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joint work with Mehdi Badra

1/44



Outline of the lecture

• The Oseen system with NHBC. A, D, P and B.

• The approximate Oseen system with NHBC. Ah, Dh, Ph and Bh.

• To do list

• Approximation of A and D. Known/new H1 × L2
0-estimates.

• New regularity results for the Oseen system with NHBC.

• Known/new L2 ×H−1-estimates for regular data.

• Known/new L2 ×H−1-estimates for irregular data.

• Additional results.

• Conclusion and perspectives
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Issues for the Navier-Stokes equations

• Ω is a bounded polyhedral convex/non-convex domain in R3.

• (ws , ρs) ∈ H1(Ω;R3)× L2
0(Ω) is a stationary solution of

(ws · ∇)ws − ν ∆ws +∇ρs = fs , div vs = 0 in Ω,

ws = gs on Γ = ∂Ω.

• The controlled Navier-Stokes system

∂w

∂t
+ (w · ∇)w − ν ∆w +∇ρ = fs , in Q = Ω× (0,∞),

divw = 0 in Q, w = gs + g on Σ = Γ× (0,∞),

w(0) = w0 = ws + y0 in Ω.

The control g with suppg ⊂ Γc is either in a infinite dimensional
space or of the form g(x , t) =

∑Nc
i=1 fi (t) gi (x).
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The Oseen system

The nonlinear system satisfied by (y , p) = (w , ρ)− (ws , ρs) is

∂y

∂t
+ (ws · ∇)y + (y · ∇)ws + κ(y · ∇)y − ν ∆y +∇p = 0 in Q,

div y = 0 in Q,

y = g on Σ,

y(0) = y0 in Ω,

with κ = 1. The associated linearized system is obtained by setting
κ = 0.
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The Oseen system ⊂ Abstract setting of Lecture 1

• The stationary Oseen system (for λ0 > 0 large enough)

λ0y + (ws · ∇)y + (y · ∇)ws − ν ∆y +∇p = F in Ω,

div y = 0 in Ω,

y = g on Γ = ∂Ω.

The Leray projector P: L2(Ω;R3) 7−→ V 0
n (Ω)

V 0
n (Ω) = {y ∈ L2(Ω;R3) | div y = 0, y · n = 0 on Γ}.

L2(Ω;R3) = V 0
n (Ω)⊕∇H1(Ω).
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Variational formulation of the PDE system

a(y , ζ) =

∫
Ω

(ν∇y : ∇ζ + (ws · ∇)y · ζ + (y · ∇)ws · ζ) dx ,

b(ζ, q) = −
∫

Ω
q div ζ dx ,

For λ0 > 0 large enough:

λ0(y , ζ)Ω + a(y , ζ)+b(ζ, p) = (F , ζ)Ω for all ζ ∈ H1
0 (Ω;R3),

b(y , ρ) = 0 for all ρ ∈ L2
0(Ω),

y = g , on Γ.

————————————————————————————

D(A) = {y ∈ V 0
n (Ω) ∩ H1

0 (Ω;R3) | |a(y , ζ)| ≤ C‖ζ‖L2 , ∀ζ ∈ V 0
n (Ω)},(

− Ay , ζ
)
L2 = a(y , ζ) for all (y , ζ) ∈ (D(A))2.

————————————————————————————
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Coercivity condition

• We assume that λ0 > 0 is large enough so that

λ0(y , y) + a(y , y) ≥ ν

2
‖y‖2

H1(Ω;R3).

• Inf-Sup condition

sup
z∈H1

0 (Ω;R3)

b(z , p)

‖z‖H1(Ω;R3)
≥ β‖p‖L2

0(Ω) for all p ∈ L2
0(Ω), β > 0.

• We set

V s(Γ) = {g ∈ Hs(Γ;R3) |
∫

Γ
g · n dx = 0}, s ≥ 0.
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Existence of variational solutions

————————————————————————————
For all F ∈ H−1(Ω;R3), all g ∈ V 1/2(Γ), the Oseen system admits
a unique variational solution (y , p) ∈ H1(Ω;R3)× L2

0(Ω), and

‖y‖H1(Ω;R3) + ‖p‖L2(Ω) ≤ C (‖F‖H−1(Ω;R3) + ‖g‖V 1/2(Γ)).

————————————————————————————
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The control operator B

The Dirichlet operator D

Dg = y , where y is solution to

λ0y + (ws · ∇)y + (y · ∇)ws − ν ∆y +∇p = 0 in Ω,

div y = 0 in Ω,

y = g on Γ,

when g ∈ V 1/2(Γ). If g ∈ V 0(Γ), D is defined by the transposition
method.

The control operator B is defined by

(B ∈ L(V 0(Γ), (D(A∗))′)): Bg = (λ0I − A)PD g .

and (λI − A)−γB ∈ L(V 0(Γ),V 0
n (Ω)) for some γ ∈ (0, 1).
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Variational formulation versus Operator formulation

————————————————————————————
(y , q) ∈ H1(Ω;R3)× ∈ L2(Ω) is a solution to the variational Oseen
system

if and only if
(λ0I − A)Py = Bg + PF ,

(I − P)y = (I − P)Dg ,

q = · · · .
————————————————————————————

The solution (y , q) to the instationary controlled Oseen system
satisfies

Py ′ = APy + Bg ,

(I − P)y(t) = (I − P)Dg(t), ∀t ≥ 0,

q = · · · .

Thus, we are in the functional setting of Lecture 1.
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Explanation for Stokes - A0

D0 g = y , where y is solution to

−ν ∆y +∇p = 0 in Ω, div y = 0 in Ω,

y = g on Γ.

For φ ∈ D(A0), ∇ψ = (I − P)ν∆φ, that means

A0φ = −∇ψ + ν∆φ, and B0 = (−A0)PD0, we have

B∗0φ = D∗0P(−A∗0)φ = D∗0F = −ν ∂nφ+ (ψ − c(ψ)) n.

where φ ∈ D(A0), −∇ψ + ν∆φ = F .
Next

0 =

∫
Ω

(−ν ∆y +∇p)φ dx =

∫
Ω
y A0φ dx +

∫
Γ
g B∗0φ,

which gives
A0 y + B0 g = 0.
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Approximation spaces

Taylor-Hood finite element method or (P1-Bubble, P1) finite element method, with quasi-uniform families of

triangulations.

• Xh ⊂ H1(Ω;R3), X 0
h = Xh ∩ H1

0 (Ω;R3), velocity

• Mh ⊂ L2
0(Ω), pressure

• Sh = Xh |Γ , trace

• πh is the orthogonal projection in L2(Γ;R3) onto Sh, •
Zh = {z ∈ Xh | b(q, z) = 0 for all q ∈ Mh},

and Z 0
h = Zh ∩ X 0

h . velocity

• We have a nonconforming approximation: Zh 6⊂ V 0
n (Ω).
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Approximate Oseen system

ah(y , ζ) =

∫
Ω

(
ν∇y : ∇ζ + (wh

s · ∇)y · ζ + (y · ∇)wh
s · ζ

)
dx ,

Approximate Oseen system

λ0(yh, ζ) + ah(yh, ζ) + b(ζ, qh) = (F , ζ) for all ζ ∈ X h
0 ,

b(yh, ρ) = 0 for all ρ ∈ Mh, yh = πhg on Γ.

————————————————————————————
Uniform coercivity : ∃λ0 > 0, large enough, such that

λ0

(
z , z
)
L2(Ω;R3)

+ a(z , z) ≥ ν

2
‖z‖2

H1(Ω;R3), ∀z ∈ H1(Ω;R3),

and, for all h ∈ (0, h0),

λ0

(
z , z
)
L2(Ω;R3)

+ ah(z , z) ≥ ν

2
‖z‖2

H1(Ω;R3), ∀z ∈ H1(Ω;R3),

and all wh
s such that ‖wh

s ‖H1 ≤ ‖ws‖H1 + 1.
————————————————————————————
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Uniform Inf-Sup conditions

There exists β > 0 such that

• sup
zh∈X 0

h

b(zh, ph)

‖zh‖H1(Ω;R3)
≥ β‖ph‖L2

0(Ω) for all ph ∈ Mh, and all h > 0,

(B.B.L. condition, Girault-Raviart, 2006, Bercovier-Pironneau,
1979) and

• sup
zh∈X 0

h

∫
Ω zh · ∇ph dx
‖zh‖L2(Ω;R3)

≥ β‖∇ph‖L2(Ω;R3) for all ph ∈ Mh, h > 0.

(Bercovier-Pironneau, 1979)
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Variational solutions to the approximate Oseen system

————————————————————————————
For all F ∈ H−1(Ω;R3), all g ∈ V 1/2(Γ), and for all h ∈ (0, h0),
the approximate Oseen system admits a unique variational solution
(yh, ph) ∈ Xh ×Mh, and

‖yh‖H1(Ω;R3) + ‖ph‖L2(Ω) ≤ C (‖F‖H−1(Ω;R3) + ‖g‖V 1/2(Γ)).

————————————————————————————
————————————————————————————

yh ∈ Xh, qh ∈ Mh is a weak solution to the approximate variational
Oseen system if and only if

(λ0I − Ah)Phyh + Bhg = PhF ,

(I − Ph)yh = (I − Ph)Dhπhg ,

qh = · · · ,
where Dhπhg = yh when F = 0.

————————————————————————————
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To do list

• Uniform analyticity for A and Ah.

• Estimate (λ0I − A)−1P − (λ0I − Ah)−1Ph.

• Estimate (λ0I − A)−1B − (λ0I − Ah)−1Bh.

• For convex domains (λ0I − Ah)−γBh is uniformly bounded in
L(V 0(Γ),Zh). For non-convex domain, we prove that, for some
γ ∈ [γ, 1),

‖eAhtBh‖L(V 0(Γ),Zh) ≤ C
etω0

tγ
, ∀t ∈ (0, hr/(1−γ)), ∀h ∈ (0, h0).

• To study Oseen, we need estimates for ws − wh
s .

With these conditions, we prove the uniform stabilizability of the
family (Ah,Bh)0<h<h0 .

Next, we prove convergence rates for Riccati based feedbacks.
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Uniform analyticity

Due to the coercivity of a and the uniform coercivity of ah:

————————————————————————————
• There exists a sector

Sπ/2+δ = {λ ∈ C | |arg(λ)| < π/2 + δ},

(ω0, δ) ∈ (0, λ0)×]0, π/2[ such that:

{ω0}+ Sπ/2+δ ⊂ ρ(A),

‖(λI − A)−1‖L(Z) ≤ C
|λ−ω0| for all λ ∈ {ω0}+ Sπ/2+δ,

and

{ω0}+ Sπ/2+δ ⊂ ρ(Ah),

‖(λI − Ah)−1‖L(Zh) ≤ C
|λ−ω0| for all λ ∈ {ω0}+ Sπ/2+δ.

————————————————————————————
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Approximation of A

• (λ0I − A)−1PF = y

where (y , p) ∈ H1
0 (Ω;R3)× L2

0(Ω) is solution to

λ0

(
y ,w

)
+ a(y ,w) + b(w , p) = 〈F ,w〉H−1,H1

0
for all w ∈ H1

0 (Ω;R3),

b(y , ρ) = 0 for all ρ ∈ L2
0(Ω).

• (λ0I − Ah)−1PhF = yh

where (yh, ph) ∈ Z 0
h ×Mh is solution to

λ0

(
yh,wh

)
+ ah(yh,wh) + b(wh, ph) =

(
F ,wh

)
L2(Ω;R3)

for all wh ∈ X 0
h ,

b(yh, ρh) = 0 for all ρh ∈ Mh.

We have (Girault-Raviart, 2006, convex polyhedral domains)

‖(λ0I − A)−1P − (λ0I − Ah)−1Ph‖L(H) ≤ C h2.
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H1 estimates for the approximation of Stokes system

Gunzburger-Hou-92, Girault-Raviart-86 and Girault-Raviart-06
————————————————————————————
If (y , p) is the solution to the Stokes system and (yh, ph) is the
solution to the approximate Stokes system, we have

‖y − yh‖H1 + ‖p − ph‖L2

≤ C
(

infζh∈Xh
‖y − ζh‖H1 + infρh∈Mh

‖p − ρh‖L2 + ‖g − πhg‖V 1/2(Γ)

)
≤ C hs(‖y‖Hs+1 + ‖p‖Hs ).

This last result come from

‖y − rhy‖Hm ≤ Chs+1−m‖y‖Hs+1 , m = 0 or 1,

where rh ∈ L(H`(Ω);Xh), for ` > 1/2, is an interploation operator.
————————————————————————————
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L2 estimates for the approximation of Stokes system

Gunzburger-Hou-92
————————————————————————————
For the L2 estimate in a convex polyhedron, we have

‖y − yh‖L2

≤ C
(
h‖y − yh‖H1 + h‖p − ph‖L2 + supv∈H1/2−ε(Γ)

(g−πhg)Γ

‖v‖
H1/2−ε

)
≤ C h1−ε (‖y‖H1 + ‖p‖L2) , ∀ε ∈ (0, 1/2).

————————————————————————————
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Old/New ingredients

• To obtain H1 × L2 estimates for Stokes/Oseen in non-convex
domain, we need new regularity results for Stokes with
non-homogeneous B.C.

• To obtain new regularity results for Stokes/Oseen with NHB.C.,
we use Dauge-89 for Stokes in non-convex domain with
homogeneous B.C. and some sharp results for lifting NHB.C.

• To obtain L2 ×H−1 estimates for Stokes/Oseen in
convex/non-convex domain, in the case of regular B.C., we use a
variant of the Aubin-Nitsche argument (with NHB.C., 6= from
G-H-92).

• To obtain L2 ×H−1 estimates for Stokes/Oseen in
convex/non-convex, in the case of irregular B.C., we use the
transposition method and the approximation of the stress tensor of
the adjoint state.
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Old/New ingredients

• To prove the existence of (ws , ρs) in H1 × L2, we use Temam or
Girault-Raviart. To prove regularity results for (ws , ρs), we use our
new regularity results for Stokes with non-homogeneous B.C.

• To prove estimates for (ws − wh
s , ρs − ρhs ) in H1 × L2, we use

Girault-Raviart (or Casas-Mateos-R-07), and our new regularity
results for Stokes with NHB.C.
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Regularity results for Stokes in polyhedrons

Dauge-Sima-89

Ed = E3 is the union of edges of Γ.

H`(Ω) = H`(Ω) ∩ L2
0(Ω), H−`(Ω) = (H`(Ω))′, ` ≥ 0,

H1+`
Ed

(Ω) = {h ∈ H1+`(Ω) | h|Ed
= 0}, for ` > 0,

H1
00,Ed

(Ω) = {h ∈ H1(Ω) | (dist(·,Ed))−1h(·) ∈ L2(Ω)},

= [H1−`(Ω),H1+`
Ed

(Ω)]1/2, ` ∈ (0, 1/2).

‖h‖H1
00,Ed

(Ω) =
(
‖h‖2
H1(Ω) + ‖(dist(·,Ed))−1h(·)‖2

L2(Ω)

)1/2
.

y ∈ H1
0 (Ω;R3), −ν ∆y +∇q = F , div y = div h in Ω.
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————————————————————————————
There exists α∗ ∈ (0, 1), depending on Ω ⊂ Rd , such that
α∗ ∈ (0, 1/2) if Ω is non-convex, α∗ ∈ (1/2, 1) if Ω is convex, and
for which the following regularity results are satisfied.

(i) If Ω is non-convex, for all α0 ∈ (0, α∗), we have

‖y‖H3/2+α0 + ‖q‖H1/2+α0 ≤ C (‖F‖H−1/2+α0 (Ω;R3) + ‖h‖H1/2+α0 (Ω)).

(ii) If Ω is convex, for all α0 ∈ (1/2, α∗), we have

‖y‖H3/2+α0 + ‖q‖H1/2+α0 ≤ C (‖F‖H−1/2+α0 (Ω;R3) + ‖h‖H1/2+α0
Ed

(Ω)
),

∀α0 ∈ (0, 1/2),

‖y‖H2 + ‖q‖H1 ≤ C (‖F‖L2(Ω;R3) + ‖h‖H1
00,Ed

(Ω)).

————————————————————————————
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Trace spaces for polyhedrons

————————————————————————————

H`−1/2(Γ) = γ0H
`(Ω), ∀` ∈ (1/2, 5/2).

There exists L ∈ L(H`−1/2(Γ),H`(Ω)) such that
γ0Lg = g , ∀g ∈ H`−1/2(Γ).

————————————————————————————

If g ∈ H`−1/2(Γ), then g |Γi
∈ H`−1/2(Γi ) for all face Γi of Γ.

If 1/2 < ` < 1, no additional condition.

If ` = 1, an integral condition is needed at the edges.

If 1 < ` < 3/2, equalities of the traces at the edges

γi ,j(z |Γi
) = γj ,i (z |Γj

).

If ` = 3/2, equalities of the traces at the edges.

If 3/2 < ` < 5/2, equalities of the traces at the edges and the corners.
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Traces of divergence free functions

V `(Γ) = {g ∈ H`(Γ;R3) |
∫

Γ g · n dx = 0}, ` ≥ 0,

V̇ 3/2+`(Γ) = {g ∈ V 3/2+`(Γ) | div Lg = 0 on E3}

The condition div Lg = 0 on E3 is independent of L.

div Lg = 0 on Γi ,j ⇔ sin(ωi ,j)∂σj
i
g
σj
i

+ ∂
ν ji
g i
nj

+ ∂ν ij
g j
ni = 0,

V̇ 3/2(Γ) = [V 3/2−`(Γ), V̇ 3/2+`(Γ)]1/2, ` ∈ (0, 1/2)

= {g ∈ V 3/2(Γ) | div Lg ∈ H1
00,Ed

(Ω)}.
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div Lg = 0 on Γi ,j

2

Γ

Γ

ν

ν

x

x

i
j

j
i

ij

Γi

j

3

1

x

ωi ,j is the angle between Γi and Γj ,

(ni , ν
j
i , σ

j
i ) is a direct orthonormal basis,

ni is the normal to Γi , exterior to Ω,

ν ji is the normal to Γi ,j , parallel to Γi , exterior to Γi ,

(gni , gν ji
, g
σj
i
) is the coordinate vector of g in the basis (ni , ν

j
i , σ

j
i ),

g j
ni is the restriction of gni to Γj .
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div Lg = 0 on Γi ,j

sin(ωi ,j)∂σj
i
g
σj
i

+ ∂
ν ji
g i
nj

+ ∂ν ij
g j
ni = 0.

is a condition which is expressed only in terms of g on Γ, while

div Lg = 0 on Γi ,j ,

is a condition on Lg defined on Ω.

In the case of the above figure the condition is

∂x3g3 + ∂x1g
i
1 + ∂x2g

j
2 = 0 on Γi ,j .
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Regularity results for Stokes and Oseen in polyhedrons

−ν ∆y +∇q = F , div y = 0 in Ω, y = g on Γ.

————————————————————————————
(i) If Ω is non-convex, for all α0 ∈ (0, α∗), we have

‖y‖H3/2+α0 + ‖p‖H1/2+α0 ≤ Cα0(‖F‖Hα0−1/2 + ‖g‖V 1+α0 ).

(ii) If Ω is convex, we have

‖y‖H2 + ‖p‖H1 ≤ C (‖F‖L2 + ‖g‖V̇ 3/2).

Moreover

V̇ 3/2(Γ) = γ0

(
{v ∈ H2(Ω) | div v = 0}

)
= γ0(V 2(Ω)).

————————————————————————————
29/44



Convergence rate for Stokes/Oseen in polyhedrons - BR23

————————————————————————————

If Ω is non-convex, we have

‖y − yh‖H1 + ‖p − ph‖L2 ≤ Cα0 h
1/2+α0(‖F‖Hα0−1/2 + ‖g‖V 1+α0 ),

∀α0 ∈ (0, α∗).

If Ω is convex, we have

‖y − yh‖H1 + ‖p − ph‖L2 ≤ C h (‖F‖L2 + ‖g‖V̇ 3/2).

————————————————————————————

We mainly use G-H + new regularity results.
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Stokes/Oseen in polyhedrons - Regular data - BR23

————————————————————————————
If Ω is non-convex, for all α0 ∈ (0, α∗), we have

‖y − yh‖L2 + ‖p − ph‖H−1 ≤ Cα0 h
1+2α0(‖F‖Hα0−1/2 + ‖g‖V 1+α0 ),

If Ω is convex, for all α0 ∈ (1/2, α∗), we have

‖y − yh‖L2 + ‖p − ph‖(H1
00,Ed

)′ ≤ Cα0 h
1+2α0(‖F‖Hα0−1/2 + ‖g‖V̇ 1+α0 ),

If Ω is convex, for all ε ∈ (0, 1/2), we have

‖y − yh‖Hε + ‖p − ph‖H−1+ε ≤ C h2−ε (‖F‖L2 + ‖g‖V̇ 3/2).

For all g ∈ V 3/2, compactly supported in Γ \ E3, we have

‖y − yh‖L2 + ‖p − ph‖(H1
00,Ed

)′ ≤ Cδ̄ h
2(‖F‖L2 + ‖g‖V 3/2),

where δ̄ = dist(supp g ,E3).

————————————————————————————
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Stokes/Oseen in polyhedrons - irregular data - BR23

We choose F = 0.
————————————————————————————

If Ω is non-convex, we have

‖y − yh‖L2 + ‖p − ph‖H−1 ≤ Cα0 h
α0‖g‖V 0 , ∀α0 ∈ (0, α∗).

If Ω is convex, we have

‖y − yh‖Hε + ‖p − ph‖H−1+ε ≤ Cε h
1/2−ε‖g‖V 0 , ∀ε ∈ (0, 1/2).

If Ω is convex, we have

‖y − yh‖L2 + ‖p − ph‖(H1
0)′ ≤ C h1/2‖g‖V 0 ,

∀g ∈ L2(Γ), such that g · n = 0, and

‖y − yh‖L2 + ‖p − ph‖(H1
0)′ ≤ Cδ̄ h

1/2‖g‖V 0 ,

∀g ∈ L2(Γ), such that 0 < δ̄ ≤ dist(supp g ,E3).

————————————————————————————
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Aubin-Nitsche argument for regular data

(y , p) the solution to Stokes with (F , g) as RHS.

(yh, ph) the solution to approx-Stokes with (F , πhg) as RHS.

(φ, ψ) the solution to (adjoint)-Stokes with (ξ, f ) as RHS
with H.B.C. (divφ = f ).

(ξ, y − yh)Ω + 〈f , p − ph〉

= a(y − yh, φ− rhφ) + b(φ− rhφ, p − ph)

+b(y − yh, ψ − shψh)− 〈t, g − πhg〉,

where t = ν ∂nφ− ψ.
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Transposition argument for irregular data

(φ, ψ, t) the solution to (adjoint)-Stokes with (ξ, f ) as RHS with
H.B.C. (divφ = f ).

(φh, ψh, th) the solution to approx. (adjoint)-Stokes with (ξ, f ) as
RHS with H.B.C. (divφ = f ).

(ξ, y − yh)Ω + (f , p − ph)Ω = (t− th, g)Γ.

We need to estimate t− th.
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Equations for t and th

(φ, ψ, t) is the solution to

a(ζ, φ) + b(ζ, ψ)− 〈t, ζ〉 = (ξ, ζ)Ω, ∀ζ ∈ (H1(Ω))3,

b(φ, ρ) = (f , ρ)Ω, ∀ρ ∈ L2
0(Ω),

〈λ, φ〉 = 0, ∀λ ∈ (H−1/2(Γ))3.

(φh, ψh, th) is the solution to

a(ζh, φh) + b(ζh, ψh)− 〈th, ζh〉 = (ξ, ζh)Ω, ∀ζ ∈ Xh,

b(φh, ρh) = (f , ρh)Ω, ∀ρh ∈ Mh,

〈λh, φh〉 = 0, ∀λh ∈ Sh.
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Estimate of t− th

————————————————————————————

If Ω is non-convex, for all α0 ∈ (0, α∗), we have

‖πht− th‖L2(Γ;R3) ≤ Cα0 h
α0(‖ξ‖H−1/2α0 + ‖f ‖H1/2α0 ),

and

‖t− πht‖L2(Γ;R3) ≤ Cα0 h
α0(‖ξ‖H−1/2α0 + ‖f ‖H1/2α0 ),

If Ω is convex, we have

‖πht− th‖L2(Γ;R3) ≤ C h1/2(‖ξ‖L2 + ‖f ‖H1
00,Ed

),

and

‖t− πht‖L2(Γ;R3) ≤ C h1/2−ε(‖ξ‖L2 + ‖f ‖H1
00,Ed

), ∀ε ∈ (0, 1/2).

————————————————————————————
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Approximation of B - I

We have to estimate ‖(λ0I − A)−1B − (λ0I − Ah)−1Bh‖L(U,L2).

If U = V 0(Γ), Bg = (λ0I − A)PD g ,

Bhg = (λ0I − Ah)PhDh πhg , and we have to estimate

‖PD g − PhDh πhg‖V 0
n (Ω)

≤ ‖P(D g − Dh πhg)‖V 0
n (Ω) + ‖(P − Ph)D g‖V 0

n (Ω).

If U = RNc , Bf =
∑Nc

i=1 fi (λ0I − A)PD gi ,

Bhf =
∑Nc

i=1 fi (λ0I − Ah)PhDh πhgi .

We have (in convex domain)

‖(D − Dh πh)g‖L2(Ω;R3) ≤ Cδ h
1/2 ‖g‖V 0(Γ),

if dist(suppg ,E3) ≥ δ > 0.
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Approximation of P

We use the Inf-Sup condition from Bercovier-Pironneau.

• PF = z where (z , q) ∈ V 0
n (Ω)× (H1(Ω) ∩ L2

0(Ω)) is sol. to

(z ,w)L2(Ω;R3) +

∫
Ω
∇q · w dx =

(
F ,w

)
L2(Ω;R3)

for all w ∈ H1
0 (Ω;R3),∫

Ω
∇ρ · z dx = 0 for all ρ ∈ (H1(Ω) ∩ L2

0(Ω)).

• PhF = zh where (zh, qh) ∈ X 0
h ×Mh is solution to

(zh,wh)L2(Ω;R3) +

∫
Ω
∇qh · wh dx =

(
F ,wh

)
L2(Ω;R3)

for all wh ∈ X 0
h ,∫

Ω
∇ρh · zh dx = 0 for all ρh ∈ Mh.

We have (Badra-R, 23)

‖P − Ph‖L(H`(Ω;R3),L2(Ω;R3)) ≤ C h`, ∀` ∈ [0, 1/2).
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Approximation of B - II

• Bg = (λ0I − A)PD g , U = V 0(Γ), H = L2(Ω;R3)

• Bhf = (λ0I − Ah)PhDh πhg ,

We have

If Ω is non-convex, we have

‖(λ0I − A)−1B − (λ0I − Ah)−1Bh‖L(U,H) ≤ Cα0 h
α0 , ∀α0 ∈ (0, α∗).

If Ω is convex, we have

‖(λ0I − A)−1B − (λ0I − Ah)−1Bh‖L(U,H) ≤ Cε h
1/2−ε, ∀ε ∈ (0, 1/2).
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Estimate of ‖eAhtBh‖L(V 0(Γ),Zh)

————————————————————————————

y 7−→ ‖(λ0 − Ah)1/2y‖L2

is a norm on Zh equivalent to the H1-norm.
————————————————————————————
————————————————————————————

‖eAhtBh‖L(V 0(Γ),Zh) ≤ C hr
eω0t

t
, ∀t ∈ (0, hr/(1−γ)),

and

‖eAhtBh‖L(V 0(Γ),Zh) ≤ C h−1 e
ω0t

t1/2
.

————————————————————————————
————————————————————————————

‖eAhtBh‖L(V 0(Γ),Zh) ≤ C
eω0t

t(r+2)/(2r+2)
, ∀t ∈ (0, hr/(1−γ)).

————————————————————————————
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Estimates of ws − w h
s

Assumptions gs ∈ V 1+α0
cc (Γ) if Ω is non-convex and

gs ∈ V
3/2
cc (Γ) ∩ V̇ 3/2(Γ) if Ω is convex.

In addition (ws , ρs) is a nonsingular solution of the NSE.
————————————————————————————
If Ω is non-convex, for all α0 ∈ (0, α∗), we have

h1/2+α0‖w − wh
s ‖H1 + ‖w − wh

s ‖L2 + h1/2+α0‖ρs − ρhs ‖L2
0

≤ C (α0,ws) h1+2α0 ,

If Ω is convex, we have

‖w − wh
s ‖H1 + ‖ρs − ρhs ‖L2

0
≤ C (ws) h.

If Ω is convex, and if gs ∈ V 1+α0
cc (Γ) ∩ V̇ 1+α0(Γ) for some

α0 ∈ (1/2, α∗), we have

‖w − wh
s ‖L2 ≤ C (ws) h2.

————————————————————————————
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Thank you for your attention
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