Continuum Modeling of Planar Cell Polarity
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Cell polarity in tissues |I.l

—
. Planar cell polarity
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apico-basal polarity

o intrinsic asymmetry in cells- shape,
structure, organization

o differential distribution of proteins
— apico-basal polarity

o cell polarity is fundamental to
several biological functions

o e.g. nutrient transport, cell
adhesion, migration, etc.

(Campanale et al., 2017. J. Cell Sci.)
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Planar cell polarity (PCP)

PCP intact
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hair cells in mouse ear
(Siletti et al., 2017, PNAS)

bristles in Drosophila wing
(Maung and Jenny, 2011, Organogenesis)
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PCP disrupted

PCP intact

| CO M G T L i
ommatidial arrangement in Drosophila eye
(Mlodzik, 2005, Adv. Dev. Bio.)
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mouse skin hair
(Schnell and Carroll, 2014, Exp. Cell Res.)

Drosophila thorax
(Maung and Jenny, 2011, Organogenesis)




Planar Cell Polarity (PCP) |Il|

Bavisiusgbaribanrd

Asymmetric localization of PCP proteins at the apical end of cell membrane
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(Strutt, 2001, Molecular Cell)

(Brittle et al., 2012, Current Biology)
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PCP: Core module

(Butler and Wallingford, 2017, Nat. Rev. Mol. Cell Bio.)

Distal Proximal

L] [Csm > 7 ]

Polar (R3) Equatorial (R4)

(Maung and Jenny, 2011, Organogenesis)
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proximal distal:

Vang, Pk Fz, Dsh, Dgo

(Vladar et al., 2009, Cold Sp. Harb. Pers. Bio)

Cell polarity vs Tissue axis ?

9,
(Matakatsu and Blair, 2006, Development)
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o Ds and Ft. atypical cadherins form heterodimers
o Fj: kinase
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(Jolly et al., 2014 PLOS One)

(Goodrich and Strutt, 2011, Development)

These proteins are expressed in a tissue level gradient
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Discrete PCP modeling

One dimensional

Dimers of opposing polarities

@ Proteins/protein complexes from two neighboring cells form dimer

across the cell membranes
o Intercellular protein interaction affect their detachment from cell

membrane
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models

dal R
e —konaFb"y + ko fCF + Do (af — alf)
dafl RpL R R_ L
P ~konafbf4y + kogsC + Do (af — af)
dg‘ = konafbf'y — kopsCf

(Fisher and Strutt, 2019, Development)
(Fisher et al., 2017, Curr. Op. Sys. Bio.)

dc; m m
7= Fonfid; (14 aCf) — kogs Cij (1 + BCT7)
(Mani et al., 2013, PNAS)

»
= apFt{G (Fji) — BroFt]

d kA . .
DAL = apDSIG (Fi) — BpuDS!

dC
% = kon (FL]:D5?4 1t Db’i‘qupAl) = ko Cijt1

(Jolly et al., 2014, PLOS ONE)



Discrete PCP modeling

Two dimensional models

sretaste) e e
ndan sttt of ooy Wydeabsd

apical section

= —P, = P! - P} + pupg,V?[Dsh]

P = Ry[Dsh][Fz] — A1B — M\[DshFz]

Ps = Rs[Dsh]{[FzVang] — A} Bt\s[DshFzVang)
J[Pk]
% = —Py — Py — Pig + pupV[Pk]

Py = R3[Vang][Pk] — X3[vangPk]

9[DshFzVangPk
% = Py + Py + Pio + upshF=vangrk V2 DshFzVang Pk)

(~ 40 parameters)

(Amonlirdviman et al., 2005, Science)
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dc; - .
—dt’ = K (Cij:Cji) arby — K'Cy;
dC

75:1 = K (Cji;Cyj) azby — K'Cj;

@ Semi-phenomenological
@ Stochastic effects

(Burak and Shraiman, 2009, PLOS Comp. Bio.)

dCis
dt

= kfig2 (1+aK (C = C1))
1012 (14 8K ((" 4 )) L t) + MY

(Shadkhoo and Mani, 2020, PLOS Comp. Bio.)



PCP modeling

—— Continuum models ?

Discrete models

Toner-Tu theory?)

(

(Vicsek model)

9
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Continuum modeling |Il|

Bvsius bkl

Assumptions
o No protein synthesis or degradation

o Protein diffusion time scale is very small

"""" o Cells are non-motile and fixed in shape
basal D

o PCP features of length scale > cell length

apical

| o Two proteins/protein complexes a and b localize
[E NN NN NSNS E R EN] at cell membrane and form dimers between two
?. cells

Z

”7‘@_) = ar(@), ap(i) — ar(w) o Proteins in the cytoplasm freely attach to the cell
br(i) — br(x), br(i) — br(z) membrane

o Rate of detachment of membrane bound protein
depends on its interaction with neighboring cell

attachment detachment

8
ar(z) = a(ar(r) — ap(z) — ap(x)) — B(1+~bg(z — 1)) ar(z) <
a

ap(z) = a(ar(z) — ay(z) — ar(z)) = B (1 +br(z +1)) ar(z)
br(z) = a(br(z) — br(x) — br(z)) — B (1 +~ap(z — 1)) br(x)

br(z) = @ (br(@) - br(x) - br(x)) — B (1 +yar(z +1)) br(z)
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One dimensional model

ar(z) = a(ar(z) — ap(z) —ar(z)) — B (1 +~br(z — 1)) ar(x)
b
= a(or(o) = ap(o) = ane)) - 5 (14 () 152 4 ) Janto)
Define agp = ag + ar, po = ar —ar, bo = bg + by, and p, = br — bz, and non-dimensionalize the equations by
Q 7 =1/8 for time
@ | for length

@ 1/~ for protein levels

to obtain

do = 2a(ar — a0) ~ a0 + 3 (aobo ~ B}) — palr — 1))
bo = 2a(br — bo) — by + l(bo<ao — Pa) — Po(Pa — ap))
Pa=—Pat 5 (pa(bD = py) +ao(bh — py))

1(pb(ao — pl,) + bo(ag — pa))

Pb:—Pb+2

where prime (') denotes the derivative with respect to z.

Mohd Suhail Rizvi 11/20



Two dimensional model |Il|

ar, (z,t) L G- (-
ag (z,t) a(x,0
by, (z,t) ¢ > b(x,0
b/g (.’1/’, f)
O I T T
1D 2D
attachment
detachment
aa(z;se.,t) . ((;,T(x,t) - %/a(x 0, r)da)) (= 7 (0 + Axg, 6 1 7,0))) alx, 6, )+Dy

ot
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diffusion

2

)
90 1(x, 0,t)

9b(x.0,1) a (bT(xAt) - %/b(x, 9,t)d9)>7(1 — f(a(x+ Axp,0 + 7,1))) b(x,6, f)+D9Wb(x 0,t)

12 /20



Two dimensional model l|
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(x,0,t)

8!1();# @ (ar(x t) - — / a(x,0, t)dﬂ)) (1= f(b(x+ Axg,0 + 7,t))) a(x,6,t) +Dy%a
w =a (br(x,t) ~ 3 /b(x,O,t)dﬂ)) — (1= f(a(x+ Axg,0 + 7,1))) b(x,0,t) +D5%b(x 0,t)

We can substitute a(x. 0,t) = 3" a;(x, t)e™™? and b(x, 0.t) = 3" b;(x, )™ and integrate the above equations to obtain
m m

ai(x,t) = -
bi(x,t) = -+
Identifying the first harmonics as the degree of asymmetric localizations of two proteins P, and Py, we obtain

) 2|P, 2Py 2 [(VPb+VPT (V-PYI) P - P,

ag=aar +Pq - (Vby —2Py) —ag (V-Pp—bo+a+1) +

0 7+ Po- (Vb b) — ao ( b — bo ) (4D9+1—a0—b0) Dy +1—ao—bo

. 2|P,|?|Py|? [(VP.+ VP] = (V-P)I)P,] - P,

bo = aby + Py - (Vag —2Ps) —bo (V-Py—ao +a+1) + 4

0 7+ Py - (Vag a) = bo ( a = ao ) @Dy +1—ao — bo)? 1Dy +1—ap—bo

P, — —DyP, + aﬂ (Vby — 2Py) — = (VPb + VP + (V- Pb)I) P, (1—by)P,
2|P,|*P; — 2|PbPPn 4+ (Pa®Py+ P, &P, — (P, - P,)T) Vb
2(4Dg+ 1 — ap — by)
) 1 1
Py = ~DyPy + 5ho (Vao — 2P0) - 5 (VP +VPT + (V- P, )I) P, — (1—ag) Py
4 2PoPy 2|Pa\2Pb + (P, ®Py+ P, @P, — (P, - Py)I) Vag
2(4Dp + 1 — ag — bo)
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Uniform expression levels ar = by = p

Case-1: Homogeneous solution

; 2P, [Py[? 7P+ VP =(VPpH Py] - Pa
= P, —2Py) — V—P5 — 1 5
g = ap+ Py (Vb — 2P;) —ao ( 5—bo+a+ )+(4Dg+1—a0—b0)1+ Do+ 1—ao—bo
. 1 1
Py = ~DyPy + o (Vb — 2Py) — 5 0 0 Py 0 — (1= bo) Py
+2\P(1\2Pﬁ*2\Ph\ZPa+fP_®?FF—PF®P—(’P—PF)’H%u 5 T—{Pa-

2(4Dg + 1 — ap — bo)

- similarly for by and Py, Setting (P) = P, + P, and AP = P, — P, gives

Al oo
0000000 K
—mr vo! S0 B
(P)=-(1+Dy)(P) = P,=-P,=P OOOOE ,
14D, Unpolarized ’
b — 2((P) ® (P)) — (P)” — AP? 2
AP = — ((Ds +1—2p) I~ W) AP o 06
S a
, | if 200 < 1+ Dy 04 0.4
P =4 (2p0 — 1 — Dy) (4Dy + 1 — 2py) 90 > 14+ Dy i
2 ' B ) oo loa
0.2
CSSSSS Sy
o
super-critical pitchfork bifurcation 0 R [0
pe = (14 Dp) (% +2 ;(XD") 0.7 0.75 l;l. 0.8 0.85
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Stability of homogeneous solution |Il|

Bvsius bkl

We considered perturbations of type

ap = po + dagexp (st +iq-r), by = po + by exp (st +iq - r)

P,=P+Pyexp(st+iq-r),P,=—P+éPyexp (st +iq-r)

o Stability of unpolarized state at py < (1 + Dy)/2: Roots of dispersion relation are s = —1, —(a + 1),

7<1+g>+2p0i%\/a2+4pgq2. — Stable

2

o Stability of unpolarized state at py = (1 + Dy)/2 — ¢ where 0 < £ < (1 + Dy)/2: The dispersion relation

Bist +C15° + D152+ E1s + F1 = 0. (1)

Routh-Hurwitz stability criterion ——> Stable

o Stability of polarized state at py = (1 + Dy)/2 + ¢ where 0 < ¢ < 1: The dispersion relation

Aos® + Bast + Cos® + Dos® + Eas + Fo =0 (2)

Numerical evaluation of roots ——> U nsta ble

Mohd Suhail Rizvi 15 /20
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(Axelrod, 2020, Curr. Op. Cell Bio.)
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o If 0, and 0, are polarization directions then

Case-2: Non-homogeneous solution
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Gradient expressions

o protein b is expressed uniformly, by = p

o protein a is expressed in a shallow linear gradient

such that da/dz = e and € < p/1

o Consider solutions of type ag = py + a(z) and

bo = po + b(x)
A0S
( e— >
(1 e— 0
0af b —"
—

0.2

-0.2

-0.4

—0.6

0.5 0.6

'%
€>0

-0.2

0.7
Po

0.8 0.9

o Tissue is always polarized

o PCP direction is parallel to that of gradient

o Stability: Polarization remains stable even against non-uniform perturbations
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Selective loss of a protein 1
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<
o}
£
s e = P¥ S <
(Strutt, 2001, Molecular Cell) (Chen et al., 2008, Cell)
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Selective loss of a protein
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o P ~ Ki(z) where IC; () is the first order C”O 04
modified Bessel's function of second kind & 002 ’/ -/~ \\
«w . a
o Ki(x) decays exponentially for large values of : 01
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