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Graphene Dispersion
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Is this an accident?
How stable is this touching?



Interactions create mass
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Internal Symmetries
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Hubbard interaction
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Invariant under &

Odd under

(U is like Ising field!)



Spin-charge lattice model
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- Model has full O(4) symmetry.
- Terms with 2,4,6,8 operators. 
- completely local.
- “designer” model.
-     
-            “semi-metal” ⌧ 1
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Liu, Huffman, Chandrasekharan, Kaul (2021)
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QMC algorithm
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FIG. 1. An example configuration. The
horizontal axis labels the spatial sites, the
vertical axis is imaginary time.
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FIG. 2. The bonds in this configuration
form four fermion bags between t = 0
and t = �.
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FIG. 3. Timeslices are added and MT and MB re-
gions defined. Fermion bags are highlighted in the
MT region, and the current update block is shaded.

efficiently. This is illustrated in Fig. 3, where the imaginary
time extent is divided into four-time slices and in the shaded
time-slice there are eight fermion bags, instead of the four
shown in Fig. 2. While there seems to be a connection of the
fermion bag size to a notion of a percolation transition, as far
as we know nothing physical occurs at this transition.

In order to test if the maximum fermion bag size remains
independent of the lattice size even for large lattices we have
studied the t�V model (2) on a square lattice near its critical
point. Taking � = 4.0 we divided the imaginary time direc-
tion into 16 time-slices and studied the fermion bag size as a
function of the lattice size. For equilibrated configurations of
L = 48, 64 and 100, the average maximum fermion bag size
within a time slice was about 30–independent of L. Further
tests suggests that the optimal temperature is roughly 0.25.
Since bond insertions in different fermion bags commute with
each other, we can efficiently update fermion bags in space-
time blocks (shown as a box in the shaded time slice in Fig. 3)
involving 30 to 60 spatial sites within each time slice. During
this update the effects of the bonds outside this block are taken
into account through the fixed N ⇥N matrix as we discuss in
the next section.

III. ALGORITHM AND UPDATES

We now discuss our Monte Carlo algorithm to calculate the
correlation observable

hCi = Tr
�
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��H
�
/Tr

�
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to illustrate the advantages of the fermion bag approach. This
observable is used in the next section to study the quantum
critical behavior of the t � V model. In our algorithm we
generate configurations ([x, d, t]; t0) in two sectors: the parti-
tion function sector (n = 0) with weight ⌦0([x, d, t]; t0) and
the observable sector (n = 1) with weight f⌦1([x, d, t]; t0)
where

⌦n([x, d, t]; t0) = Tr [Hxk,dk ...Cn...Hx2,d2Hx1,d1 ] (5)

Here 0  t0  � is a time where the operator Cn is intro-
duced. In the partition function sector C0 = I (the identity
operator) and in the observable sector C1 = �(0,0)�(L/2,0).
The factor f > 0 is chosen so that the two sectors can be sam-
pled with roughly equal probabilities. We record the number

N =
⌦1([x, b, t]; t0)

⌦0([x, b, t]; t0) + f⌦1([x, b, t]; t0)
(6)

for each configuration generated. It is easy to prove that
hCi = hN i/(1� fhN i).

We use four different types of updates to generate the con-
figurations ([x, d, t]; t0) in the two sectors, which are de-
tailed in [46]. Each sweep consists of at least one of each
of these four updates. The two most time intensive up-
dates are the sector-update and the bond-update: the sector-
update flips the sector n ! 1� n while keeping ([x, d, t]; t0)
fixed, and the bond-update changes the entire bond con-
figuration [x, d, t] $ [x0, d0, t0] while keeping t0 and n
fixed. For these updates we need to compute the ratio R =
⌦n ([x, b, t]; t0) /⌦0

n
([x0, b0, t0]; t0) to calculate the transition

probabilities in the Metropolis accept/reject step. Since the
sector update is a special case of the bond update we only fo-
cus on the details of the bond updates. Using the BSS formula
[47] we can show

⌦n ([x, t, b]; t0) = det ( N +Bxk,dk ...On...Bx2,d2Bx1,d1) ,
(7)

where N , Bxi,di and On are all N ⇥ N matrices with rows
and columns labeled by spatial lattice sites. The matrix N is
the identity matrix, while Bxi,di is the identity matrix except
in a 2 ⇥ 2 block labeled by the rows and columns of the sites
that touch the bond hxi, dii. Within this block, Bxi,di takes
the form

Bx,d =

✓
cosh 2↵ ⌘x,d sinh 2↵

⌘x,d sinh 2↵ cosh 2↵

◆
. (8)

Finally, the matrix On depends on the sector n and is given by
O0 = N and (O1)x,y = �x,y � 2�x,(0,0) � 2�x,(L/2,0).

Before we begin the bond update we divide the configu-
ration space into time-slices of width 0.25 with t0 chosen to

[b] configuration

Tr[HbN . . . Hb2Hb1 ]
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 Huffman, Chandrasekharan (2019)
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Massive phase breaks
both spin-charge-Ising 

and SU(2)



Quantum Critical Scaling
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Scaling Collapse
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Field Theory
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condensate energetics

Liu, Huffman, Chandrasekharan, Kaul (2021)



Effective Potential
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QMC data
“semi-metal” “massive”
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2 êx

Sz
0i

<latexit sha1_base64="CQY54m21o67sKX9J+Z/tHyCvbPk="></latexit>

CU = h(n" �
1

2
)(n# �

1

2
)L

2 êx
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RG: eps-expansion 
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Boson flow
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Conclusions

Spin-charge flip symmetry
New phase with spontaneously broke SC flip

New critical point:
- superconductivity & anti-ferromagnetism quantum critical
- systematic study with epsilon-expansion
- higher order epsilon, bootstrap
- other phase transition affected by this symmetry?

Liu, Huffman, Chandrasekharan, Kaul (2021)


