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The Miura operator at the M2-M5 intersection

1. Introduction

1.1. Geometry-representation correspondence

m Branes (sheaves) in toric Calabi-Yau 3-folds CY3

0

Representation theory of affine Yangians

m The famous AGT correspondence [Alday-Gaiotto-Tachikawa (2009)]
relating the Virasoro algebra with U(2) instantons on C2 C C3
and its various BPS/CFT generalizations can be thought of as
special examples.

m Today only CY3 = C3 or more generally C x C2/Z,.
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1. Introduction
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m More generally, one can exchange C,, x C., x C,, by C x C2/Z,
in Q-background leading to the matrix generalization of the story.

TR
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The Miura operator at the M2-M5 intersection
1. Introduction

1.3. Representation theory side

m Compactification on €2-background leads to the algebra of
operators on R for M2-branes and on C* for Mb-branes.

m Both the M2-brane algebra and modes of the Mb-brane algebra
need to satisfy relations of the universal algebra ) in order to
admit non-anomalous coupling to the 5d theory on C x C* x R.
[Costello (2016), Costello (2017)]

m In our examples of CY3 = C x C2/Z,, the universal algebra ) is
known as the affine Yangian of gl,.

m The geometric picture predicts an existence of representations
Ani,no,ns and Yy, n, vy of the universal algebra V:

Y= Anl,nz,n3 Y= YN17N2,N3
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1. Introduction

1.4. Interaction of M2-M5 branes

m With Gaiotto, we investigated M2-M5 intersections and various
aspects of the relation between Ap, 5, n; and Yy, v, v

N2

ny -
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2. Elementary representations

2.1. Mb-brane algebra

m An Mb5-brane in Nekrasov's 2-background leads to the gAll algebra
living on C* [Nakajima (1995), Gaiotto-Alday-Tachikawa (2009),
Nekrasov-Witten (2010), Schiffmann-Vasserot (2012), Maulik-Okounkov

(2012), Yagi (2012)]:
1]
_L_)J 6162

O (5% a 1%
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000 — (37

L U ] = —— /

m Different orientations (coming from permutations of €1, €2, €3
satisfyin = ive rise to Y; Y. and Ypo.1.
isfying €1 + €2 + €3 = 0) give ri 1,0,0. Y0,1,0 0,0,1
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2. Elementary representations

m All must be different representations of the gl; affine Yangian Y
generated by t 0, to, for n € Z subject to a relatively complicated
system of relations. [Costello (2016)]

m Indeed, )Y admits three Fock representations

Y0,01:ton — Jn
e

3 (J3)_2 + €1€0€3 Z kd_p_1Jk_1

k=0

Yo0,1:to —

and analogously for Y1090 and Y 1,0. [Bershtein-Feigin-Merzon
(2015), Gaiotto-MR (2017), Prochazka-MR (2017),
MR-Soibelman-Yang-Zhao (2018)]
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2. Elementary representations

2.2. M2-brane algebra

m An M2-brane in the Nekrasov's Q2-background placed in the
C x C x R geometry leads to the Weyl algebra living on R [Yagi
(2014), Costello (2017), Kodera-Nakajima (2017), Gaiotto-Oh (2019)]:

[61_875] =€

m In order to get the algebra associated to C x C* x R, one needs to
add generator 1/z satisfying obvious relations

1
z— =1

1
[6187 ;] - _61?7 —

and leading to the full algebra A; g .
m Different orientations give rise to A1 0, Ao,1,0 and Ago.1.
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2. Elementary representations

2.2. M2-brane algebra

m All must be different representations of the affine Yangian ).
[Costello (2017)]

m Indeed, Y admits three polynomial representations

1
A0,071 tton — —z"
€3

A070’1 : tg,o — 6382

and analogously for A; 9o and Ag1,. [Gaiotto-MR (2020)]
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3. Miura operator

3.1. M5-M2 intersections

m Operators at the intersection form a bi-module for both Ap, 5, n,
and Yp, ny ns:

+ ConsTRANT 086
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3. Miura operator

m Consistency of the coupling to the 5d theory is governed by the
coproduct Y — Y ® Y [Gaiotto-MR (2020)] given by

A:toy =+ tHa®1+1Qt,

[e.e]
A:ityy = to®1+1®bo+er16e3 Y kto k1 ® tig
k=0

_ 1
m In particular Y &Y

(Vy ALA'J 8 11 W /‘\)
’ [cF i

(Anl,nzyna ® YN1,N2,N3) e A(t)]

forany t € V.

m This was checked by an explicit calculation in the context of the
twisted M-theory by [Oh-Zhou (2021)].
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3. Miura operator

3.2. Appearance of the Miura operator

m What is £ associated to the simplest configuration?

M-theory |C C* R C, C, C,
M5 X X X
M2 X X
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3. Miura operator

m Composing

tO,n — tO,n & 1 1 ® tO,n

i e’}
o — (t0®1 X1 ® o)+ 16263 Z @

k=0

&

with representations Y7100 ® A1, gives
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3. Miura operator

m The gauge-invariance condition looks like

<J,,+Z>[,:L(Jn+z)
€1 €1

o
T27o = 6182 + €063 Z k./,,,,lzn_l L
k=0
o
=L\ Tro+ €10 + €263 Z kJ. qz="t
k=0
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The Miura operator at the M2-M5 intersection

m Let us introduce the Miura operator [Gardner-Greene-Kruskal-Miura
(1967), Drinfeld-Sokolov (1984), Fateev-Lukyanov (1988)]

thought of as an element of Y790 ® A;0,0.
m We have a natural bimodule for A; 9o and Yigo!

m L satisfies the gauge invariance condition, leading to a new
interpretation of the Miura operator as an operator at the
junction of the simplest M2-M5 intersection!
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3. Miura operator

3.3. Miura operators with different orientation

m What is £ associated to the following configuration?
M-theory |C C* R C, C, C,

M5 X X X
M2 X X
m We can now split into:
Ao, Ao o1
Yio00 Yioo
—
Ao, Ao
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3. Miura operator

m To the endpoints, we can associate vertex operators

explead(2)], exp[—e20(2)]

e — —
that also satisfy a version of the gane-invariance condition

18 Y0 © o )
[( Y17070 & A07071) o A(t)]ﬁ = ﬁ[yl,o’o(t)]

[Yl,()’o(t)]ﬁ = ﬁ[(Ao,O,l & Y170’0) o A(t)]
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3. Miura operator

m Let me sketch a cute way to re-derive the pseudo-differential
Miura operators from [Prochizka-MR (2018)]:

L3 = explead(2)] exp—e20(2)] DY

"y

: explezd(z )]aex_p[ ezcb ) )
% explead(2)](c30) > exp[—e2d(z

= (1- 6162@(638) . )(633) a

where we used the fact thata 2, _E l o é"
2 3(\ 24 alznsm D(
e z"aaz"O VS S
- (Z _ f)a-i-l

gives an isomorphism of Aj g bimodules.

Miroslav Rap&ak = UC Berkeley — Quantum fields, geometry and representation theory 2021 July 6, 2021



3. Miura operator

m One can check that this operator satisfies
[( Y1,070 X® AO,O,l) o A(t)]ﬁ = E[(AO,O,I &® Yl,O,O) o A(t)]

m Permuting €1, €2, €3, we get 9 elementary Mjura operators

that satisfy the gauge-invariance condition with A and ) in one
of the elementary representations.
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4. Composing elementary junctions

4.1. Corner vertex operator algebra

m Having defined elementary Miura operators, we can compose
them. Let us now look at

Yo,0,n
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4. Composing elementary junctions

m The original purpose of the Miura operator is the Miura
transformation (in the context of N-KdV hierarchies and Wy
vertex operator algebras): 3

—
_ @elng(z)) G;;B} 162](ZD
7T =@ )

@ €30 i
S 2,9
7Ny

®2
V> SuBALGERRA /A (3@4)
,—/\
S VIASPR O @ @,é

0,0,1 50,0,
Ly01L00),

e e

o =
|

2,0
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4. Composing elementary junctions

m The fused junction satisfies
[(Yoon ® Agp1) o A(t)IL = L[(Aop1 ® Yoon) o At)]
for representation

t — [Y001® Yo01®--® Yo01]0 A(A(...A(t)...))
N N1

known as the Wy vertex operator algebra. [Schiffmann-Vasserot
(2012), Maulik-Okounkov (2012)]
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4. Composing elementary junctions

m Analogously, one can fuse junctions

0,0,1 0,0,1 »0,0,1 0,0,1 »0,0,1 0,0,1
Lioo---L100L010 - Lo1oLoor---Looa

99 979 "y

-~ ~~

Ny No N3

i.e. perform a generalized Miura transformation [Prochdzka-MR
(2018)].

m This satisfies the gauge invariance for the general corner vertex
operator algebra Yy, n, v, given by

t — [Y170’0®...®Y071’0®...®Y070’1®...]O A(A (t))
N~ N~ \~ N——
Ny N N3 Ni+N>+N3—1

[MR-Soibelman-Yang-Zhao (2018)]
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4. Composing elementary junctions

4.2. Cherednik-algebras

m What if we fuse M2-branes instead? What is Ap, ny.ny7

AO,O,n
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4. Composing elementary junctions

m Let us look at a motivating example from [Prochdzka (2019)]:

m
Lol = (30 — e162J(2))
— & =

295 §¢ i T
19 ) J o0
\Z h —€1€2€3 Z J,,,(Zn_la + "”_18)
m=—00
+€2e3 Z Jomd 2™zt 4

who pointed out a connection to Calogero-Moser Hamiltonians
[Calogero (1972), Sutherland (1973), Moser (1975)].

m In turn Calogero-Moser Hamiltonians are known to be generators
of so-called spherical Cherednik algebra (truncations of DAHA).
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4. Composing elementary junctions

m Can we make the connection more precise? Is there a
three-parametric generalization of spherical Cherednik algebras?

m Let us look at the construction of Ag > from the coproduct

1 1.
ton — —z"4+—Z"
— €3 €3

00
trbo — 6382 + 6382 + €1€62€3 Z m

m=0

~ 2
— 6382 + 6382 + %7”2
e1 (z—2)

recovering the Dunkl realization of the Cherednik algebra Ag g2
from the same coproduct!
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4. Composing elementary junctions

m Nothing stops us here and we can define its three-parametric
generalization A, », 5y as

t—)[A17070®...®A07170®...®A07071®...]O A(A (t))
——

;7; ;72 ;7; ny+ny+n3—1
generalizing the two- tric family of [Sergeev-Veselov (2003).
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4. Composing elementary junctions

m It is straightforward to check that the composed Miura operator

1,0,0 1,0,0 +0,1,0
Loo1---Loo1Loon -
m n ns

0,1,0 »0,0,1 0,0,1
Lo Loor---Loot

"y

satisfies the gauge invariance condition for Ay, n, n, intersecting
Y0,0,1-
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5. Matrix generalization

m The above story has a matrix generalization associated to the
geometry C x C?/Z,.

m The universal algebra ) universal algebra generated by t>, to,»
becomes the gl, affine Yangian generated by €.0,n1 ©2,0 with
ihj=1,... k.

m The algebra Y again admits three elementary M2-brane
representations [Gaiotto-MR (in preparation)]

ej;O,n — Ejjzn
tbo — 6082

for « = 1,2,3 and where e3 = —ep — keg and EJ’ are in a
particular representation of the gl, Lie algebra depending on «.
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5. Matrix generalization

m Analogously, the algebra ) again admits three elementary
Mb5-brane representations. [MR (2019), Prochazka-Eberhardt (2019)]

m Furthermore, the coproduct formulas naturally generalize to this
case leading to three-parametric families of M2-brane and
Mb5-brane algebras including spin Calogero-Moser system and its
various generalizations.

m The two families of algebras interact via matrix generalization of
the Miura operator and vertex operators.
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6.Conclusion

m Miura operators are operators at the junction of M2-M5 branes in
twisted M-theory. They satisfy R-matrix-like gauge-invariance
condition.

m The coproduct of the affine gl; Yangian can be used to define a
three-parametric family of corner algebras Yy, n, n, but also a
three-parametric family of Cherednik algebras Ap, n,.n,-

m Miura operators can be fused to describe junctions between more
complicated M2-M5 intersections that relate such more
complicated algebras.

m Screening charges, pseudo-differential Miura operators and the
complicated structure of degenerate representations emerge
naturally in the current picture.
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