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G(F) p-adic reductive group: F local field, G /F connected reductive.

Character of m : G(F) — GL¢(V), finite length smooth representation,
is the Int G(F)-invariant distribution:

Or : C°(G(F)) - C,

f— tr <v »—>J- f(g)r(g) - vdg) (in short, f — trz(f)).
G(F)

Fact (Harish-Chandra, Raphaél Beuzart-Plessis):

O.(f) = L(F) 0:(2)f(g)dz, O e Ll (G(F)), locally const. on G(F)reg.
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» Have linear independence of characters.

» Crucially used in trace formula, endoscopy theory of L-packets, work on
Gan-Gross-Prasad conjectures etc.

» Characters reflect properties: e.g., growth of ©, near 1 € G(F) tells us
how “big” of a representation 7 is, existence of Whittaker models etc.

» Study characters near 1, by pulling them down to
Ad G(F)-invariant distributions g(F) := Lie G(F).

gF) B u =2 vE GF).
s b

Orly v Or:= O]y cexp on U or on g(F).
» “Slogan:” Lie algebra analogue of characters = Fourier transforms of
orbital integrals, fip,, X € g* (defined in next two slides).



Fourier transform on a f.d.v.s V/R:

:f f(y)exp(i{x,y)) dy,
v

{+,+) Euclidean inner product.
Similarly, C*(g(F)) s f — f € C*(g(F)):
) = | () 0B, v)) Y.
a(F)

» B:gxg— F, symmetric nondegenerate Ad G-invariant bilinear form;
» 9 : F — C* nontrivial additive character.

Better: C(g(F)) o f — f e C2(g*(F)), X §yr VX, YD) dY

Fourier transform for distributions: 7 (f) := T(f).



Orbital integral: if O := Ad G(F)(X) = adjoint orbit of X € g(F),
dg

Ox(f) ==po(f) == J F(Adg(x)) & —

F(X)dpo.
G(F)/ G (F) dgX JO:AdG(F)(X) %)

This is well-defined if F has characteristic zero (or if p > 0):

> The centralizer GX(F) = {g € G(F) | Adg(X) = X} is unimodular =
have a G(F)-invariant measure dg/dgX = due on O;
» Ve CP(g(F)), the integral up(f) conv. (Ranga Rao if char F = 0).

Of partic. interest: when O € O(0) := {nilpotent Ad G(F)-orbits in g(F)},
i.e., when O < N(g) := the set of nilpotent elements of g(F),

i.e., when 0 € OHausdorlt — AGG(F) . x>

Fact: J(N(g)) := the set of Ad G(F)- invariant distribns supported on N (g)
= @060(0) C - uo = sum of nilpotent orbital integrals.

Similarly, have nilp. orb. int. on g*(F) := Hom(g(F), F) with “Ad*”—action5.



Set OX ‘= [l := the Fourier transform of .

g(F) B u =2 v G(F)
° b

= (O : CF(G(F)) = C) v~ (Ol : C2(V) = €) %5 (6 : C2(U) - ©),
or 0 : CX(g(F)) — C, supported on Y.  Informally: 0, = ©, cexp.
Howe-Harish-Chandra character expn: U sufficiently small = Vf e CZ(U):
0u() 1= Os(folog) = Y _co_holf);
Oe0(0)* ¢
if we assume that F has characteristic zero.
In other words: 0y € J(ﬁ(g\*))m

Question: How big can U be so this holds (“range of validity of the
character expansion”)?



H.-C. proves the expansion, more generally, for “admissible distributions” ©.

If Ko = G(F) compact open subgroup such that 7/° s 0 (say  irreducible):

7T|Ko: @ n€€7

Eelrr(Ko)

1

where ng = 0 unless 3g € G(F) s.t. £ has a nonz. gKog™* n Kp-fixd vector.
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Rephrase: ©, x& = 0 unless g s.t. £ has a nonz. gKog™ " n Ko-fixd vector.

Very crude idea, if © satisfies this: This forces the Fourier transform of
0 = © o exp, near 0, to have support near nilpotent cone N(g*).

» Given 7 with a Kp-fixed vector, the above gives information on |, .
> Rep. th. of Ky = exp(Lg) <> Ko-orbits on g*/Lg (Howe's Kirillov th.).
> Information about ©, near 1, or 6, near 0.

Recall the question: How big can U be so the character expansion holds?



If x € B(G) = (enlarged) Bruhat-Tits building of G, have Moy-Prasad
filtration subgroups (for r = 0) and sublattices (for r € R):

G(F)x,r = G(F), 9(F)x,r < 8(F), 9" (F)x,r = g*(F).
Exm: If G = GL(V)/F, x is given by a | filtration {Ls}scr of lattices in V:
9(F)xr = {X €End(V) | X(Ls) < Lsy,Vs}.

Have Moy-Prasad G-domains:

G(F)ri=|J GF)xr € G(F), a(F)r= | a(Fxr < a(F),
x€B(G) xeB(G)
similarly g*(F),. Open, closed, G(F)-invariant, and have
a(F)r= () (@(F)xr+N(9))
xeB(G)
(Part of Moy-Prasad theory, take by Adler and DeBacker).
exp: 9(F)xr — G(F)xr, 8(F)r — G(F),, if p> 0.

g(F)X,H- = Ug(F)X,57 Q(F)r-i- o= U g(F)X7r+, etc.

8
s>r xeB(G)



The depth of 7 is the smallest p(7) > 0 such that 7 has a nonzero
G(F)x,p(r)+-fixed vector, for some x € B(G).

For “good” p, the character expn. for 0 = © o exp holds on g(F),(x)+,
i.e., the “range of validity” of character expansion contains g(F),(x)+-

DeBacker: True if p>» 0.  (Applies more gen. to “r-admissible distribns™).

(GF)r/ G(F)xrs)" = (@(F)saf8(Fr)” 2 8% (Flsi-r/8" (Fhioy+-
¢ 5
Moy-Prasad = For r > ,oA(7r), if € occurs in 7, then £ N N (g*) # 0.
Thus, if 0:(1;) # 0, then £ N N(g*) #

Gma:feqm%mxﬂm%mﬂqwufeQmwxﬁmmmn»s>n
if ,(f) # 0, then supp f intersects 0% (F)x,(—s)+ T N(g%) (uses exp). 9



Rename r v —r, s v —s. Have T = 9Tr distribution on

FT (COO Z ZC xs/g( )x,r+)=:Dra

xeB(G) s<r

some nice behavior, for all s < r, on Co(g*(F)x.s/0%(F)x.rt )
Let ](r) := the space of such distributions, “Waldspurger-DeBacker space”.

To show: it is a linear combination of nilpotent orbital integrals, i.e.,

Show: J(r)|p, = JIN(g%))|p,
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Show: J(\)|p. = J(r)|p,, = D D Cla* (Fus/8* (Fxrt)

xeB(G) ssr
(set N' = N(g*), may informally think g(F) xr = 0%(F)x,r etc.).
» Easier steps:
e Easy inclusion: J(N) < J(r), so also when restricted to D, .
e For good p, dim¢ J(N) = #O(0)* := number of nilpotent orbits in
g*(F), basis = nilpotent orbital integrals (also when restricted to D, ).
e Therefore, enough to show: dime J(r)|p, < #0O(0)*.
» “Descent and recovery”: Can replace D, ~~» the smaller DT :=
j(r)|p, — ](r)|D;+ is an isomorphism.

22 Ce(@* (Fr /0% (Fx,rt): J(r
> Every element of J(r)|p+ is uniquely determined by its values on a set
of {Xi + g*(F)xr+}i, where {X;} runs over a set of representatives for

nilpotent orbits in g*(F) = dim¢ J(r)|p, < #0(0)*.
The last step uses DeBacker's classification of nilp. orbits in terms of
{X + g*(F)X,r+ | X € B(G)7X € g*(F)x,r}

(identify g = g*; sort of an affine version of the Bala-Carter classification).



Abstract setting. Let G finite group, H < G subgroup. Consider “relative
harmonic analysis”, for the G-space G/H, in terms of representations (m, V)
of G such that V* = 0.

A spherical character is associated to (m, V,¢,¢"), where (7, V) rep of G,
e Vi pe (V)R (equiv., £:V — C,¢¥ : V¥ — C H-invariant):

gt m(g)l¥)=:Orryv,
a function on H\G/H, i.e., an H-invariant function on G/H.

Example: (“Group case”) G = H x H > H 'diagonally’,
HC G/H = 7U-Jl 5 H (conjugation).
(hysha)H s iy

T=0®oc", 1tV =0"Q®oc (of G=H xH), ¢ = "obvious pairings”.

Then ©; v on G/H = the character ©, of the representation o of H. 1,



feAut(G), 2 =1,(G)°cHcGl. g=g=l@g’=l=hap a H.
(m, V') smooth fin. length representation of G(F), H(F)-invariant functionals
{:V —C, 7Y vy - C.

The spherical character of (m, V,¢,£¥) = the distribution

Oneev : CP(G(F)) — C
v - ,w( A}
— T
@ < ; 2
—C ev

It is an H(F)-bi-invariant distribution on G(F), i.e., an H(F)-invariant
distribution on G(F)/H(F).

Rader and Rallis, 1996: In characteristic zero, local character expansion at
0€e To(G(F)/H(F)) = g(F)/b(F) = p(F) (though not generally loc. int.):
Or v (f) = Z cofio(f) (f e CC(p(F), supp. near 0).

OeN (p*)/ AdH(F)=:0%* (0) 13



Assume p # 2, recall g(F) = h(F) @ p(F). For x € B(H) s = B(G)?,
9(F)xr = (0(F) 0 g(F)x,r) ® (p(F) 0 8(F)x,r) = BIF)s,r ®p(F)x,r -
—_——  —\—

fact defn
p(F)ri= | p(F)er 22 | HF)xA\G(F)xr < H(F)\G(F)

xeB(H) xeB(H)
(for good p)
= have 0, ¢y on p(F), (descended via exp from © ¢ ov on H(F)\ G(F)).

Hope: Or e ev (f) = Z cofio(f), Vfe Cp(F)r),
OeN (p*)/H(F)

whenever r > p(m) := the depth of 7.

i.e., the range of validity of the character expansion contains p(F)(x)+- 14



We cannot yet prove this in the most general case (even with p » 0):

> Can show (for p » 0) the analogue of dimc J(r)|p, < #O*"(0):
essentially following the ‘group case’.
» But dimc J(NV(p*)) may be strictly less than #OP* (0):
e There may not be an invariant measure on some O € C’)p*(O): stabilizers
may no longer be unimodular.
e Even if 3 inv. meas. uo on O, up(f) may not convg. for
fe CP(p*(F)): eg., G=PGLy 5Gp=H, p = F2,
h- (X>y) = (hX’ h_l}/)'
» Where these two issues don't arise, and p » 0, have the expected range
of validity result.
> In rank one situations — SLn/GLn_l, SOgn/SOQn_l, 502n+1 /502,,,
Spap / SPa X Spa,_o, Fa/Sping — can establish the expectd range of
validity result using dirct computation + features particular to rank one.
> So one hopes to establish the desired range of validity (i.e., p(F),(x)+)

in general, but we don't have a general approach to proving it. 5



» Moy-Prasad theory: A lot of the results regarding lattices, nilpotents
etc. hold in somewhat general settings: a “rational” representation V
of H together with a suitable collection of lattices Vi ,..., but to
connect to harmonic analysis on G(F) (e.g., to relate ‘degenerate
cosets' for H(F) C p*(F) and G(F) C g*(F)) we of course do make
use of our special situation.

» Classification of “nilpotent orbits” using the building:

Known by the work of Ricardo Portilla, involves B(H) with
polysimplicial structure inherited from 5(G). This is a crucial input for
us.

» Like Portilla, one works a lot with normalized sl,-triplets (Y, M, X),
where the ‘neutral element’ M belongs to h(F), the ‘nilpositive
element’ X belongs to p(F).

16



