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Anderson localization in the time domain
𝐻′(𝑡)	is a perturbation that fluctuates in time but 𝐻′(𝑡 + 𝑠𝑇) = 𝐻′(𝑡)
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Mott insulator phase in the time domain
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Multi-dimensional time lattices
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Spontaneous formation of  
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Brief history
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Formation of space crystals

5𝐻, 5	𝑇 = 0

9𝑇 – translation operator of all particles by the same arbitrary vector 
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Formation of time crystals?

𝑟	is fixed

Eigenstates of a time-independent Hamiltonian 𝐻 are also eigenstates of the time translation operator 𝑒$%&'
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Bosons with attractive interactions (2: 1 resonance)
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Discrete time crystals
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𝜓 ≈
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2
KS, Phys. Rev. A 91, 033617 (2015).
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Discrete time crystals
Many-body localized spin systems
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Periodically kicked bosons on a ring:

In the frame moving with the frequency 𝜔/2:

K. Giergiel, J. Wang, B. Dalton, P. Hannaford, KS, PRB 108, L180201 (2023).



Spontaneous formation of  
time quasi-crystals



Spontaneous formation of time quasi-crystals

Fibonacci quasi-crystal: LRLLRLRLLR …



Spontaneous formation of time quasi-crystals

𝑠E: 1	 and	 𝑠J: 1	 resonances

𝐻 𝑡 + 𝑇 = 𝐻(𝑡)

1 + 5
2

≈
𝑠!
𝑠"
=
3
2 RLRLRLRLRLRLR

𝑡/𝑇



Spontaneous formation of time quasi-crystals

𝑠E: 1	 and	 𝑠J: 1	 resonances

𝐻 𝑡 + 𝑇 = 𝐻(𝑡)

1 + 5
2

≈
𝑠!
𝑠"
=
3
2 RLRLRLRLRLRLR

LRLLR 

𝑡/𝑇

𝑡/𝑇

K. Giergiel, A. Kuroś, KS, ”Discrete Time Quasi-Crystals”, PRB 99, 220303(R) (2019) 



Spontaneous formation of time quasi-crystals

𝑠E: 1	 and	 𝑠J: 1	 resonances

𝐻 𝑡 + 𝑇 = 𝐻(𝑡)

1 + 5
2

≈
𝑠!
𝑠"
=
3
2

𝑠!
𝑠"
=
13
8

RLRLRLRLRLRLR RLRLRLRLRLRLRLRLRL . . . 

LRLLR LRLLRLRLLR . . . 

𝑡/𝑇

𝑡/𝑇𝑡/𝑇

𝑡/𝑇

K. Giergiel, A. Kuroś, KS, ”Discrete Time Quasi-Crystals”, PRB 99, 220303(R) (2019) 



Towards time-tronics



Towards time-tronics

Periodically driven systems 

Condensed matter in time lattices 
• Arbitrary 1D time lattices. 
• Temporal disorder. 
• Arbitrary effective long-range interactions.
• 2D or 3D time lattices. 
• Even 6D time-space lattices. 



Towards time-tronics

Periodically driven systems 

Condensed matter in time lattices 
• Arbitrary 1D time lattices. 
• Temporal disorder. 
• Arbitrary effective long-range interactions.
• 2D or 3D time lattices. 
• Even 6D time-space lattices. 

Spontaneous formation 
• Big discrete time crystals evolving with periods even 

100 times longer than the driving period — discrete 
time crystals with many temporal sites. 

• Fractional time crystals.
• Time quasi-crystals. 



Towards time-tronics

Periodically driven systems 

Condensed matter in time lattices 
• Arbitrary 1D time lattices. 
• Temporal disorder. 
• Arbitrary effective long-range interactions.
• 2D or 3D time lattices. 
• Even 6D time-space lattices. 

Spontaneous formation 
• Big discrete time crystals evolving with periods even 

100 times longer than the driving period — discrete 
time crystals with many temporal sites. 

• Fractional time crystals.
• Time quasi-crystals. 

Time-tronics 

• Useful devices where crystalline structures in time play a crucial role. 
• Experiments: P. Hannaford (Melbourne), H. Taheri (UC Riverside). 
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Many-body localization induced by temporal disorder

For example for bosons: 

Many-body localization (MBL):
• absence of thermalization,
• logarithmic growth of the entanglement entropy, 
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Plaform for time crystal research
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Topological time crystals
Mirror oscillations  ∝ 	𝜆	cos 𝜔𝑡 + 𝜆)	cos
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SSH model:
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SSH model:

Mirror oscillations  ∝ 	𝜆	cos 𝜔𝑡 + 𝜆) cos
.'
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	+ 	𝑓 𝑡

𝑓(𝑡) creates an Edge in time.

𝐻 ≈ −&
$%&

'/3
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Giergiel, Dauphin, Lewenstein, Zakrzewski, KS, NJP 21, 052003 (2019). 
Lustig, Sharabi, Segev, Optica 5, 1390 (2018). 



6D time-space lattice

𝐻 =
𝑝!" + 𝑝1" + 𝑝2"

2 + 𝑉# sin"(𝑥 − 𝜆cos𝜔𝑡) + sin"(𝑦 − 𝜆cos𝜔𝑡) + sin"(𝑧 − 𝜆cos𝜔𝑡)

𝑊J⃗,L(𝑟, 𝑡) = 𝑤M!,L! 𝑥, 𝑡 	 𝑤M",L" 𝑦, 𝑡 	 𝑤M#,L#(𝑧, 𝑡)
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Zlabys, Ch-hui Fan, Anisimovas, KS, PRB 103, L100301 (2021).
Braver, Anisomovas, KS, PRB 108, L020303 (2023). 



Time engineering: Anderson molecules

Two atoms bound together not due to attractive interaction but due to destructive interference 

𝐻 =
𝑝)" + 𝑝""

2 + 𝛿 𝑥) − 𝑥" 	𝑓(𝑡) 𝐻344 =
𝑃)" + 𝑃""

2 + 𝑉5 𝑋) − 𝑋" =
𝑃67"

4 + 𝑝" + 𝑉5(𝑥)
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Topological molecues: Kopaei, Tian, Giergiel, KS, PRB 107, 214302 (2023).


