ8wsFS/buSIaz3lsZ3kyIz1T28m/uYNMpO0wpyKNDNE4HlQkjFoJJzVAYdUEWzY1BKEFbV/hXiMFMLGllb7Xwm904bfbJxfNevt1qKOKjgER+AE+OAMtMEl6IAuwOAOPIAn8OzcO4/Oi/M6H604i5198A3O2yfSn5cc</latexit>

R

<latexit sha1_base64="SABC7P4RH98OtxTkXf1vkyezu0A=">AAAB+nicjVDLSsNAFL2pr1pfqS7dDBbBVUmkYN0V3LisYh/QhjKZTtqhk0mYmSgh5lPcuFDErV/izr9xmnahouCBC4dz7ovjx5wp7TgfVmlldW19o7xZ2dre2d2zq/tdFSWS0A6JeCT7PlaUM0E7mmlO+7GkOPQ57fmzi7nfu6VSsUjc6DSmXognggWMYG2kkV3NhsWSzOeYzHJ0nY/smlt3CqC/SQ2WaI/s9+E4IklIhSYcKzVwnVh7GZaaEU7zyjBRNDbL8YQODBU4pMrLiqs5OjbKGAWRNCU0KtSvExkOlUpD33SGWE/VT28u/uYNEh00vYyJONFUkMWhIOFIR2ieAxozSYnmqSGYSGZ+RWSKJSbapFX5Xwjd07rbqJ9fNWqt5jKOMhzCEZyAC2fQgktoQwcI3MEDPMGzdW89Wi/W66K1ZC1nDuAbrLdPmJWUNA==</latexit>

⇣ = |⇣|ei�, |⇣| < 1

<latexit sha1_base64="QQeGiPHtLYSk9Zi+dKC5m1zOyjI=">AAACIXicjVDLSgMxFM34rPU16tJNsAgupMxIwQoKBTcuK9gHdGrJpHfa0MyDJCPU6fgpbvwVNy4U6U78GdNpERUFDwQO59x7czhuxJlUlvVmzM0vLC4t51byq2vrG5vm1nZdhrGgUKMhD0XTJRI4C6CmmOLQjAQQ3+XQcAfnE79xA0KyMLhSwwjaPukFzGOUKC11zHLiZEcSlxM6SLFzC4rgMzzKyAjDdcKcqM/SQ3z3KZ5iO+2YBbtoZcB/kwKaodoxx043pLEPgaKcSNmyrUi1EyIUoxzSvBNLiHQG0oOWpgHxQbaTLFyK97XSxV4o9AsUztSvGwnxpRz6rp70ierLn95E/M1rxcortxMWRLGCgE4/8mKOVYgndeEuE0AVH2pCqGA6K6Z9IghVutT8/0qoHxXtUvHkslSolGd15NAu2kMHyEbHqIIuUBXVEEX36BE9oxfjwXgyXo3xdHTOmO3soG8w3j8AOhWjfQ==</latexit>

0.046/T  D = 1/4⇡T ⇡ 0.080/T  0.201/T

<latexit sha1_base64="1R50UDHdP/g2vKGivzv44I+5I+I=">AAACI3icjVDLSgMxFM3UV62vqks3F4vgapopg1ZBEHThskJf0Cklk6Y1mJmJSUYsxX9x46+4caEUNy78F9PHQkXBA4GTc87lJieUgmuD8buTmZtfWFzKLudWVtfWN/KbW3WdpIqyGk1Eopoh0UzwmNUMN4I1pWIkCgVrhNdnY79xy5TmSVw1A8naEenHvMcpMVbq5I+xi/2DYhUCwW7gHOAEvKIfSA7VgEipkjuwiTKGIswy2C1hb3zt5AueiyeAv0kBzVDp5EdBN6FpxGJDBdG65WFp2kOiDKeC3eeCVDNJ6DXps5alMYmYbg8nf7yHPat0oZcoe2IDE/XrxJBEWg+i0CYjYq70T28s/ua1UtMrt4c8lqlhMZ0u6qUCTALjwqDLFaNGDCwhVHH7VqBXRBFqbK25/5VQL7me7x5d+oXT8qyOLNpBu2gfeegQnaILVEE1RNEDekIv6NV5dJ6dkfM2jWac2cw2+gbn4xMkwp3M</latexit>

'
:
U

!
D

<latexit sha1_base64="QfzDyJMUvjQGyPaFUxG+p7jKuug=">AAACBXicjVBNS8NAEJ34WetX1KMeFovgQUoqBaungh48VjBtoQlls920SzebsLsplNCLF/+KFw+KePU/ePPfuGl7UFHwwcDjvRlm5gUJZ0o7zoe1sLi0vLJaWCuub2xubds7u00Vp5JQl8Q8lu0AK8qZoK5mmtN2IimOAk5bwfAy91sjKhWLxa0eJ9SPcF+wkBGsjdS1D7wRlsmAXSDvBLnI0zHyIqwHQZBdTbp2qVJ2pkB/kxLM0eja714vJmlEhSYcK9WpOIn2Myw1I5xOil6qaILJEPdpx1CBI6r8bPrFBB0ZpYfCWJoSGk3VrxMZjpQaR4HpzC9UP71c/M3rpDqs+RkTSaqpILNFYcqR+TWPBPWYpETzsSGYSGZuRWSAJSbaBFf8XwjN03KlWj6/qZbqtXkcBdiHQziGCpxBHa6hAS4QuIMHeIJn6956tF6s11nrgjWf2YNvsN4+AeFkl4o=</latexit>
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• assume a dispersion relation that is univalent everywhere except at a single branch cut 

• example: self-dual axion model [Andrade, Withers (2013); Davison, Gouteraux (2014)]

S I M P L E S T  B O U N D  O N  D I F F U S I O N

!(z = q2) = �i⇡T

✓
1�

r
1� z

⇡2T 2

◆

<latexit sha1_base64="d/C3z6tArXoP7g5u4gN8Kci7i48="></latexit>

• optimal bounds (similar to Blake’s proposal                     ):

energy diffusion:

z0 = ��2
L

v2B
< 0 :

v2B
�L

 D  v2B
�L

+
�L

R

0 < z0 =
�2
L

v2B
< R :

v2B
�L

� �L

R
 D  v2B

�L

<latexit sha1_base64="vU6PVqt3leGu7HLa2dg1L3EsagE="></latexit>

energy diff: 

momentum diff:

D & v2B/�L

<latexit sha1_base64="F98c6csoyMSaTjRGABFmgh4hQM8=">AAACBHicjVDLSgMxFM3UV62vUZfdBIvgqk5Lwbor6sKFiwr2AZ1xyGQybWiSGZJMoQxduPFX3LhQxK0f4c6/MX0sVBQ8cOFwzj0k9wQJo0o7zoeVW1peWV3Lrxc2Nre2d+zdvbaKU4lJC8cslt0AKcKoIC1NNSPdRBLEA0Y6wfB86ndGRCoaixs9TojHUV/QiGKkjeTbxQvo9rXxORz5Z7dVeAxdZuIh8q98u1QpOzPAv0kJLND07Xc3jHHKidCYIaV6FSfRXoakppiRScFNFUkQHqI+6RkqECfKy2ZHTOChUUIYxdKM0HCmfk1kiCs15oHZ5EgP1E9vKv7m9VId1b2MiiTVROD5Q1HKoI7htBEYUkmwZmNDEJbU/BXiAZIIa9Nb4X8ltKvlSq18el0rNeqLOvKgCA7AEaiAE9AAl6AJWgCDO/AAnsCzdW89Wi/W63w1Zy0y++AbrLdPdzKWsg==</latexit>

0  c2  D

R
, · · ·

<latexit sha1_base64="uBO1YICJdWP1ecVw2C8/G7oW2Ak=">AAACDnicjZDLSgMxGIUzXmu9jbp0EywFF1KmpWDdFXThsoq9QGcYMplMG5pJxiQjlGF8ATe+ihsXirh17c63Mb0sVBQ8EDic8/8k+YKEUaUd58NaWFxaXlktrBXXNza3tu2d3Y4SqcSkjQUTshcgRRjlpK2pZqSXSILigJFuMDqd9N0bIhUV/EqPE+LFaMBpRDHSJvLtsgNdRq4h9msz40YS4ewszy7zI3gLXRwKrXy7VK04U8G/TQnM1fLtdzcUOI0J15ghpfpVJ9FehqSmmJG86KaKJAiP0ID0jeUoJsrLpt/JYdkkIYyENIdrOE2/bmQoVmocB2YyRnqofnaT8Leun+qo4WWUJ6kmHM8uilIGtYATNjCkkmDNxsYgLKl5K8RDZHhoQ7D4PwidWqVar5xc1EvNxhxHAeyDA3AIquAYNME5aIE2wOAOPIAn8GzdW4/Wi/U6G12w5jt74Just08UZ5rj</latexit>

higher orders:

• infinite radius of convergence:

!di↵(q
2) = �iDq2 = �i

v2B
�L

q2

<latexit sha1_base64="AwRIT+RPz+8lJLB+zaMg8gqSz+s="></latexit>
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• the story is analogous with univalence breakdown set by the local condition

S O U N D

f 0(z) = 0 =) vg = 0

<latexit sha1_base64="9Qc8/kZ1Y+LZ3/gcQ24XGLk/kxk=">AAACD3icjZA9SwMxHMZz9a3Wt1NHl2BR61LupGAdhIKLg0MF+wLtUXJp7hqaS44kV6mlfgIXv4qLgyKurm5+G9NrBxUFHwg8/J7/nySPHzOqtON8WJm5+YXFpexybmV1bX3D3tyqK5FITGpYMCGbPlKEUU5qmmpGmrEkKPIZafj9s0neGBCpqOBXehgTL0IhpwHFSBvUsfeDg8LNITyFDryF7QvBQ0nDnkZSimtDBp0wzTp23i06qeDfJg9mqnbs93ZX4CQiXGOGlGq5Tqy9EZKaYkbGuXaiSIxwH4WkZSxHEVHeKP3PGO4Z0oWBkOZwDVP6dWOEIqWGkW8mI6R76mc2gb9lrUQHZW9EeZxowvH0oiBhUAs4KQd2qSRYs6ExCEtq3gpxD0mEtakw978S6kdFt1Q8uSzlK+VZHVmwA3ZBAbjgGFTAOaiCGsDgDjyAJ/Bs3VuP1ov1Oh3NWLOdbfBN1tsnrtmZ6w==</latexit>

• example:                SYM theoryN = 4 ⇣ = |⇣|ei�, |⇣| < 1

<latexit sha1_base64="QQeGiPHtLYSk9Zi+dKC5m1zOyjI=">AAACIXicjVDLSgMxFM34rPU16tJNsAgupMxIwQoKBTcuK9gHdGrJpHfa0MyDJCPU6fgpbvwVNy4U6U78GdNpERUFDwQO59x7czhuxJlUlvVmzM0vLC4t51byq2vrG5vm1nZdhrGgUKMhD0XTJRI4C6CmmOLQjAQQ3+XQcAfnE79xA0KyMLhSwwjaPukFzGOUKC11zHLiZEcSlxM6SLFzC4rgMzzKyAjDdcKcqM/SQ3z3KZ5iO+2YBbtoZcB/kwKaodoxx043pLEPgaKcSNmyrUi1EyIUoxzSvBNLiHQG0oOWpgHxQbaTLFyK97XSxV4o9AsUztSvGwnxpRz6rp70ierLn95E/M1rxcortxMWRLGCgE4/8mKOVYgndeEuE0AVH2pCqGA6K6Z9IghVutT8/0qoHxXtUvHkslSolGd15NAu2kMHyEbHqIIuUBXVEEX36BE9oxfjwXgyXo3xdHTOmO3soG8w3j8AOhWjfQ==</latexit>

zg =
q

q2
g ⇡ �3.791 iT

zg =
q

q2
g ⇡ �3ivs/4D = �5.441 iT

<latexit sha1_base64="zIkqOxXA5AWMKBSP/ytVjvB4RZM="></latexit>

• construct a sufficient analyticity (univalence) condition for the conformal bound on the 
speed of sound [Cherman, Cohen, Nellore (2009); Hohler, Stephanov (2009)]

|@⇣'�1(0)| = 4
p
3|!0(z0)| ^ |⇣0| = |'(z0)| ! 1 =) 0  vs 

r
1

3

<latexit sha1_base64="UF938woFocp52SybpDN+PfvnciY="></latexit>



C O N C L U S I O N S  A N D   
F U T U R E  D I R E C T I O N S
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• complex analytic structures of transport can reveal new physical properties  

• dispersion relations converge in momentum space, in x-space they sometimes converge 
and sometimes diverge [see Heller, Serantes, Spaliński, Svensson, Withers (2020)] 

• pole-skipping imposes strong chaos constraints on transport and Green’s functions 

• what is the physical meaning of pole-skipping or “0/0” in QFT correlators? 

• pole-skipping or its generalisation in weakly coupled QFTs and kinetic theory? 

• chaos in heavy ion collisions? 

• new methods that allow for rigorous derivations of lower and upper bounds  
on all coefficients of hydrodynamic dispersion relations 

• we can find precise analytic conditions of a theory that lead to certain bounds 

• further physical implications? equations of state vs. the conformal bound, …? 
[QCD, neturon starts, etc., see e.g. Annala, Gorda, Kurkela, Nättilä, Vuorinen (2020)] 

• fluctuations, quantum corrections, long-time tails, “1/N” … what remains of this story? 

C O N C L U S I O N S  A N D  F U T U R E  D I R E C T I O N S
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