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Canonical metrics in Kahler Geometry

@ Canonical metrics in Kahler Geometry

Ramesh Mete (IIT, Bombay) Twisted and coupled cscK metrics on ruled surfaces 26 February 2026 3/16



Kéahler-Einstein (KE) and cscK metrics

Suppose (M, w) is a (compact) Kahler manifold of complex dimension n.

@ We denote the Ricci curvature by Ric(w) and the scalar curvature by R(w) for the
Kahler metric (or form) w.

@ The first Chern class c¢i1(M) of the manifold M is defined as

a(M) = %[Ric(w)] € H*(M,R).

@ The space of Kahler potentials with respect to w is given by

Hw = {gp = COO(MJR) Wy = w + \/—185@ > 0} .
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Kéahler-Einstein (KE) and cscK metrics

Suppose (M, w) is a (compact) Kahler manifold of complex dimension n.

@ We denote the Ricci curvature by Ric(w) and the scalar curvature by R(w) for the
Kahler metric (or form) w.

@ The first Chern class c¢;(M) of the manifold M is defined as
a(M) = %[Ric(w)] € H*(M,R).

The space of Kahler potentials with respect to w is given by

Hw = {gp = COO(MJR) Wy = w + \/—185@ > 0} .

We say that the metric w is Kahler-Einstein (KE) if Ric(w) = Aw for some X € R.

We say that the metric w is a constant scalar curvature Kahler (cscK) metric if
R(w) is constant on M.
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Kéahler-Einstein (KE) and cscK metrics

Suppose (M, w) is a (compact) Kahler manifold of complex dimension n.

@ We denote the Ricci curvature by Ric(w) and the scalar curvature by R(w) for the
Kahler metric (or form) w.

The first Chern class c¢1(M) of the manifold M is defined as

a(M) = %[Ric(w)] € H*(M,R).

The space of Kahler potentials with respect to w is given by

Hw = {gp = COO(MJR) Wy = w + \/—185@ > 0} .

We say that the metric w is Kahler-Einstein (KE) if Ric(w) = Aw for some X € R.

We say that the metric w is a constant scalar curvature Kahler (cscK) metric if
R(w) is constant on M.

Note that any KE metric w is cscK. Converse is also true if the first Chern class
c1(M) is a constant multiple of the Kahler class [w].
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Canonical metrics in Kahler Geometry

Twisted constant scalar curvature Kahler (cscK) equation

o Let (M,wp) be a (compact) Kahler n-manifold with a closed real (1, 1)-form x.

!Stoppa, J.: Twisted constant scalar curvature Kahler metrics and Kahler slope stability, J. DIFFERENTIAL
GEoM. 83 (2009), no. 3, 663-691.
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Canonical metrics in Kahler Geometry

Twisted constant scalar curvature Kahler (cscK) equation

o Let (M,wp) be a (compact) Kahler n-manifold with a closed real (1, 1)-form x.

o Following Stoppa,*

R(w) _AWX:B_X7

nx/\w"71

where R(w) := AyRic(w) is the scalar curvature of w and A, x 1= 2525
trace function, and

n27TC1(M) . [wo]nil

_ - [wo]" _
[wo]

B ool

X

a metric w € [wo] is called a x-twisted cscK metric if it satisfies

(2.1)

is the

!Stoppa, J.: Twisted constant scalar curvature Kahler metrics and Kahler slope stability, J. DIFFERENTIAL

GEoM. 83 (2009), no. 3, 663-691.
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Canonical metrics in Kahler Geometry

Twisted constant scalar curvature Kahler (cscK) equation

o Let (M,wp) be a (compact) Kahler n-manifold with a closed real (1, 1)-form x.
@ Following Stoppa,' a metric w € [wo] is called a x-twisted cscK metric if it satisfies

R(w) —Aux =R —x, (2.1)

where R(w) := A, Ric(w) is the scalar curvature of w and Ay x = nxﬁj# is the
trace function, and
ora(M) fwlt e
[wo]” [wo]”
@ In particular, when x = 0 the equation (2.1) is nothing but the cscK equation
R(w) =R. (2.2)

R:= —

!Stoppa, J.: Twisted constant scalar curvature Kahler metrics and Kahler slope stability, J. DIFFERENTIAL
GEoM. 83 (2009), no. 3, 663-691.
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Canonical metrics in Kahler Geometry

Twisted constant scalar curvature Kahler (cscK) equation

o Let (M,wp) be a (compact) Kahler n-manifold with a closed real (1, 1)-form x.

1

o Following Stoppa,” a metric w € [wo] is called a x-twisted cscK metric if it satisfies

R(w) —Aux =R —x, (2.1)

n—1
where R(w) := A,Ric(w) is the scalar curvature of w and A, x := X2%— s the
trace function, and

ama(M) [l D[l
[wo]” [wo]”
@ In particular, when x = 0 the equation (2.1) is nothing but the cscK equation
R(w) =R. (2.2)
o If [x] = 2mci(M), then x = R. By Calabi-Yau, x = Ric(w’) for a unique Kahler
metric w’ € [wo]. Then w’ is a x-twisted cscK metric (although it may not be cscK).
o If [x] = [wo], then x = n and x = wg := wo + /—109¢ for some ¢ € Huy,. In this
case, the twisted cscK equation becomes
R(w) — Aowg = R —n.

So, any cscK metric in [wo] is a self-twisted cscK metric.

R:= —

'Stoppa, J.: Twisted constant scalar curvature Kihler metrics and Kahler slope stability, J. DIFFERENTIAL
GEoM. 83 (2009), no. 3, 663-691.
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Canonical metrics in Kahler Geometry

J-equation (or Donaldson’s equation)

@ To obtain the twisted cscK equation (2.1), we twist the cscK equation (2.2) with
the following important equation

Ax=x <<= x-w'= nw" A X, (2.3)

which is called the J-equation. Here, x > 0 is a Ké&hler metric.

2Donaldson, S.K.: Moment maps and diffeomorphisms, ASIAN J. MATH. 3 (1999), no. 1, 1-16.

3Chen, X.X.: On the lower bound of the Mabuchi energy and its application, INTERNAT. MATH. RES.
Notices 2000, no. 12, 607-623.

*Mabuchi, T.: K-energy maps integrating Futaki invariant, ToHOKU MATH. J. 38 (1986), 575-593.
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Canonical metrics in Kahler Geometry

J-equation (or Donaldson’s equation)

@ To obtain the twisted cscK equation (2.1), we twist the cscK equation (2.2) with
the following important equation

Ax=x <<= x-w'= nw" A X, (2.3)

which is called the J-equation. Here, x > 0 is a Ké&hler metric.

@ Donaldson? introduced this equation and gave the moment map interpretation.
Later, X.X. Chen® re-discovered this equation while studying the lower bound the
Mabuchi energy* and showed that solutions of the J-equation (2.3) are exactly
critical points a functional ijo defined on the space of H.,.

2Donaldson, S.K.: Moment maps and diffeomorphisms, ASIAN J. MATH. 3 (1999), no. 1, 1-16.

3Chen, X.X.: On the lower bound of the Mabuchi energy and its application, INTERNAT. MATH. RES.
NoTices 2000, no. 12, 607-623.

*Mabuchi, T.: K-energy maps integrating Futaki invariant, ToHOKU MATH. J. 38 (1986), 575-593.
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Canonical metrics in Kahler Geometry

J-equation (or Donaldson’s equation)

@ To obtain the twisted cscK equation (2.1), we twist the cscK equation (2.2) with
the following important equation

Ax=x <<= x-w'= nw" A X, (2.3)

which is called the J-equation. Here, x > 0 is a Ké&hler metric.

@ Donaldson? introduced this equation and gave the moment map interpretation.
Later, X.X. Chen® re-discovered this equation while studying the lower bound the
Mabuchi energy* and showed that solutions of the J-equation (2.3) are exactly
critical points a functional ijo defined on the space of H.,.

o Observe that if the Kahler metric w solves the J-equation (2.3) for the fixed Kahler
metric x > 0, then

w is a x-twisted cscK metric <=-  w is a cscK metric.

But there may exists a Kihler metric solving the twisted cscK equation (2.1) which
is neither a cscK metric nor solves the J-equation (2.3).

2Donaldson, S.K.: Moment maps and diffeomorphisms, ASIAN J. MATH. 3 (1999), no. 1, 1-16.

3Chen, X.X.: On the lower bound of the Mabuchi energy and its application, INTERNAT. MATH. RES.
NoTices 2000, no. 12, 607-623.

*Mabuchi, T.: K-energy maps integrating Futaki invariant, ToHOKU MATH. J. 38 (1986), 575-593.
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Canonical metrics in Kahler Geometry

Coupled constant scalar curvature Kahler (cscK) equation

o Datar-Pingali® introduced the coupled cscK equation generalizing the coupled
Kahler-Einstein (cKE) equation introduced by Hultgren-Witt Nystrém.®

5Datar, V.V. and Pingali, V.P.: On coupled constant scalar curvature metrics, J. Symplectic Geom. 18
(2020), no. 4, 961-994.

6Hu|tgren, J. and Witt Nystrom, D.: Coupled Kéhler-Einstein metrics, INT. RES. MATH. NoT. IMRN,
2019, No. 21, 6765-6796.
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Canonical metrics in Kahler Geometry

Coupled constant scalar curvature Kahler (cscK) equation

o Datar-Pingali® introduced the coupled cscK equation generalizing the coupled
Kahler-Einstein (cKE) equation introduced by Hultgren-Witt Nystrém.®

o A N-tuple of Kahler metrics (wi); on M, where N € N, is called coupled cscK
metric if the following conditions are satisfied

Ric(w1) = Ric(wz) = - - - = Ric(wn), (2.4)
R(W1) — Aoy wsum = R — Wsum - (25)

N . "
Here, wam := ), wi, R is the average scalar curvature of the Kahler class [w1] and

oo = plwam] - ]
= [wa] )

5Datar, V.V. and Pingali, V.P.: On coupled constant scalar curvature metrics, J. Symplectic Geom. 18

(2020), no. 4, 961-994.
6Hu|tgren, J. and Witt Nystrom, D.: Coupled Kéhler-Einstein metrics, INT. RES. MATH. NoT. IMRN,

2019, No. 21, 6765-6796.
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Canonical metrics in Kahler Geometry

Coupled constant scalar curvature Kahler (cscK) equation

o Datar-Pingali® introduced the coupled cscK equation generalizing the coupled
Kahler-Einstein (cKE) equation introduced by Hultgren-Witt Nystrém.®

o A N-tuple of Kahler metrics (wi); on M, where N € N, is called coupled cscK
metric if the following conditions are satisfied
Ric(w1) = Ric(wz) = - - - = Ric(wn), (2.4)
R(Wl) - Awlwsum = B — Wsum- (25)

N . "
Here, wam := ), wi, R is the average scalar curvature of the Kahler class [w1] and

oo = plwam] - ]
= [wa] )

@ For 2mc1(M) = [wsum], it is reduced to the coupled Kihler-Einstein (cKE)
equation:
Ric(wl) = ... = Ri(}(wN) =wi + -+ wn.

5Datar, V.V. and Pingali, V.P.: On coupled constant scalar curvature metrics, J. Symplectic Geom. 18
(2020), no. 4, 961-994.

6Hu|tgren, J. and Witt Nystrom, D.: Coupled Kahler-Einstein metrics, INT. RES. MATH. NoT. IMRN,
2019, No. 21, 6765-6796.
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(Generalized) Futaki invariant

O (Generalized) Futaki invariant

Ramesh Mete (IIT, Bombay) Twisted and coupled cscK metrics on ruled surfaces 26 February 2026 7/16



(Generalized) Futaki invariant

Holomorphy potentials for vector fields

o Let (M,w) be a compact Kihler manifold of complex dimension n. For any smooth
function f € C*°(M, C), we define a vector field on M of type (1,0) as follows

q0f 0

VSO = =

where g = (g,;) is the Riemannian metric corresponding to the Kahler form w.
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(Generalized) Futaki invariant

Holomorphy potentials for vector fields

o Let (M,w) be a compact Kihler manifold of complex dimension n. For any smooth
function f € C*°(M, C), we define a vector field on M of type (1,0) as follows

q0f 0

VSO = =

where g = (g,;) is the Riemannian metric corresponding to the Kahler form w.

@ For any N-tuple (a1, -+ ,an) of Kahler classes on M, define the following sub-space
of holomorphic vector fields H*(M, T°M):

bla, - ,an) = {§€ HO(M, Tl,OM) g:vi;joﬂ., fe C(M,C)Vj=1,- 7/\/}

where w; are Kahler metrics in «;.
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(Generalized) Futaki invariant

Holomorphy potentials for vector fields

o Let (M,w) be a compact Kihler manifold of complex dimension n. For any smooth
function f € C*°(M, C), we define a vector field on M of type (1,0) as follows

q0f 0

VSO = =

where g = (g,;) is the Riemannian metric corresponding to the Kahler form w.

@ For any N-tuple (a1, -+ ,an) of Kahler classes on M, define the following sub-space
of holomorphic vector fields H*(M, T°M):

bla, - ,an) = {§€ HO(M, Tl,OM) g:vi;joﬂ., fe C(M,C)Vj=1,- 7/\/}

where w; are Kahler metrics in «;.

@ The space h(aq,- -, an) is independent of the choice of the metrics w; € . The
tuple (fi,--- , fn) is called a N-tuple of holomorphy potentials for £ € h(az, - -, an)
with respect to (w1, -+ ,wn).
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(Generalized) Futaki invariant

Generalized or coupled Futaki invariant for coupled cscK problem

o Datar-Pingali [2] introduced the coupled (or generalized) Futaki invariant
san, —) : b(az, -+ ,an) — C which is defined by

Futc(oy, - -
Futc(al, e 7CY[\[,f) = J / fl (R(w1) - /\wlwsum 73011 +wsum) Wf
1JMm
N 0 (31)
w Wy
j_; m o\ o
where af := [w)]" = [}, W], Weum = EN:I wj, and the averages R, , Wsum are
computed with respect to the Kahler class aj, i.e.
_ N _
2rci (M) - o™t (O ai)-of !
Ba =-n-——--- Wsum = N————
1 af e af

26 February 2026 8/16
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(Generalized) Futaki invariant

Generalized or coupled Futaki invariant for coupled cscK problem

o Datar-Pingali [2] introduced the coupled (or generalized) Futaki invariant
san, —) : b(az, -+ ,an) — C which is defined by

Futc(az, -
Futc(aa, -, an, &) = o /M fi (R(w1) = Noywsum — R, +L‘-)Sﬂ) wy
o> [o(E-d), *
j=2 /M & a1
where of = [w;]" = f/v/ W/, Wsum = ZN:I wi, and the averages R, , wsum are

computed with respect to the Kahler class aj, i.e.

2rci (M) - o™t

n—1

(Z,N:1 ;) - o

Ba =n s Wsum =
1 of e of
o It is known that Fut. is independent of the choice of w; € «; (for each i) and the
choice of holomorphy potential (fi,- -, fy) for £ € h(aa,- -, an) with respect to
(w17 e 7wN)

26 February 2026 8/16
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(Generalized) Futaki invariant

Generalized or coupled Futaki invariant for coupled cscK problem

o Datar-Pingali [2] introduced the coupled (or generalized) Futaki invariant
Futc(ou, - ,an,—) : b(ai, -+ ,an) — C which is defined by

n

1 n
Futc(oq, e 7CYN7£) = — / fl (R(wl) - /\wlwsum 73011 +W5um) w1
M

O‘l
N 0 (31)
Wi W
2 / f (w - an> ’
j=2 /M J 1
N
where af := [w)]” ;= [}, W], Weum 1= >__, wi, and the averages R, , Wsum are
computed with respect to the Kahler class aj, i.e.
n—1 N n—1
2rc (M) - of (ZI:I i) - of
Ry =n———"—— Wam=n—"—"—"".
S S

o It is known that Fut. is independent of the choice of w; € «; (for each i) and the
choice of holomorphy potential (fi,- -, fy) for £ € h(aa,- -, an) with respect to
(w17 e 7wN)

o In particular, Futc = 0 if (a;)); admits a (N-tuple) coupled cscK metric.
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Ruled surfaces and main results

Ruled surfaces (or Pseudo-Hirzebruch surfaces)

o Let (X,ws) be a genus 2 Riemann surface equipped with a Kahler metric ws
(whose scalar curvature R(ws) = —2).
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Ruled surfaces (or Pseudo-Hirzebruch surfaces)

o Let (X,ws) be a genus 2 Riemann surface equipped with a Kahler metric ws
(whose scalar curvature R(ws) = —2).

o Let (L, h) be a degree —1 holomorphic line bundle over X equipped with a Hermitian
metric h whose Chern curvature form

F(h) := —V/—100logdet(h;) = —ws.
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Ruled surfaces and main results

Ruled surfaces (or Pseudo-Hirzebruch surfaces)

o Let (X,ws) be a genus 2 Riemann surface equipped with a Kahler metric ws
(whose scalar curvature R(ws) = —2).

o Let (L, h) be a degree —1 holomorphic line bundle over X equipped with a Hermitian
metric h whose Chern curvature form

F(h) := —V/—100logdet(h;) = —ws.

@ Then the Kahler surface X := P(L & O) is called a ruled (complex) surface. It is
an example of “pseudo-Hirzebruch surfaces”.
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Ruled surfaces and main results

Ruled surfaces (or Pseudo-Hirzebruch surfaces)

o Let (X,ws) be a genus 2 Riemann surface equipped with a Kahler metric ws
(whose scalar curvature R(ws) = —2).

o Let (L, h) be a degree —1 holomorphic line bundle over X equipped with a Hermitian
metric h whose Chern curvature form

F(h) := —V/—100logdet(h;) = —ws.

@ Then the Kahler surface X := P(L & O) is called a ruled (complex) surface. It is
an example of “pseudo-Hirzebruch surfaces”.

o Let C denotes the Poincaré dual of a fibre of X, and let Do, := P(L @ {0}),
Dy :=P({0} @ O) be the infinity divisor and zero divisor respectively on X.
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Ruled surfaces and main results

Ruled surfaces (or Pseudo-Hirzebruch surfaces)

o Let (X,ws) be a genus 2 Riemann surface equipped with a Kahler metric ws
(whose scalar curvature R(ws) = —2).

Let (L, h) be a degree —1 holomorphic line bundle over ¥ equipped with a Hermitian
metric h whose Chern curvature form

F(h) := —V/—100logdet(h;) = —ws.
@ Then the Kahler surface X := P(L & O) is called a ruled (complex) surface. It is
an example of “pseudo-Hirzebruch surfaces”.
Let C denotes the Poincaré dual of a fibre of X, and let D := P(L @ {0}),
Dy :=P({0} @ O) be the infinity divisor and zero divisor respectively on X.

We have H?(X,R) = RC @ RDx.. Thanks to the works of Fujiki (1992), LeBrun and
Singer (1993) and Tonnesen-Friedman (1998), a real (1,1) cohomology class
B € HYY(X,R) := H*(X,R) N H'(X, C) is Kahler if and only if

B2>0 B-C>0, 8:-Dss >0, B-Dg>0.

In particular, the K3hler cone (i.e. the set of all Kahler classes) in X is given by

K(X) = {aC + bDos € H**(X,R): a>0, b>0}.
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Ruled surfaces and main results

Existence of twisted cscK metrics on ruled surfaces

We have the following existence of solutions to the twisted cscK equations on ruled
surfaces.

Theorem 4.1 (M. [7, Theorem 1.1])

Suppose Q, = 27(C + aDoo) and Qp = 27(C + bDo) are two normalized Kéhler classes
on the ruled surface X = P(L ® O) defined above with b > ‘32(5’3?14) and a > 0. Then
there exists a Kahler metric w € Q, whose “momentum profile” gzg is given by

o(r) = # 7 €0, a]

such that w is a x-twisted cscK metric for some Kéhler metric x in the class Q.
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Ruled surfaces and main results

Existence of twisted cscK metrics on ruled surfaces

We have the following existence of solutions to the twisted cscK equations on ruled
surfaces.

Theorem 4.1 (M. [7, Theorem 1.1])

Suppose Q, = 27(C + aDoo) and Qp = 27(C + bDo) are two normalized Kéhler classes
on the ruled surface X = P(L © O) defined above with b > a((f’ij“ and a > 0. Then
there exists a Kihler metric w € Q, whose “momentum profile” gzg is given by

o(r) = "”7;72, 7 €0, a]

such that w is a x-twisted cscK metric for some Kéhler metric x in the class Q.

We have the following solvability criteria for the J-equation on ruled surfaces.
Theorem 4.2 (M. [7, Theorem 1.4])

Suppose Q, = 27(C + aDoo) and Qp = 27(C + bDo) are two normalized Kéhler classes
on the ruled surface X = P(L® O), where a,b > 0. If b >

= 2 a+1
metrics w € Q, and x € Qy solving the J-equation (2.3).

, then there exist Kihler

— "=y = = =
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Non-existence of coupled cscK metrics on ruled surfaces
Our next result is the following.
Theorem 4.3 (M. [7, Theorem 1.3])

The pair of (normalized) Kahler classes (2, = 2(C + aDs), Qb = 27(C + bD)),
where both a, b > 0, on the ruled surface X = P(L & O) does not admit any coupled
cscK metric.
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Non-existence of coupled cscK metrics on ruled surfaces
Our next result is the following.
Theorem 4.3 (M. [7, Theorem 1.3])

The pair of (normalized) Kahler classes (2, = 2(C + aDs), Qb = 27(C + bD)),
where both a, b > 0, on the ruled surface X = P(L & O) does not admit any coupled
cscK metric.

As a corollary of Theorem 4.3 and Theorem 4.2 and using some scaling argument, we
have the following result.

Corollary 4.1 (M. [7, Corollary 1.5])

Consider any two Kahler classes o := a1C 4+ a2Doo and B := b1C + boDo, where

ai, b > 0 for i = 1,2, on the ruled surface X = P(L® O). If by = 2, i.e. the class (3 is
in the normalized form 3 = 21(C + 2 D), then the pair (c, 3) does not admit any
coupled cscK metric on X. Moreover, when by # 27 the pair (o, 8) does not admit a
coupled cscK metric on X if the following holds

by a%

—_ > . 4.1
b1 231(31 =+ 32) ( )

v
= = = — Ty
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Ruled surfaces and main results

Calabi ansatz/symmetry

@ On X\ (Ds U Do) we consider the logarithm of the fiber-wise norm
s=In|(z,w)[s = Inh(z) + In|w|?

where z being a local coordinate on ¥ and w being a fibre coordinate on L.
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Ruled surfaces and main results

Calabi ansatz/symmetry

@ On X\ (Ds U Do) we consider the logarithm of the fiber-wise norm
s=In|(z,w)[s = Inh(z) + In|w|?
where z being a local coordinate on ¥ and w being a fibre coordinate on L.

@ Following Calabi (1982) and Hwang-Singer (2002), consider the following closed real
(1,1)-form

w = pws ++/—190u(s), (4.2)
where u € C*(R,R) and p: X — X is the projection map.
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Ruled surfaces and main results

Calabi ansatz/symmetry

@ On X\ (Ds U Do) we consider the logarithm of the fiber-wise norm
s=In|(z,w)[s = Inh(z) + In|w|?
where z being a local coordinate on ¥ and w being a fibre coordinate on L.

@ Following Calabi (1982) and Hwang-Singer (2002), consider the following closed real
(1,1)-form B
w = p ws +v—199u(s), (4.2)
where u € C*(R,R) and p: X — X is the projection map.
o If uis a strictly convex function, then w is a Kahler form on X \ (Do U Dg). Now, in
order to extend it to X and to belong in Q, := 27(C 4 aDy ), we must have

lim u'(s) =0, S|_|>rr;o u'(s) = a. (4.3)

S5——00

Ramesh Mete (IIT, Bombay) Twisted and coupled cscK metrics on ruled surfaces 26 February 2026 12/16



Ruled surfaces and main results

Calabi ansatz/symmetry

@ On X\ (Ds U Do) we consider the logarithm of the fiber-wise norm
s=In|(z,w)[s = Inh(z) + In|w|?
where z being a local coordinate on ¥ and w being a fibre coordinate on L.

@ Following Calabi (1982) and Hwang-Singer (2002), consider the following closed real
(1,1)-form B
w = p ws +v—199u(s), (4.2)
where u € C*(R,R) and p: X — X is the projection map.

o If uis a strictly convex function, then w is a Kahler form on X \ (Do U Dg). Now, in
order to extend it to X and to belong in Q, := 27(C 4 aDy ), we must have

S5——00

lim u'(s) =0, S|_|>rr;o u'(s) = a. (4.3)

o Let 7:=u/(s) € [0, 4] and ¢(7) := uv”’(s). Then ¢ satisfies the following conditions
$(0) =¢(a) =0, ¢'(0)=1, ¢'(a) =-1. (4.4)

Also, ¢ is positive on (0, a) since u is a strictly convex function.
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Ruled surfaces and main results

Calabi ansatz/symmetry

@ On X\ (Ds U Do) we consider the logarithm of the fiber-wise norm
s=In|(z,w)[s = Inh(z) + In|w|?
where z being a local coordinate on ¥ and w being a fibre coordinate on L.

@ Following Calabi (1982) and Hwang-Singer (2002), consider the following closed real
(1,1)-form B
w = p ws +v—199u(s), (4.2)
where u € C*(R,R) and p: X — X is the projection map.

o If uis a strictly convex function, then w is a Kahler form on X \ (Do U Dg). Now, in
order to extend it to X and to belong in Q, := 27(C 4 aDy ), we must have

lim u'(s) =0, S|_|>rr;o u'(s) = a. (4.3)

s——00
o Let 7:=u/(s) € [0, 4] and ¢(7) := uv”’(s). Then ¢ satisfies the following conditions
6(0) = (a) =0, #(0)=1, #(s)= 1. (4.4)
Also, ¢ is positive on (0, a) since u is a strictly convex function.

@ In general, any smooth function ¢ : [0, a] — R with ¢ > 0 on (0, a) and satisfies the
above boundary conditions (4.4) is called a momentum profile.
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Bound for Chen-Cheng invariant on ruled surfaces

O A bound for Chen-Cheng invariant on ruled surfaces
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Bound for Chen-Cheng invariant on ruled surfaces

Chen’s continuity path related to cscK problem, and Chen-Cheng Invariant

o Chen’ introduced the following continuity path to find a cscK metric in a given
Kahler class [wo] on n-dimensional compact Kahler manifold (M, wp):

tR(we,) = (1 = t)Ae, x = tR = (1 - t)x, (5.1)

where t € [0,1], x is a Kihler form and w,, := wo + +/—100¢: is a path in [wo].

"Chen, X.X.: On the existence of constant scalar curvature Kahler metric: a new perspective, ANN. MATH.
QUE. 42 (2018), no. 2, 169-189.

8Chen, X.X. and Cheng, J.: On the constant scalar curvature Kahler metrics (I1)-Existence results, J.
AMER. MATH. Soc. 34 (2021), 937-1009.
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o Chen’ introduced the following continuity path to find a cscK metric in a given
Kahler class [wo] on n-dimensional compact Kahler manifold (M, wp):

tR(we,) = (1 = t)Ae, x = tR = (1 - t)x, (5.1)

where t € [0,1], x is a Kihler form and w,, := wo + +/—100¢: is a path in [wo].
@ He also defined the following quantity related to the above continuity path

R([wo], x) := sup {to €[0,1] : (5.1) can be solved for any 0 < t < to},

and conjectured that it is an invariant of [x],

"Chen, X.X.: On the existence of constant scalar curvature Kahler metric: a new perspective, ANN. MATH.
QUE. 42 (2018), no. 2, 169-189.

8Chen, X.X. and Cheng, J.: On the constant scalar curvature Kahler metrics (I1)-Existence results, J.
AMER. MATH. Soc. 34 (2021), 937-1009.
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@ Chen’ introduced the following continuity path to find a cscK metric in a given
Kahler class [wo] on n-dimensional compact Kahler manifold (M, wp):

tR(we,) = (1 = t)Ae, x = tR = (1 - t)x, (5.1)

where t € [0,1], x is a Kihler form and w,, := wo + +/—100¢: is a path in [wo].
@ He also defined the following quantity related to the above continuity path

R([wo], x) := sup {to €[0,1] : (5.1) can be solved for any 0 < t < to},

and conjectured that it is an invariant of [x],which was confirmed by Chen-Cheng?®.
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Bound for Chen-Cheng invariant on ruled surfaces

Chen’s continuity path related to cscK problem, and Chen-Cheng Invariant

@ Chen’ introduced the following continuity path to find a cscK metric in a given
Kahler class [wo] on n-dimensional compact Kahler manifold (M, wp):

tR(we,) = (1 = t)Ae, x = tR = (1 - t)x, (5.1)

where t € [0,1], x is a Kihler form and w,, := wo + +/—100¢: is a path in [wo].
@ He also defined the following quantity related to the above continuity path

R([wo], x) := sup {to €[0,1] : (5.1) can be solved for any 0 < t < to},
and conjectured that it is an invariant of [x],which was confirmed by Chen-Cheng?®.

Theorem 5.1 (Chen-Cheng, Theorem 1.7)

Let x be a Kahler form. If the Mabuchi K-energy is bounded from below on a compact
Kéhler manifold (M, [wo]), then

R([wo], [x]) =1 <= the J-equation A, x = x is solvable.

"Chen, X.X.: On the existence of constant scalar curvature Kihler metric: a new perspective, ANN. MATH.
QUE. 42 (2018), no. 2, 169-189.

8Chen, X.X. and Cheng, J.: On the constant scalar curvature Kahler metrics (I1)-Existence results, J.
AMER. MATH. Soc. 34 (2021), 937-1009.
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Bound for Chen-Cheng invariant on ruled surfaces

A bound for Chen-Cheng invariant on ruled surfaces

We have the following result about bound of the Chen-Cheng invariant on ruled surfaces.
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A bound for Chen-Cheng invariant on ruled surfaces

We have the following result about bound of the Chen-Cheng invariant on ruled surfaces.
Proposition 5.1 (M. [7, Proposition 1.8])

Suppose Q, = 27(C + aDoo) and Qp = 27w(C + bDo) are two normalized Kéhler classes

on the ruled surface X = P(L & O) defined above with b > z(f—;) and a > 0. Then we
have

2b(a+1) — &
< R(Q., Q) < 1.
322 +4a+2b(a+1) — ( b) <

In particular, we have

a+?2
< R(Q.,Q, 1
ba+4+6 — ( ) <

for any normalized Kahler class Q, = 27(C + aD), where a > 0, on the ruled surface X.

v
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We have the following result about bound of the Chen-Cheng invariant on ruled surfaces.
Proposition 5.1 (M. [7, Proposition 1.8])

Suppose Q, = 27(C + aDoo) and Qp = 27w(C + bDo) are two normalized Kéhler classes

on the ruled surface X = P(L & O) defined above with b > z(f—;) and a > 0. Then we
have

2b(a+1) — &
< R(Q., Q) < 1.
322 +4a+2b(a+1) — ( b) <

In particular, we have

a+?2
< R(Q.,Q, 1
ba+4+6 — ( )<

for any normalized Kahler class Q, = 27(C + aD), where a > 0, on the ruled surface X.

v

Remark 5.1
Note that

2b(a+1)—a°
3a2 +4a+2b(a+1)

a(5a+4)
~ 2(a+1)

> =

1
2

i =T T ———— — (g
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Thank you for your attention!

Ramesh Mete (IIT, Bombay) Twisted and coupled cscK metrics on ruled surfaces 26 February 2026 16 /16



	ICTS Talk
	Canonical metrics in Kähler Geometry
	(Generalized) Futaki invariant
	Ruled surfaces and main results
	A bound for Chen-Cheng invariant on ruled surfaces
	
	

