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1. Motivation

Our understanding of the physical world relies greatly on the various pathbreaking exper-
imental discoveries and the deep mathematical structures which have been uncovered in
the quest to understand those observations. In this way, a variety of physical phenomena
have received their common explanation through a minimal set of theoretical tools. It is
especially exhilarating for a theoretical physicist to find apparently unrelated phenomena
unified this way under common insights. A pertinent example in this regard is the way
the theory of quantum fields has been used to explore a wide range of phenomena cutting
across the conventional borders which separate the various fields of physics.

In a similar vein, it has been realised that string theory, a set of ideas that had originally
originated in the experimental studies of gauge theories, also provides a natural framework
to address an entirely different question altogether - that of constructing quantum theories
of gravity. This realisation has over the past few decades led string theorists to a theoretical
structure which seamlessly interweaves some of the central ideas of theoretical physics -
from quantum mechanics to gauge theories, from general relativity to supersymmetry apart
from opening up many new avenues in mathematical physics.

Notable in this regard is the way string theory incorporates and extends the idea of
duality in the space of theories. Since duality will be a crucial theme of the work that
is reported in this synopsis, it is essential that we briefly review the idea of duality at
this point. Duality is a phenomenon in quantum theories whereby two theories which are
classically distinct lead to the same theory after quantisation. The simplest and oft-used



example of duality is the fact that a quantum theory of a many-particle system is identical
to a theory of quantum fields despite the fact that a classical many particle system and a
classical field theory are very different as physical systems.

Over the last century, many such dualities have been discovered and they have served
as a rich source of insights whenever they are applicable. A non-exhaustive list of such
field theoretical dualities include Kramers-Wannier duality in the Lattice Ising theory, the
phenomenon of bosonisation in various 1 + 1d systems, Seiberg dualities of the A/ = 1
superconformal fixed points, various N/ = 2 dualities inspired by the pioneering solution of
Seiberg and Witten and the Montonen-Olive duality in N' = 4 supersymmetric Yang-Mills
theory. String theory incorporates and extends various such dualities in it deep structure
resulting in a rich web of string-string dualities connecting various string theories. More
surprisingly, about a decade ago, it was realised that there are dualities which connect
certain string theories on one side to field theories on the other side thus supporting the
idea that the study of a particular corner in the space of all non-gravitational field theories
leads one irrevocably into string theory and quantum gravity.

That one needed an apparently unrelated quest towards a quantum theory of gravity
to lead us to such a statement about ordinary quantum field theories is itself revealing.
More than anything else, it is humbling for a physicist to realise that our understanding
of strongly coupled field theories is so rudimentary that some of the deepest statements
about field theories in the last few decades has been discovered by pursuing an esoteric
quest that according to naive intuition, seems far removed from such questions.

We live in very interesting times - despite the fact that physics has made enormous
progress in understanding the many aspects of reality, there is still an enormous sea of
challenging questions which are yet to be answered. These questions take various forms -
what are the possible behaviours that are possible in a given system ? What is the most
efficient way to understand such a behaviour 7 What mathematical patterns underlie these
behaviours 7 It is fair to say that in many physical systems we are far away from answering
these questions comprehensively. Our obstacles are many - there is no foolproof way to
isolate the right degrees of freedom to describe a particular situation in physics except for
symmetry considerations and prior experience. The most obvious variables are often the
least useful because the phenomenon we are interested in arises out of strong interactions
between the obvious degrees of freedom. Dualities, when present, give a rare window into
these questions. In fact, it can be argued that almost everything that we analytically know
about non-trivial quantum systems can be attributed to symmetries along with various
exact and approximate dualities exhibited by the system (especially notable in this regard
is the role of effective field theories which are essentially approximate dualities at the low-
energy regime).

In this synopsis, we will describe a particular example of such a duality and its useful-
ness in answering questions about certain strongly coupled model field theories. These are
questions regarding the transport phenomena in these systems which at the outset appear
to be theoretically intractable, but we will take recourse to the symmetries and dualities
to make progress. These dualities will lead us into the study of what naively appears to be
an unrelated set of questions about black holes, black branes and their long-time evolution



and at the end of it all, we will discover some very interesting transport phenomena which
were discovered through the methods that are outlined in this synopsis.

2. Hydrodynamic description

How does a physicist proceed when confronted with a strongly coupled system 7 Our first
instinct is to ask for the basic symmetries that govern the system under study. Often
strongly coupled field theories have spacetime symmetries of translations, rotations and
boosts along with other global symmetries. Although exceptions to this statement (which
involve spatially modulated and/or orientationally ordered phases of matter where these
symmetries are spontaneously broken) are of great interestl, we wish to focus on phases
where these symmetries serve as good guides to the dynamics of the system?. In a relativis-
tic theory, these symmetries guarantee the conservation of the energy-momentum tensor3
V,T* =0 and conservation of the charge current V,J!' = 0.

To begin with, we will look for a sector where the dynamics is essentially captured by
the dynamics of the energy-momentum and charge flow. This in particular means that if
there are other macroscopic degrees of freedom in the system, we are assuming that there
is a sector where their dynamics can be decoupled and hence ignored. We do not know how
generic the presence of such a sector is in strongly coupled systems? , but later on we will
present examples where such a truncation to just the conserved charges can be justified at
strong coupling.

Having said that, we should also add that the statics of many interacting systems have
a thermodynamic limit where the conserved charges (along with entropy given as a function
of these conserved charges) capture the essential physics. So, it is not entirely unnatural
to expect that if we introduce a slow time-dependence with small spatial gradients such
that local patches of the system are in thermodynamic equilibrium (and assuming we are
able to introduce these spatial gradients without exciting the other macroscopic degrees of
freedom), then the dynamics of the conserved quantities continues to be an effective way
to describe the dynamics of the system.

Having convinced ourselves that this should be the case, we however face a conundrum
- the energy momentum tensor T#” in d dimensions is a symmetric rank two tensor with
d(d+1)/2 components and the d equations V, T*” = 0 simply are not enough to determine

L After all, some of the most studied models in physics including solids, magnets and liquid crystals fall
into this category.

2Tt would be an interesting exercise to generalise the methods detailed below to cover such ordered
phases.There have been many attempts to apply holographic methods to spatially modulated phases but a
general theory of the kind we describe below is yet to be developed.

3In a quantum field theory, a precise way to state the conservation laws is to invoke the Ward identities
satisfied by arbitrary n-point functions of energy-momentum operator 7" and the current operator jz” .
In our present discussion, we will focus mainly on the one-point functions T#" and J!* ignoring admittedly
interesting questions about the hydrodynamic fluctuations.

4What we do know is that phases with macroscopic degrees of freedom that are not conserved can exhibit
qualitatively new features.



the dynamics of all these components® ! Similarly, for the ith charge we have a single
equation V,,J! = 0 which is not enough to determine the dynamics of d components of J!".
This in turn implies that either we should give up on treating each and every component
of T* and J!' as independent or we should add more dynamical equations to the set of
conservation laws.

We will again be guided by our thermodynamic intuition - a static thermodynamic
equilibrium state in a field theory often has a rest frame (specified by a unit time-like
vector u* ) which we can think of as a frame where there is no energy flow - more precisely,
u* can be thought of as the time-like eigenvector of the energy momentum tensor 7}
Such a state is characterised by its rest frame energy density ¢ = T*”u,u, and the rest
frame charge density n; = —J!"u, (where we have crucially used our assumption that
all other macroscopic degrees of freedom can be ignored). This fact combined with our
physical intuition derived from various real systems leads us to the basic idea that resolves
our problem - if we treat u#,¢ and n; as our basic variables in terms of which T} and
J!" are specified, then we have as many variables as there are conservation laws resulting
in a consistent dynamical system. When the macroscopic behaviour of a quatum field
theory - strongly coupled or otherwise reduces to such a system, we say that we have a
hydrodynamic description emerging out of that particular quantum field theory.

Given the argument above, one can ask whether there are actually calculable model
quantum field theories in which such an emergence of hydrodynamic description can actu-
ally be exhibited and the corresponding 7}’ and J!* be calculated as functions of u*, e and
n;. This question leads us into the field of transport phenomena in various field theories
where for weakly coupled field theories, there are by now various well-developed perturba-
tive formalisms in non-equilibrium statistical physics to answer this question. In case of
strongly coupled field theories, there is no general approach except numerical studies and
studying transport in quantum field theories is still a computationally expensive proposi-
tion. So, it would appear that to exhibit the emergence of hydrodynamic behaviour in a
strongly coupled system is for all practical purposes an intractable problem. While this
pessimistic assertion may be justified in general, as we have mentioned before, there are
strongly coupled systems which can be made tractable by using dualities and string theory
with its cornucopia of dualities is an apt place to look for such model systems.

3. Gauge-Gravity duality and Supersymmetric Yang-Mills

In this synopsis, we will be focusing on a particular duality called gauge-gravity duality in
string theory and ask what can it tell us about transport in strongly coupled field theories.
For reasons of tractability, we will focus on a strongly coupled but a conformal quantum
field theory which has no dimensionful quantity in its microscopic description 6. Further, all

5Unless d(d+1)/2 = d whose only non-trivial solution is d = 1. We may try to save ourselves specialising
to conformal field theories where the trace degree of freedom T}/ is removed, in which case we have enough
equations only when d(d+1)/2—1=dor d=2.

5Note however that a conformal field theory at a finite temperature equilibrium state has a macroscopic
scale - the temperature which is a characteristic of that state. Similar statements can be made about
hydrodynamic states with a given energy density € or charge density n.



the field theories we will consider have a parameter N characterising the number of degrees
of freedom and we will be working in a large N limit. In higher dimensions, most known
examples of strongly interacting conformal field theories happen to be supersymmetric, but
supersymmetry will not play a direct role in our subsequent discussion.

A particularly good example of the kind of models under consideration is the SU(N)
supersymmetric gauge theory in 3+1 dimensions with a four-fold supersymmetry. Since
we will later be discussing the transport properties in this model in some detail, we will
briefly review the main features of this model. It has the following field content

e An SU(N) gauge-field A}, where 1 = 0,1,2,3 denotes that it is a spacetime vector
field and the index a = 1,..., N?>—1 runs over the adjoint representation of the gauge
group SU(N).

e Four chiral fermions ¢24 charged under the adjoint representation of SU(N) where
a = 1,2 denotes that it is a chiral fermion field and A = 1,...4 is the flavor index.
The complex conjugate of ng is an anti-chiral spinor denoted as &ia = (¢3A)*

e Six real scalars @fB = (Pgap)* = —<I>QBA charged under the adjoint representation
of SU(N). It is convenient to define ® 4p via the relation
pAB (ABCD o,
a

| =

The theory is defined by the Lagrangian density[1]
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where fo%¢ are the structure constant of the gauge group SU(N), g is the gauge-coupling
and D), is the covariant derivative appropriate to the gauge group. This theory is among the
very few interacting conformal field theories known in 3 + 1 dimensions. In particular, the
coupling ¢ in the above lagrangian does not run with scale and the classical scale-invariance
of the above lagrangian is continued to be preserved by the quantum fluctuations.

This theory is manifestly invariant under a SU(4) flavor symmetry (often called the
R-symmetry of this theory) under which the different fields transform as

Vi — Uyl Yan — (U*) Pias

and
18 - 4Pt P D ap — (U*) £ Cep(UN)

where U is a 4 x 4 unitary matrix with (UUT = 1). This classical global symmetry is
continued to be respected by the quantum fluctuations and hence we have quantum global
SU(4) symmetry in our theory with the corresponding Noether currents. For reasons that



will become clearer later, it is especially convenient to focus on the transport of the Noether
charge associated with a U(1) subgroup of SU(4) made up of Us of the form

e 00 0
0e? 0 0

U= e SU(4
0 0¢e? 0 (4)
0 0 0 e 3@

One of the main results of the work presented here would be the claim(that we hope to
substantiate by the end of this synopsis) that in an appropriate limit, using gauge-gravity
duality, we can precisely argue for the existence of certain novel phenomena in the transport
of this charge and compute the corresponding transport coefficients.

The study of this conformal field theory can be simplified further by taking the number
of colors N in this theory to be large. Following ‘t Hooft, to get a sensible limit we should
keep the ‘t Hooft coupling A = ¢?N fixed as N is taken to infinity. Such a limit gives us
an interacting theory whose interactions are governed by the parameter A. This then is a
precise model system, where the questions of the previous section can be asked - what are
the transport properties of this model when X is very large ? Are they even calculable ?
Can one see the emergence of hydrodynamic behaviour in the macroscopic dynamics of this
model ? The answer to these apparently intractable questions about an interacting theory
is surprisingly in affirmative because of the gauge-gravity duality. A variety of transport
phenomenon in this strongly interacting theory using the gauge-gravity duality have been
by now well-studied by various authors. In the course of this synopsis, we will describe
only the studies to which I have contributed and briefly review those parts of other works
which provide the necessary background.

4. Weyl Covariance and Hydrodynamics

Before applying gauge-gravity duality to derive the hydrodynamics emerging out of an
underlying conformal theory, it is worthwhile to understand the structure of such a hy-
drodynamic description’. The fact that the microscopic theory is devoid of scales imposes
strict constraints on the kind of transport that can occur in the macroscopic description.
We will summarise in this section, a formalism developed in [2] to naturally incorporate
these constraints into the hydrodynamic description.

A conformal field theory living on a d dimensional spacetime M with a metric g, is
by definition a theory which is covariant (upto quantum Weyl anomalies) under the Weyl
transformation which replaces the old metric g,,, with g,, given by

G = e%(l’)gw; g = e—2¢($)glw (4.1)

In some sense, these theories are naturally thought of (again upto Weyl anomalies) as living
on a spacetime M which has a class of metrics C; which are related to our original metric

"This section is based on the work that was done by the author and presented in the form of the paper
[2].



by a Weyl transformation. We will henceforth refer to the fluid which emerges out of such
a conformal field theory at a finite temperature as a conformal fluid.

The conformal fluid which emerges out of a conformal field theory inherits Weyl-
covariance from its microscopic theory. The question that we wish to answer is how this
Weyl-covariance manifests itself at the level of hydrodynamics and how does one go about
constructing Weyl-covariant quantities in hydrodynamics. Let u* be the unit time-like
vector describing the fluid motion. Using g, ufu” = g,utu” = —1, we get the Weyl
transformation of the velocity u# = e~?@*. Now, we can go ahead and construct various
derivatives of this velocity field, provided we have a way of differentiating fields in a Weyl-
covariant way.

To see how this might be possible, we begin with the Weyl-transformation of the
Christoffel symbols

Dot = Do 4 80,0 + 6,000 — 3,3 0 (4.2)

from which it follows that

vV, ut
d—1

A, = qu,uuy - Uy = AI/ + 0, 0. (43)
This transformation means that hydrodynamics provides a natural ‘gauge field” for Weyl
transformations which can be used to construct a Weyl-covariant derivative. We define a
Weyl covariant derivative D such that, if a tensorial quantity Q4 obeys QL = e W Qb
, then Dy Qb = e™9D,QL: where

Dy QU =Va QU +w A\QL
+ [graA” — 04 Ay — EA] QO + ... (4.4)
= [gAY = 03 Ay, — S AN QL —

Note that the above covariant derivative is metric compatible (Dyg,, = 0). In mathemat-
ical terms, what we have done is to use the additional mathematical structure provided
by a fluid background (namely a unit time-like vector field with conformal weight w = 1)
to define what is known as a Weyl connection over (M,C,) where M is the spacetime
manifold with the conformal class of metrics C, .

A torsionless connection V%% is called a Weyl connection (see for example, [3] and
references therein) if for every metric in the conformal class C4 there exists a one form A,
such that V}feylgy)\ = 2A,9,» . Having a fluid over the manifold provides us a natural
one form A, (see below), which can in turn be used to define a Weyl connection. The
‘prolonged’ covariant derivative D is related to this Weyl connection via the relation D,, =
V}feyl +wA, . In terms of this covariant derivative, the condition for Weyl connection is
just the statement of metric compatibility (Dxg,., = 0) and the one-form A, is uniquely
determined by requiring that the covariant derivative of u# be transverse (u*Dyu* = 0)
and traceless (Dyu* = 0).

We can define a curvature associated with the Weyl-covariant derivative by the usual
procedure of evaluating the commutator between two covariant derivatives. For a covariant



vector field V,, = e*“"z’ffu , we get
[Dlﬂ D,/]V)\ =w .7:!“, i\ + /R,W,)\a Vo with
Fuw =V, A, -V, A,

) (4.5)

A
Ruu)\a = R;uz)\a - 5&91/][/\65] <va~’45 + Aoszﬁ - 29&B> + F,ul/g)\O'

where we have introduced two new Weyl-invariant tensors F,, = ~W and R\ = Run“
and By, = By — By, indicates antisymmetrisation®. Since these Weyl-covariant counter-
parts of curvature tensors will play a useful role in the formulation of conformal hydrody-
namics, we will briefly describe their properties®.

We can write down similar expressions involving Ricci tensor, Ricci scalar and Einstein
tensor.

Ruw = Ruav™ = R + (d = 2) (VA + A Ay — A20) + 9 VaA + Frw = Ry
R=Ra*=R+2(d—1)VyA* = (d—2)(d— 1) A2 = e 2R
R d—3
(4.7)

These curvature tensors obey various Bianchi identities °
RyuA” + Ry = 0
DrxFuv +DpFun =0 (4.8)
DaRuwa” + DpRopa” =0
and various reduced Bianchi identities!!
Riw) = Ruva® = d Fuy
D Rux +DoRywr® =0 (4.9)
D, (g#A — PM) —0
The tensor R, s does not have the same symmetry properties as that of the usual Riemann
tensor. For example,

R,uz/ko + R,uua)\ =2 fuug)\a
Ruuz\a - RAU;M/ = _5ﬁ:gu][z\5§]faﬁ + f,ul/g)\o - j:/\agm/ (410)
RuowgV VP = RyausVoVF: = F VOV,

8As is evident from the notation above, we use calligraphic alphabets to denote the Weyl-covariant
counterparts of the usual curvature tensors. Our notation for the usual Riemann tensor is defined by the
relation

Vi, VulVa = Runa V. (4.6)

Note that the curvature tensors used in this synopsis are negative of those employed in [2].

9Note that these curvature tensors are essential even if one is in a flat spacetime, since most of these
Weyl-covariant curvatures do not vanish for a general velocity configuration in flat spacetime.

"“These identities can be derived from the Jacobi identity for the covariant derivative - [Dy,, [D,], Dx] +
[,DM [,DM7,DV” =0

HThese identities are obtained from the Bianchi identities by contractions.



The conformal tensors of the underlying spacetime manifold appear in the above for-
malism as a subset of conformal observeables in hydrodynamics. These conformal tensors
are the Weyl-covariant tensors that are independent of the background fluid velocity. The
Weyl curvature C), s is a well-known example of a conformal tensor. We have

Cuvro = Ryuno + 0,901000Sas = Curo + Frudro = €**Cruno (4.11)

where the Schouten tensor S, is defined as

_ 1 Rauw N A? Fuv .
8/_“/ = m (R#y — 2(({—1)) = S;U'V + (V#A,, + A#Ay - 79‘(“/ + d—2 = Suy

From equation (4.11), it is clear that Cyune = Cuvre — Fuwgre is clearly a conformal
tensor. Such an analysis can in principle be repeated for the other known conformal tensors
in arbitrary dimensions.

The Weyl Tensor C),, ), has the same symmetry properties as that of Riemann Tensor

R,Lw)\cr .

C,uu)\o = _CV;MU = _C,u,ucr)\ = C)\a,uy

(4.13)
and Cpuar* =0

From which it follows that C’Wl,guauﬁ is a symmetric traceless and transverse tensor - a fact
which will turn out to be important later in our discussion of conformal hydrodynamics.

Now, we turn to the study of how various quantities of relevance to hydrodynamics
can be constructed in this formalism. The Weyl-covariant derivative of the velocity field
naturally breaks up into a symmetric part and an antisymmetric part

J— v v
P, = g + v,

V. ~
D’ =V, u" 4+ uy,(u.V)u” — uP”:a”—kw”:e*‘z’Dle’,
I I I d_1 "~ I I I
1 : 1 (4.14)
o = 5 <P“’\V>\u” + P”AVAu“) - dv ul pPH = B (DHu” + DVut) = e 3061,
1 1
W = 5 (Pﬂ/\v)\uu _ Pu)\v)\u/l) — 5 (DMUV _ Dl/u,u) — o 3K

The shear strain rate o, is a symmetric traceless tensor which tells us the rate at which
the fluid element around a point is sheared whereas the vorticity w,,, is an antisymmetric
tensor that roughly tells us how fast the fluid is swirled around a point. Other important
quantities in hydrodynamics are the energy density e, pressure p, entropy density s, tem-
perature 7T, conserved charge density n; and corresponding chemical potentials p;. The
scaling properties of these thermodynamic quantities is directly determined by the naive
dimensional analysis

_dé ~
°p,

T=eT, ni=e V% y=en.

e =e 9% , pP=¢€ s = e (d-Dog

)

(4.15)



We now turn to the Weyl-transformation of the conserved currents 7}, and J!. The
scaling of J! is again fixed by naive dimensional analysis J/' = e~ J. Tt is easily shown
that for such a J!, we have D,J!" = V,J! so that statement that it is conserved is
consistent with Weyl-invariance.

We now turn to 7, - here we face a subtlety due to quantum anomalies in the Weyl
transformation. If we ignore it, and use naive dimensional analysis to fix its scaling as

K — e~ (d+2)p i
Tclassical =€ Tclassical then we get

DMTMV = VMTMV 1 + AUTﬁclassical

classical classica

so we recover the familiar statement that for the conservation of classical energy momentum
to be consistent with the Weyl-covariance, we should also impose that the classical energy
momentum tensor be traceless. Now, we turn to the actual quantum theory - the Weyl
transformation of 7}, in quantum theories is non-trivial because of the presence of Weyl
anomaly - a quantum obstruction to the existence of a tensor which is both conserved and
Weyl-covariant. This in turn means that 7, = W[g] where W][g] is the trace contribution
due to the Weyl anomaly and it depends only on the microscopic field content and the
ambient spacetime in which the conformal fluid lives and is independent of the state under
consideration.
Often there exists another symmetric traceless tensor T éf)l;lf which is not conserved, but
is Weyl-covariant.
T = TH —TH 1g] = e~ (@H2oTH

con anom conf

where Tunom[g] characterises the contribution due to Weyl anomaly which depends only
on the background spacetime and the field content. We will assume from now on that this
indeed the case for the models under consideration. In this case, one can show that the
transformation of the energy-momentum tensor is such that the quantity

D,T" =V, T + A (T", — W]g]) = e~ 4+2¢D, TH

is Weyl-covariant. This in turn implies that the two statements of the conservation of T},
and freezing the trace of T),, to the Weyl-anomaly of the microscopic theory together can
be packaged into a Weyl-covariant statement D,T"” = 0. Since we have shown that the
basic equations of conformal hydrodynamics are Weyl-covariant, the only constraint on the
hydrodynamics coming from the underlying conformal field theory is that 7!, . and J!* be
Weyl-covariant functionals of the basic hydrodynamic variables. This constraint is easily
implemented by working within the manifestly Weyl-covariant formalism that we have just
outlined. This then completes our programme to formulate hydrodynamics in a manifestly
Weyl-covariant way.

We can now use this Weyl-covariant derivative to enumerate all the Weyl-covariant
scalars, transverse vectors (i.e, vectors that are everywhere orthogonal to the fluid velocity
field u*) and the transverse traceless tensors in the charged hydrodynamics that involve
no more than second order derivatives. We will do this enumeration ‘on-shell’, i.e., we will
enumerate those quantities which remain linearly independent even after the equations of
motion are taken into account.

~10 -



The basic fields in the charged hydrodynamics are the fluid velocity u* with weight
unity, the fluid temperature T with with weight unity and the chemical potentials u;
with weight unity. This implies that an arbitrary function of p;/T" is Weyl-invariant and
hence one could always multiply a Weyl-covariant tensor by such a function to get another
Weyl-covariant tensor. Hence, in the following list only linearly independent fields appear.
To make contact with the conventional literature on hydrodynamics we will work with
the charge densities n; (with weight d — 1) rather than the chemical potentials p;. For
simplicity, we will confine ourselves to the case where there is only one charge.

At one derivative level,

e Weyl invariant scalars : None

e Weyl invariant transverse vector : n_lPﬁ Dyn.
In d=4 , we also have [¢ = e“’”\o‘uuvl,uk .

e Weyl-invariant symmetric traceless transverse tensors : 1o,
At the two derivative level,
e Weyl invariant scalars :

—2 v —2 v —2
T 00", T wuw'”, T R,

4.16
T2 'P"D,Dyn and T *n 2P"D,nD,n (4.16)

In d=4 ,

T*anll“Dun
e Weyl-invariant transverse vectors :
T~'P/Dyo,*, T~'P!Dyw,”, (417
Tflnflau)‘DAn and T*Inflwu)‘DAn '
In d=4 ,
T_IUW v

e Weyl-invariant symmetric traceless transverse tensors :

A
C’ua,,guauﬁ, uDrouw,

P
d—1
n~' % DaDgn, n 2 1% Dan Dgn.

P
aaﬁoaﬁ, wu)‘w)\,, + diﬁyl waﬁwaﬁ, (4.18)

A A A
Wy Oxy W Oy, Ou Oy —

In d=4,

1 N o 1 A o
i o i il VCaB’Y@ UNUg s QGQﬁA(MCQﬁl’)UU u D(“ly)’ (4.19)

n_IHZ‘flaDgn, n_leaﬂA(uay)AuQDQn.

- 11 -



where we have introduced the projection tensor H,‘i‘ﬁ which projects out the transverse
traceless symmetric part of second rank tensors
mef = L | peps  pops 2 _posp
W = 9 ut v vV d—1 nv
These invariants can now be used to write down the most general 7),, and J!* consistent

with Weyl-covariance. The energy-momentum tensor and the charged currents of the fluid
are usually divided into a zero-derivative part and a part involving at least one derivative

Th o = p(g" +d utu’) + 7

(4.20)
JI = piut + vt

where we can take the visco-elastic stress 7#" to be transverse (u, 7" = 0) and traceless

(7, = 0) and the diffusion current v!' to be transverse (upv} = 0). Hence, 7* and

v!" are linear combination of transverse traceless Weyl-covariant tensors and transverse

Weyl-covariant vectors of appropriate weight.

5. Derivative expansion in gauge-gravity duality

In order to obtain the explicit forms of T}, and J! , we have to ‘solve’ for the transport
phenomenon in the strongly coupled field theory. As advertised before, this can be achieved
by using gauge-gravity duality to reformulate this into a tractable problem. In this section,
we will very quickly review the basic ideas behind this reformulation.

We begin with the interesting idea that large-N interacting field theories can often
be rewritten in terms of a ‘Master field” which is not really a single field in the same
spacetime as the field theory but actually a collection of single-trace degrees of freedom
that dominate the dynamics in the large-N limit. Often it is convenient to think of these
degrees of freedom as living in an abstract space, their dynamics being governed in the
Large-N limit by classical equations in that space. It is in this sense that large-N limit
can be thought of as a classical limit. In practice however , with most field theories, it is
almost impossible to guess the correct way to reformulate the large-IN degrees of freedom
and check whether this idea holds true for the model under consideration. This is one of
the main reasons why large-N QCD remains an unsolved problem.

In a now celebrated work[4, 5], Juan Maldacena argued that for many quantum field
theories, string theory gives a way out by providing us with a duality called gauge-gravity
duality using which the large-N degrees of freedom and their dynamics are easily identified
and tackled. In particular, he conjectured that the the 3 + 1 dimensional SU(N) gauge
theory with fourfold supersymmetry is dual to a particular kind of a 9 + 1 dimensional
string theory called the Type IIB string theory quantised with an AdSsx S° boundary
condition.

In this dual description, taking the large-N limit is same as taking the classical limit
of the string theory and the relevant degrees of freedom and their dynamics in this limit
are completely captured by the classical IIB string theory. Further taking the ‘t Hooft
coupling large is equivalent in the dual description to making the typical mass of a massive
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string excitation very large so that only the massless degrees of freedom of the IIB string
survive.

The massless degrees of freedom of IIB string theory contains a dynamical metric
interacting with the other massless matter fields. Hence, we get the remarkable statement
that under the gauge-gravity duality, large- N dynamics of the strongly coupled field theory
gets mapped to a classical gravitational theory with an appropriate matter fields.

The fact that we get a metric in the gravity description indicates that the total energy-
momentum survives as a good degree of freedom in the large-N dynamics of the strongly
coupled field theory. In a similar way, the survival of the charge as a degree of freedom in
the gauge theory side is encoded by the presence of a massless vector field on the gravity
side. In particular, according to the gauge-gravity duality, the dynamics of these degrees
of freedom are well-captured by the Einstein and Maxwell equations with the appropriate
source terms. In a similar vein, one can now read off the other relevant degrees of freedom
at strong coupling and their interactions directly from the low-energy lagrangian of the type
IIB theory. Thus, Einstein equations in particular and gravitational dynamics in general
emerge out of the large-/V limit of an ordinary gauge theory and they serve as an effective
way to encode the dynamics of the ‘master field’.

Conversely, the classical gravitational dynamics in any gravity theory in d + 1 dimen-
sions with matter when studied with AdS;z;1 boundary conditions mimics the dynamics
of the ‘master field’ for a large-N conformal field theory in d dimensions. Given this fact,
we will in the rest of the synopsis (except for the last few sections) work in a general
gravity theory in d + 1 dimensions with the understanding that putting d = 3+ 1 =4
will give us the answers for the 3 4+ 1 dimensional SU(N) gauge theory with the fourfold
supersymmetry.

It is a fact in classical gravity that any two derivative gravity theory having AdS as a
solution and having no particles with spin> 2 has a consistent truncation to a sector with
just gravity and a negative cosmological constant. Such a sector has an action

1 d+1
= - 1
S 167G ag /d \/ga+1 [R+ d(d —1)]

This implies that at least within the class of strongly coupled field theories whose large-IN
description takes the form of a gravitational theory, it is quite generic to have a sector
where we can focus on the dynamics of energy and momentum alone without worrying
about exciting other modes. This statement justifies our assumption at the beginning of
the synopsis where we chose to focus on a sector with only conserved charges excited.

There are no results of similar generality once we try to truncate to a sector keeping
only the metric and a massless vector field in the bulk. Generically, there exists other exci-
tations which do not decouple, but in special cases, we can achieve a consistent truncation.
To be concrete we will look at the IIB gravity compactified on an S°. In particular, there
exists a consistent truncation consisting of just the metric and a U(1) gauge field - this
happens in the sector which is equally charged under all the three cartans of SO(6). We
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can write down a truncated action of the form

1 1 2
S:/ \/T%(R+12)——F/\*5F—|——KA/\F/\F
167G aqs 2 3 (5.1)
1 1 K '
= oG | VI B 12 PP ST A R

with x = (2v/3)7! for the IIB gravity. The SO(6) massless vector fields in the gravity
theory encode the SU(4) = SO(6) charge current degrees of freedom and working through
the duality in detail, one concludes that there exists a sector in the hydrodynamics of the
gauge theory where we can decouple all excitations except the energy-momentum and a
U(1) charge associated with the subgroup

e 0 0 0
0e? 0 0

U= . e SU4
0 0e? 0 (4)
0 0 0 3

that we had introduced before. As we will see by the end of this synopsis, this particular
sector exhibits some very interesting transport phenomena.

We will now go on to describe how we can use the duality to study the non-equilibrium
dynamics of the field theory under consideration. We begin with the equilibrium configu-
rations in the field theory at a given temperature and chemical potentials which are dual
to equilibrium black-brane configurations in gravity at the same temperature and chemical
potentials. These black-brane configurations are gravitational configurations with a planar
horizon and by various semiclassical arguments due to Bekenstein and Hawking, they are
known to exhibit thermodynamic properties like entropy and temperature.

For example, when all the chemical potentials are turned off, the black-brane solution
at rest takes the form

ds? = 2dvdr — r2[1 — (br)~Ydv? + rda?_, (5.2)

in the ingoing Eddington-Finkelstein co-ordinates. No matter fields other than the metric
are excited in these solutions. In general, a uniformly moving black-brane solution with a
constant velocity u* is given by

ds?* = —2uy,datdr + Py, detdz” + r? (br) Y, det de” (5.3)

The thermodynamic properties of this solution are

(d—l) 1 1 d
Ezwa P= A~ 34 ST oA 4> T=—,

TG Agsh 167G 4450 4G gqsb 41b (5_4)

ni:O, ,ui:O.

Hence, this solution that we have written down describes thermal state in the corresponding
conformal field theory. In the same vein, one can construct thermal states with chemical
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potentials turned on by looking for charged black-brane solutions solving Einstein-Maxwell
equations with the appropriate sources.

Having understood the equilibrium configurations, we can then set up a systematic
expansion where we allow the the thermodynamic quantities to slowly vary and find the
corresponding time-dependent gravitational configurations. We will just review the setting
up of this expansion in the zero chemical potential case - this method has been gener-
alised to the finite chemical potential case, which while technically intricate is nevertheless
straightforward. The logic behind - and the method of implementation of - this perturba-
tive procedure have been described in detail in [6]. Further it was described in [6], how this
perturbative procedure establishes a map between solutions of fluid dynamics and regular
long wavelength solutions of Einstein gravity with a negative cosmological constant.

We start with the ansatz

0 1 2
JMN = 91(\4)1\; + 695\4)1\[ + 6291(\4)N +..

Here 91(\2)1\{ is given by (5.3), € is the small parameter of the derivative expansion, and

g](\]f,)N are the corrections to the bulk metric that we will determine with the aid of the bulk
Einstein equation. In implementing our perturbative procedure we adopt a choice of gauge.
As in all the metrics described above, we use the coordinates r, z* for our bulk spaces. We
use x* as coordinates that parameterise the boundary and r is a radial coordinate. In order
to give precise meaning to our coordinates we need to adopt a choice of gauge-we choose

the gauge g, = 0 together with g, = —u,.

The Bulk Einstein equations decompose into ‘constraints’ on the boundary hydrody-
namic data and ‘dynamical equations’ for the bulk metric along the tubes which are solved
order by order in the derivative expansion. The dynamical equations determine the cor-
rections that should be added to our initial metric to make it a solution of the Einstein
equations. At each order, we get inhomogeneous linear equations -but, with the same ho-
mogeneous parts. These inhomogeneous linear equations obtained from Einstein equations
can be solved order by order by imposing regularity at the zeroth order future horizon and
appropriate asymptotic fall off at the boundary. These boundary conditions - together with
a clear definition of velocity, which fixes the ambiguity of adding zero modes - give a unique
solution for the metric, as a function of the original boundary velocity and temperature

profile inputted into the metric 95\2)1\7 - order by order in the boundary derivative expansion.

Now, we turn to the ‘constraints’. The ‘constraints’ on the boundary data can be
shown to be equivalent to the requirement of the conservation of the boundary stress tensor.
Recall that we have already used the dynamical Einstein equations to determine the full
bulk metric - and hence the boundary stress tensor - as a function of the input velocity
and temperature fields. It follows that the constraint Einstein equations reduce simply to
the equations of fluid dynamics, i.e. the requirement of a conserved stress tensor which, in
turn, is a given function of temperature and velocity fields. In the next few sections, we
will detail the results obtained by performing such a boundary derivative expansion.
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6. Hydrodynamics from gravity in arbitrary dimensions

Before presenting the metric that is dual to a given hydrodynamic state, we will pause
to ask how the Weyl covariance of the hydrodynamic state gets encoded in the metric!?.
Let us begin by performing the boundary Weyl-transformation in the boosted black-brane
metric (5.3)

Uy, = e‘bﬁu, Nuw = 62¢§7W and b= e®b

where the transformation of b can be fixed by its relation to the thermodynamic quantities.
Further, since for a constant velocity u*, the Weyl connection 4, = 0 we also have 0 =
Ay + 0,0

Under such a transformation, the metric becomes
ds? = =20, da (dF 4+ A, da”) + PG dat de” + 7 (bF) %, a0, dot dx” (6.1)

where we have defined 7 via r = e~®7. We note that written in this form the black-brane
metric is form-invariant under the boundary Weyl-transformations ! This is a particular
example of the general principle that the boundary Weyl-transformations get realised in
the gravity theory as a specific set of diffeomorphisms that redefine the radial slicing. The
fact that different slicings of the same gravity solution may in fact be interpreted as states
of the same theory in distinct though Weyl equivalent background metrics, reflects the
Weyl invariance of the dual field theory.

To make this more precise, any metric that obeys that gauge choice g7(~d+1)r =0 and
d+1) .
gr 1= —up can be put in the form
ds? = —2uy,(x)dz"(dr + V, (r,2)dz") + &, (r, v)dz"dz” (6.2)

where &, is transverse, i.e., u#®,,, = 0. 13

Consider now a bulk-diffeomorphism of the form r = e~## along with a scaling in the
temperature of the form b = e?b where we assume that ¢ = ¢(z) is a function only of the
boundary co-ordinates. The metric components transform as

Vo= et Va7 0u0] . wi=eli, and 8, =8, (6.4)

Recall however that, within our procedure, the quantities &,, and V), are each functions
of u* and b. Now u* and b each pick up a factor of e under the same diffeomorphism.
We conclude that consistency demands that V), and &, are functions of b and u* that
transform like a connection and remain invariant under boundary Weyl transformation
respectively. It follows immediately that, for instance &,, is a linear sum of the Weyl
invariant forms listed before, with coefficients that are arbitrary functions of br. Similarly,

1211 this section, we summarise the work that was first presented in the paper|[7]
13All the Greek indices are raised and lowered using the boundary metric g, defined by

. —2
uv = TILIEOT [6;“1 - u(uvu)] (63)
and u, is the unit time-like velocity field in the boundary, i.e., ¢""up u, = —1.
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V, —rA, is a linear sum of Weyl-covariant vectors (both transverse and non-transverse)
with weight unity. Symmetry requirements do not constrain the form of these coefficients,
which have to be determined via direct calculation.

Using a Weyl-covariant form of the procedure outlined in [6], we find that the final
metric for the zero chemical potential case in arbitrary dimensions can be written in a
Weyl-covariant form (with only terms involving no more than two derivatives shown)

ds? = —2u,dz" (dr +r A,dz”) + [7"29;“, + u(MSV)/\u)‘ — w“’\w,\,,] dztdz”

1 1 1
+ W(rz - §wa5waﬁ)u#uydx“dw” + 2(br)2F (br) {baw + F(br)au’\o)\,,} dxtdz”
—o(br)? | K (br)MP + Ko (br) et 90577 L) prpy o] gonde
! —1 TR ) do(d —1)  (br)d BTl A

aagaaﬂ

d—1
+ 2(brr)2Hy(brr) |:U)VD,\O'W, +w o, + w,/\UM)\] dztdx” + ...

— 2(br)2Hy (br) |:u>\D,\O‘#V + O'MAO')\,/ - P, + Cua,,guo‘uﬁ} dx*dz”

The various functions appearing in the metric are defined by the integrals

oo ,d—1 _ 1
F(br) :/ yidy
b

- Yyt —1)
Han) = [ et [ @ heF) 2 )]
=570~ [ e /15 52;__ 1y

o0 d [ee]
Kl(br)E/b gﬁ : dy y*F'(y)*

Kalor) = [ 5 [1- €6~ VPO — 20a -

. &2
B d . o 2 2
+(2(d Ded — (d 2))/E dy y F(y)}
_ [T i - y—1
L(br) = . § d&/g dy Pi—1)

We have checked using Mathematica upto d = 10 that the above metric solves Einstein
equations with negative cosmological constant provided the velocity u* satisfies the hydro-
dynamic equations. The above formula hence gives a map from the solutions of hydrody-
namic equations to the solutions of Einstein equations thus connecting two widely different
fields of classical physics !
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Value of 7,,/b for various dimensions
d | Value of 7,/b = [{° g(d - l)dy Tw/b (Numerical)
3] 4 (Log3— 3) 0.247006. . .
4 lLog 2 0.346574. ..
5 (Log 5+2,/1- 2 — 2 ArcCoth V5 ) 0.396834. . .
6|1 (Log 3+ ﬁ) 0.425803. ..

The dual stress tensor corresponding to this metric is given by

TCorlf =p (g + duyuy) — 210,

— 217y |:U DAU;W + Wu/\o')\u + WI/AO'M/\]

(6.6)
A A Uaﬁaaﬁ a, B
+2nb |u D)\O'W,—FUM U,\y—ﬁpp,y"f'c,uauﬂu u
with
1 s 1 0yl —1
- - -2 - - d = < d 6.7
P 16nGaash? 1 4 167Gagsbt T /1 -1 67

This result is a generalisation to the fluid dynamical stress tensor on an arbitrary curved
manifold in general dimension d reported in [8, 6, 2, 9, 10, 11] for special values of d and
most recently by [12] for flat space in arbitrary dimensions. The values of 7, for some
of the lower dimensions is shown'* in the table 6. The way the various Weyl-covariant
terms combine together in the energy-momentum tensor is intriguing - in fact, it can be
shown[14] that there are universal relations between the second-order transport coefficients
that come out of gravity.

These perturbative solutions of Einstein equations can be compared against a class
of exact solutions of Einstein’s equations. This class of solutions is the set of rotating
black holes in the global AdS spaces. The dual boundary stress tensor to these solutions
varies on the length scale unity (if we choose our boundary sphere to be of unit radius).
On the other hand the temperature of these black holes may be taken to be arbitrarily
large. It follows that, in the large temperature limit, these black holes are dual to ‘slowly
varying’ field theory configurations that should be well described by fluid dynamics. All of
these remarks, together with nontrivial evidence for this expectation was described in [15].
In fact, we can go further[7] and complete the programme initiated in [15] for uncharged
blackholes by demonstrating that the full bulk metric of these high temperature rotating

" More generally, the integral appearing in the expression for 7, can be evaluated in terms of the derivative
of the Gamma function or more directly in terms of ‘the harmonic number function’ with the fractional
argument (as was noted in [13])

iLog I'(z) = —éHarmonic[2/d —1]
dz i—2/d d

Tw = ——

d YE +

For large d, 7., has an expansion of the form 7., /b = 1/2 — 72 /(3d?) +
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black holes agrees in detail with the 2nd order bulk metric determined by our analysis
earlier . This exercise was already carried out in [11] for the special case d = 4.

Consider the AdS-Kerr BHs in arbitrary dimensions - exact solution for the rotating
blackholes in general AdS;y; in different coordinates is derived in reference [16]. Following
[16], we begin by defining two integers n and e via d = 2n + € with ¢ = d mod 2. We
can then parametrise the d + 1 dimensional AdS Kerr solution by a radial co-ordinate r, a
time co-ordinate ¢ along with d — 1 = 2n + € — 1 spheroidal co-ordinates on S%~!. We will
choose these spheroidal co-ordinates to be n + ¢ number of direction cosines ji; (obeying

a2 = 1) and n + e azimuthal angles ¢; with ¢, 1 = 0 identically. The angular
velocities along the different ;s are denoted by a; (a,+1is taken to be zero identically).

In this ‘altered’ Boyer-Lindquist co-ordinates, AdS Kerr metric assumes the form (See

equation (E.3) of the [16])

2
A 2 2M ~ - iA2 Di
ds? = —W(1 + 1?2 4 —Sar__  2M <Wdt— Yy “de )

1-_2M/V ' V3 A
=1 ’ (6.8)
n+e T2+a2 1 n—+te 7“2—|—a2 2
i (a2 + 02d3?) — — — L Tinedi
i:11—a$[“1+“1 Y- ware ;1—%2“’ i
where
n—+e ~9 n 2 nte 252
. s ) _d 1 a; _ 1 TRy
W = ﬁ ; V:r(1+72)H(1+7T;) and 3214-7«227“2-1-2(12 (6.9)
i=1 7 =1 =1 t

This expression can be further simplified[7] and the AdS Kerr metric in arbitrary
dimensions can be rewritten in the form
ds* = —2u,dz* (dr +r A,dz") + [7’29,“, + u(uS,,)Au)‘ — wu’\w,\y} dz*dz”
ruy,u, (6.10)
dxtdx”
+ bidet [r o) — wh,)] v

where the determinant of a tensor M is defined by

€ MEMY ... = det [M;} €ap...

We have checked this form explicitly using Mathematica upto d = 8. It is easily checked
that this metric agrees (upto second order in boundary derivative expansion) with the
metric presented in (6.5) upon inserting the velocity and temperature fields as

w0y =0 +ai0p, , A,=0 b= (2M)~ /4

—dt® + > (dpf + u?@?)]

The exact energy momentum tensor for the AdS Kerr Black Hole described can be

(6.11)
guw =W

computed
1
MY iV Ho Y i =
Teony = p(g" + dutu”) with p= 167G azsld (6.12)
which is consistent with (6.6) if we take into account the fact that o,, = 0 in these
configurations.
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7. Global Charge transport in N’ =4 SYM

In the previous section, we presented our calculation of various transport coefficients in
the simplest sector of hydrodynamics where the entire dynamics is that of the energy-
momentum transport. In this section, we will turn to a slightly more complicated sec-
tor where there is an interplay between charge transport and energy transport. This in
the gravity language translates to the study of Einstein-Maxwell system with appropriate
sources.

As we had emphasised before, given a generic gravitational theory describing the large
N behaviour of a strongly coupled CFT, we are not guaranteed to find a truncation to
just the Einstein-Maxwell system. In the field theory language, it implies that at least
in these class of systems it is very difficult to disentangle the charge dynamics from the
dynamics of the other long wavelength modes. We had already mentioned that there do
exist theories where such a truncation is achievable and we gave an example of a sector in
the supersymmetric gauge theory where this happens- this is IIB gravity compactified on
an S with a consistent truncation consisting of just the metric and a U(1) gauge field in
the sector which is equally charged under all the three cartans of SO(6).

We can repeat the derivative expansion to solve the Einstein-Maxwell system with
a Chern-Simons term order by order for the metric and the gauge field. This was done
in [17] and the expressions that we finally get for the metric and the gauge field are
complicated and we will refer the reader to [17] for the full expressions. In turn, the energy
momentum and charge transport upto second order in the boundary derivative expansion
could be computed from that metric and gauge field and this gives us many new transport
coefficients in the supersymmetric gauge theory. We again refer the reader to [17] (and
[18] which appeared independently with similar results ) for the detailed expressions .
But in this synopsis, we will try to focus on an interesting result that comes out of these
expressions.

To see this very clearly, it is useful to focus our attention on a known exact solution of
the Einstein-Maxwell-Chern-Simons system which describes a charged rotating blackhole.
We begin with a truncated action of the form

1 1 2
:16/ [\/—95(R+12)—F/\*5F+KA/\F/\F]
7G AdS 2 3 (7.1)
. .
vV—a5 |R 12——F FAB 4 2 PQRST p g b
167rGAds/ Js [ + AB 66 PLQRLST

with & = (2¢/3)7! for the IIB gravity.

This action has many known blackhole solutions. The general blackhole solutions
which solves the equations coming out of this action was found in [19]. Their solution is
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given by!®

(7"2 + 1) Agdt;? 2(m — quiws)  ¢?

ds* = — -4
R R Y Rric) B o
(A1 + dtiws)? (r® + wa?) cos? O (dgy + dtywi)? (r? + wi?) sin? ©
+ +
1— w22 11— w12
N p2dr2r2
q% — 2wrwaq — 2mr? + (12 + 1) (r2 + w1?) (12 + we?)
2de? 2
+ ,OA + ;g (w1 (de1 + dtiwe) cos’ O + (do1 + dtywr)ws sin® G))
(S
" Agdty B wo(depy + dtjws) cos? © B w1 (dey + dtywr)sin? ©
(1 —W12) (1 —w22) 1 —WQQ 1 —w12
A—_ V3¢ Agdty B wa(dvpy + dtiws) cos® © Wi (d¢y + dtiw;) sin® ©
a p2 (1 — w12) (1 — LUQ2) 1-— w22 1-— QJ12
(7.2)
where we use the definitions
2_ 2 2 2 2 .2
=7r° 4+ w1°cos” O + wy“sin“ O
P 1 2 (7.3)

Ao =1—wi?cos’O® — wy?sin® O

After some manipulations (which closely follow the methods outlined in [11, 7]) , we
find that the final metric and the gauge field can be written in a manifestly Weyl-covariant
form

ds* = —2u,dz" (dr +r A,dz") + [r2gu,, + ’LL(HSV)AU)\ — wﬂ)‘wh,} dztdx”

2m ¢ q
— - = v+ —=ug,l,y | detdz”
+ K 2 p4> Uyt + 22k V)] rhax (7.4)
3 1
A= —\Cquudx“ . opP=r? 4 §wa5waﬁ o= ew,,\,,u”w)“’
with
1 of R?
TMV = p(guy + 4uuul,) + 2KZ(MJV) + 7647TGAdS R Rauﬁy — 712 Juv
(7.5)
J, =nu where [, =€ W p= mn and n= V3g
. . ot T U 8nGaags -~ 871G ags

We note that when the bulk Chern-Simons coupling x is non-zero, apart from the
conventional diffusive transport, there is an additional non-dissipative contribution to the
energy current which is proportional to the vorticity of the fluid. To the extent we know of,
this is a hitherto unknown effect in the hydrodynamics which is exhibited by the conformal
fluid made of N' = 4 SYM matter. This new non-dissipative transport can be traced back to
the Chern-Simons term in the gravity theory which according to the gauge-gravity duality,

15Note that the parameter ¢ here is the negative of the one used in [19].

— 21 —



encodes the information about the global anomalies in the field theory. This suggests that
this transport closely related to the U(1)? global anomaly in the field theory.

It would be interesting to find a direct boundary reasoning that would lead to the
presence of such a term - however, as of yet, we do not have such an explanation. However,
an indirect explanation was provided by the authors of [20], where they give a clever en-
tropic argument which relates this coefficient to the anomaly. This suggests the possibility
that such a transport is universal, i.e., it is present in any field theory which has global
anomalies and it would be useful to explicitly check whether this is the case by calculating
this transport coefficient in a calculable model - say a spin model.

The presence of such an effect was indirectly observed by the authors of [15] where
they noted a discrepancy between the thermodynamics of charged rotating AdS blackholes
and the fluid dynamical prediction with the third term in the charge current absent. We
have verified that this discrepancy is resolved once we take into account the effect of the
third term in the thermodynamics of the rotating A/ =4 SYM fluid. In fact, one could go
further and compare the first order metric obtained in [18, 17] with the rotating blackhole
metric written in an appropriate gauge. We have done this comparison up to first order
and we find that the metrics agree up to that order.

8. Conclusion

In this synopsis, we have tried to summarise some of our work on the hydrodynamics that
emerges out of an underlying strongly coupled conformal field theory at a finite temperature
and chemical potentials. The hydrodynamic transport in such theories can be studied using
the methods of gauge-gravity duality which reformulate the questions about transport into
questions in a classical gravity theory interacting with matter. Further, we have seen that
the underlying Weyl covariance of the conformal field theory finds a natural expression
both in hydrodynamics and in gravity.

Our study has thrown up very interesting questions about the hydrodynamic transport
- we have already remarked on the apparent universality of second order transport coeffi-
cients from gravity which is puzzling. We can also enquire as to whether there is a clever
way by which such universal relations can be derived at all orders in derivative expansion.

A more intriguing phenomenon is the novel kind of non-dissipative transport in the
hydrodynamics which seems to be driven by an underlying anomaly. As we had already
remarked, it will be worthwhile look for a solvable model where this kind of transport is
present. Given the possibility that it is a universal effect, there is a slim hope that there
might be experimental systems where such a transport can be measured.

We have in this synopsis derived an expression which provides a metric solution to
Einstein equations for a give hydrodynamic state. This immediately raises the possibility
that a transition to turbulence in the hydrodynamics is accompanied by a turbulence like
phenomenon in gravity. It would be interesting to see whether we can develop a detailed
phenomenology of such a transition in gravity.
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