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1 Berry’s Operator

The operator, ~∇B( ~A. ~B) = ~A.~∇ ~B is defined by,

(A.~∇ ~B)xi
=

3∑
j=1

Axj

∂

∂xi
Bxj

where x1, x2, and x3 = x, y, z.
(from eq. 1.4 of [1])

2 The Momentum Density

P ∝ Re
[
~E∗ × ~H

]
∝ Im

[
~E∗ ×~(∇× ~E)

] (
−iω

c
µ ~H = −~∇× ~E

)
= Im [ ~E∗.∇ ~E − ( ~E∗.~∇) ~E] (1)

(Wikipedia: Vector calculus identities, Section: Cross product rule)
Consider,

~∇× ( ~E∗ × ~E) = ~E∗(~∇. ~E)− ~E(~∇.E∗) + ( ~E.~∇) ~E∗ − ( ~E∗.~∇) ~E

= −2i Im [( ~E∗.~∇) ~E] (Charge free Maxwell’s eqns)

⇒ Im [( ~E∗.~∇) ~E] =
i

2
~∇× ( ~E∗ × ~E)

Since i
2
~∇× ( ~E∗ × ~E) is real,

i

2
~∇× ( ~E∗ × ~E) = −Im [

1

2
~∇× ( ~E∗ × ~E)]

From eq(1),

⇒ ~P ∝ Im [ ~E∗.∇ ~E +
1

2
~∇× ( ~E∗ × ~E)]

= Im [ ~E∗.∇ ~E] +
1

2
~∇× ~S
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where ~S is the spin angular momentum density.
The first term may be recognized as the canonical momentum, whereas the

second term is the spin momentum.
Using the ’electric–magnetic democracy’[1] principle, we should also add the

contribution from the magnetic part, thus modifying the equation to,

⇒ ~P ∝ 1

2
Im [ ~E∗.∇ ~E + ~H∗.∇ ~H +

1

2
~∇× ( ~E∗ × ~E + ~H∗ × ~H)]

=
1

2
Im [ ~E∗.∇ ~E + ~H∗.∇ ~H] +

1

2
~∇× S

= ~P can + ~P spin

3 Force equation

From [2], the optical force terms of complex fields and dipole moments,

F ∝ Re [~d∗e.~∇ ~E + ~d∗m.~∇ ~H]

where ~de = αe ~E, ~dm = αm ~H, are complex electric and magnetic dipole
moments and αe, αm are complex electric and magnetic polarizabilities.

F = Re [α∗e ~E
∗.~∇ ~E + α∗m ~H

∗.~∇ ~H]

= Re [αe]Re [ ~E∗.~∇ ~E]+Re [αm]Re [ ~H∗.~∇ ~H]−Im [α∗e ]Im [ ~E∗.~∇E]−Im [α∗m]Re [ ~H∗.~∇H]

= Re [αe]Re [ ~E∗.~∇E]+Re [αm]Re [ ~H∗.~∇H]+2µωIm [αe]P
can
e +2εωIm [αm]P canm

From,

w =
1

2
(ε|E|2 + µ|H|2)

~∇w =
[
εRe [ ~E∗.~∇ ~E] + µRe [ ~H∗.~∇ ~H]

]
= ~∇we + ~∇wm

⇒ F ∝ c2

2ω

[
µRe [αe]~∇we + εRe [αm]~∇wm

]
+ µIm [αe]P

can
e + εIm [αm]P canm
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4 Spin angular momentum density

Evanescent fields are given by,

E ∝ 1√
1 + |m|2

[
x̂+m

k

kz
ŷ − i κ

kz
ẑ

]
eikzz−κx

where, k = kz ẑ + iκ x̂, and k2 = k2z − κ2.
The corresponding magnetic field,

H =
1

k
√

1 + |m|2
[~k × ~E]

=
1

k
√

1 + |m|2

[
−mkx̂+

[
kz −

κ2

kz

]
ŷ +

iκkm

kz
ẑ

]
eikzz−κx

=
1√

1 + |m|2

[
−mx̂+

k

kz
ŷ +

iκm

kz
ẑ

]
eikzz−κx

Consider,

~E∗ × ~E ∝ 1

(1 + |m|2)

[
−2iRe(m)kκ

k2z
x̂+

2iκ

kz
ŷ +

2iIm(m)k

kz
ẑ

]
e−2κx

Now consider,

~H∗ × ~H ∝ 1

(1 + |m|2)

[
2iRe(m)kκ

k2z
x̂+ |m|2 2iκ

kz
ŷ +

2iIm(m)k

kz
ẑ

]
e−2κx

Therefore,

~S ∝ 1

2
Im (E∗ × E +H∗ ×H)

=

[
κ

kz
ŷ +

2Im(m)

1 + |m|2
k

kz
ẑ

]
e−2κx (2)

From eq. (5) from the paper [3],

~S⊥ ∝
Re ~k × Im ~k

(Re ~k)2
=

κ

kz
ŷ

This agrees with our derivation.
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5 Canonical Momentum

From eq. (6) from [3],

~P can =
1

2
Im [ ~E∗.∇ ~E + ~H∗.∇ ~H]

Therefore,

( ~E∗.∇ ~E)x = E∗x
∂

∂x
Ex + E∗y

∂

∂x
Ey + E∗z

∂

∂x
Ez

=

[
1 +

(
|m|k
kz

)2

+
κ2

k2z

]
−κe−2κx

1 + |m|2

( ~E∗.∇ ~E)y = 0

( ~E∗.∇ ~E)z = E∗x
∂

∂z
Ex + E∗y

∂

∂z
Ey + E∗z

∂

∂z
Ez

=

[
1 +

(
|m|k
kz

)2

+
κ2

k2z

]
ikze

−2κx

1 + |m|2

Similarly,

( ~H∗.∇ ~H)x =

[
|m|2 +

k2

k2z
+

(
mκ

kz

)2
]
−κe−2κx

1 + |m|2

( ~H∗.∇ ~H)y = 0

( ~H∗.∇ ~H)z =

[
|m|2 +

k2

k2z
+

(
mκ

kz

)2
]
ikze

−2κx

1 + |m|2

Finally,

~P can = kze
−2κxẑ = e−2κx Re ~k

In agreement with eq.(9) from [3].

6 Spin Momentum

From eq. (7) from [3],

~P spin ∝ 1

2
~∇× ~S

where ~S is given by eq. 2,

~S =

[
κ

kz
ŷ + σ

k

kz
ẑ

]
e−2κx

⇒ ~P spin ∝
[
σ
k

kz
ŷ − κ

kz
ẑ

]
κe−2κx (3)
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From (10) from [3],

~P spin ∝ − (Im ~k)2

(Re ~k)2
Re ~k + σk

Re ~k × Im ~k

(Re ~k)2

=

[
− κ

kz
ẑ + σ

k

kz
ŷ

]
κ

in agreement with eq. 3
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