
Q. Why do we and other animals have brains?

• movement is the only way we have of interacting with the world  
– communication: speech, gestures, writing  all require movement 
– sensory, memory, cognitive  ➞ future movements 

 

A. To produce adaptable and complex movements

Computational principles of sensorimotor control
Daniel Wolpert, Zuckerman Mind Brain Behavior Institute
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Modest success in robotics: Manipulation
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 Institute of Robotics and Mechatronics Cup stacking world record



Multiple degrees of freedom
around 200 joints and  
600 muscles to control 

Complex dynamics
e.g. raising arm causes 

postural instability

Uncertainty
e.g. where the ball 
will strike the racket 

Time varying properties
e.g. tool use, muscle fatigue

Noise
           MotorSensory

Time delays
sensory and motor

Perceived

Actual 

Normative approach to human movement control
“normative” 

assume approximate optimality 
under relevant constraints

• Motor planning
• State estimation
• Motor prediction
• Motor learning
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Reverse-engineering sensorimotor control

Upper limb and hand
• Multiple degrees of freedom
• Nonlinear
• Time-varying
• Time delays 
• Noise

Marr-ian approach
1) Computational theory 
2) Representation and algorithm
3)   Implementation
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Duration Hand trajectory

Arm configuration Muscles

Motor planning
• Tasks are usually specified at a symbolic level
• Motor system works at a detailed level, specifying muscle activations
• Gap between high and low-level specification
• Any high level task can be achieved in infinitely many low-level ways



Arm movements: Paths 
1) Hand paths approximately straight 
      - joint angle trajectories can be highly curved 
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(Abend 1982)



Eye movements: saccades
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Observing others

(movies courtesy of Hirsohi Yoshida)



Models

HOW models
– Neurophysiological or black box models
– role of brain regions in generating behavior

WHY models
– Why did the How system get to be the way it is? 
– Unifying principles of movement production
• Evolution
• Learning
• Assume minimal neural constraints 
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The Assumption of Optimality
Movements have evolved to maximize fitness
–  improve through evolution/learning
–  every  possible movement which can achieve a task has a cost
–  we select movement with the lowest cost



Cost =
� T

0

...
x (t)2 +

...
y (t)2dt

 Arm movements

Minimum jerk (rate of change of acceleration) of the hand
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hand paths appeared smooth, their curvature4 was not uniform, and 
the hand speed displayed one or more maxima. The minima between 
two adjacent speed peaks correspond temporally to peaks in the 
curvature (Abend et al., 1982). A similar temporal coupling between 
speed and curvature has been observed in handwriting, drawing 
(Viviani and Terzuolo, 1980), and infant reaching movements (von 
Hofsten, 1979). In this paper, we will show that this behavior can be 
derived from a single organizing principle. This principle is based on 
the kinematics of the motion of the hand in extracorporal space and 
provides further evidence that movements are planned in terms of 
hand trajectories rather than joint rotations. 

To describe this behavior, a mathematical model of the organiza- 
tion of voluntary arm movements is presented. There are, of course, 
many ways of formulating a mathematical description of any given 
phenomenon. In the work presented here, we have used dynamic 
optimization theory, as it permits us to describe an assumed goal of 
this class of movements in a relatively simple formula and derive 
from the formula a detailed prediction of the kinematics of a large 
number of specific movements. It will be shown that this mathemat- 
ical model succeeds in accounting for the majority of the kinematic 
features of planar horizontal arm movements described in previous 
studies (Morasso, 1981; Abend et al., 1982). A number of new 
features of planar horizontal arm movements are also predicted by 
the model, and some new experimental results confirming these 
predictions are presented. 

The Mathematical Model 

Briefly, dynamic optimization requires the definition of a criterion 
function which describes the objective of the movement. Generally, 
this function is expressed mathematically as a time integral of a 
performance index, an algebraic function which may, in general, 
depend on the system inputs, outputs, and internal variables. A set 
of differential equations are formulated which describe the response 
of the system to its inputs. The methods of variational calculus and 
optimal control theory (Bryson and Ho, 1975; Pontryagin et al., 1962) 
are applied to find the trajectory which minimizes this criterion 
function subject to dynamic constraints imposed by the system 
differential equations and the algebraic constraints imposed at the 
end points or during the motion. The use of optimization techniques 
to model natural behavior is appealing because of the analogy it 
bears to the optimization presumed to occur as a result of natural 
selection. Studies of two-joint arm movements have shown that as 
a result of practice the variability in hand trajectories is reduced 
exponentially with time (Georgopoulus et al., 1981). The fact that 
only a few executed trajectories emerge may indicate an underlying 
adaptive process tending to produce movements which optimize 
certain kinematic or dynamic variables (Abend et al., 1982). The 
critical step in the analysis is the selection of an appropriate objective 
function. Here the experimental results are suggestive. Since, with 
learning and practice, movements tend to be performed more 
smoothly and gracefully, this may indicate an underlying objective 
of achieving the smoothest movement which carries the hand from 
one equilibrium position to another. This was the point of departure 
of an optimization-based mathematical description of voluntary 
movements in monkeys (Hogan, 1982, 1984; Bizzi et al., 1984). The 
major qualitative and quantitative features of single-joint forearm 
movements have been successful predicted, assuming that maxi- 
mizing smoothness may be equated to minimizing the mean-square 
jerk. Jerk is mathematically defined as the rate of change of accel- 
eration. The work presented in this paper is the generalization of 
that analysis to the case of multijoint motion. 

An important feature of the multijoint case is that the predicted 

4 Hand speed, T, is defined as: T = &# + (3)‘. Trajectory curvature 
is defined as: C = (kp - $?)/((X)’ + (v)2)3’2 where % and y are the time 
derivatives of the x- and y-coordinates of the hand in the plane and X and 9 
are the corresponding accelerations. 

behavior depends critically on the choice of coordinates in which 
the criterion function is formulated. Our choice of coordinates was 
again guided by experimental observations, in particular the fact that 
the invariant features of upper limb movements are only evident 
when hand motion is expressed in extracorporal coordinates. 

The position vector of the hand was defined with respect to a 
laboratory-fixed Cartesian coordinate system. Differentiating this po- 
sition vector three times, Cartesian jerk for the hand can be defined. 
In moving from an initial to a final position in a given time t,, the 
objective function to be minimized is the time integral of the square 
of the magnitude of jerk: 

c=;f(($y+($!$t (7) 

x and y are the time-varying hand position coordinates. Mathematical 
expressions for x(t) and y(t) are to be found, which bring the criterion 
function in equation 1 to a minimum. 

This optimization procedure was used for the description of 
several experimentally observed types of human planar two-joint 
arm movements: unconstrained point-to-point movements, uncon- 
strained curved movements, and obstacle-avoidance movements. 
Comparisons of the mathematically predicted trajectories with ex- 
perimental movement records were used to evaluate the success 
of the model. 

Unconstrained point-to-point movements. For unconstrained 
point-to-point movements, the objective can be stated as follows: 

“Generate the smoothest motion to bring the hand from the initial 
position to the final position in a given time.” 

One might expect the physical system which generates the move- 
ment (i.e., the neuromusculoskeletal system) to impose certain 
constraints on the kinematic or dynamic variables. Such constraints 
might set limits on the hand speed or acceleration, due, for example, 
to limitations on the maximum torques that the system can generate 
or on how rapidly they can be changed (Nelson 1983). However, 
none of the movements studied here was extremely fast nor did any 
of the movements require the generation of large forces. As the 
subjects did not operate anywhere near the limits of neuromuscular 
performance these constraints are inoperative. The optimization 
procedure is presented in Appendix A and results in a minimum jerk 
trajectory which is a fifth order polynomial in time for both x(t) and 
y(t). 

If the constraints imposed by the physical system become impor- 
tant, the problem may be solved using the method of Pontryagin 
(Pontryagin et al. 1962). This method was also applied to our problem 
(Appendix B). The two methods yielded the same expressions for 
the hand trajectory. 

The criterion function determines the form of the movement 
trajectory. The details are determined by the boundary conditions at 
the onset and termination of the movement. Given this information 
and the duration of the movement, the trajectory of the hand is 
specified in its entirety. No other information is required. Assuming 
the movement to start and end with zero velocity and acceleration, 
the following expressions for hand trajectory are obtained: 

x(t) = x,, + (x0 - x,)(lL4 - 6? - 10~~) 
y(t) = yo + (yo - y,)( 1%“ - 6~~ - 102) (4 

where 7 = t/h x0, y. are the initial hand position coordinates at t = 
0, and xf, yf are the final hand position coordinates at t = tf. 

Profiles of the predicted hand path (P) and hand tangential velocity 
(T) are shown in Figure 1A. This trajectory is a straight line between 
initial and final positions with a bell-shaped unimodal velocity profile. 
Since the predicted trajectory depends only on the initial and final 
positions of the hand, it is invariant under translations and rotations. 
The shape of the predicted trajectory also does not change with 
amplitude or duration of the movement, which merely serve to 
change the scale of the position and time axes, respectively. Note 
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(Flash and Hogan, JN, 1985)



Problems with minimum jerk and other costs 

• Makes sense - some evolutionary/learning advantage

• Simple for the brain to measure

• Generalizes to different systems  

• e.g.  eye, head, arm

• Generalizes to different tasks  

• e.g. pointing, grasping, drawing  

→ Reproduces & predicts behavior 
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The ideal cost for goal-directed movement
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Motor noise is signal-dependent

Maximum voluntary 
torque

0.25 Nm

6 Nm

14 Nm

0.8 Nm
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(Hamilton, Jones & Wolpert, Ex. Br. Res., 2004)
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Signal-dependent noise and optimal control

motor commands          probability distribution of movement
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Noise

Desired command Actual command

TimeTime

(Harris & Wolpert, Nature, 98)

DesiredOptimal

➞
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Pointing movements: (minimize variability)

•Specify properties of eye/arm

•Duration + amplitude

•Signal-dependent noise

• Non smooth movement  
⇒ requires abrupt change in velocity ⇒ given low pass system 
⇒ larger motor command  ⇒ increased noise

• Smoothness  ⇒ accuracy 

• Smoothness is inherent given signal-dependent noise and may be built in to neural and 
mechanical components

Time (ms)



Desired
Trajectory

Controller

Motor
Command

Task
(cost)

Planner

State
Estimator

Predictor

Sensory Feedback

Motor control in the late   20thC

Noise



The demise of the desired trajectory

Minimal intervention principle

Desired
Trajectory

No evidence for a neural representation of desired trajectory 

(Liu & Todorov, 2007)



Motor control in the 

Desired
Trajectory

Controller

Task
(cost)

Planner

State
Estimator

Sensory Feedback

Efference copy

Servo
Controller

Optimal Feedback
 Control Law

20thC

C

Motor Command

Noise
Noise

lateearly
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Optimal Feedback Control (Todorov, Kappen)
Ties together planning,  on-line control, coordination, effort and noise
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Cost  
= 

Terms to do with accuracy 
+ 

Terms to do with effort

Time varying feedback control law

(Liu & Todorov 2007)

(Todorov PNAS, 2009) 
(Todorov chapter in Bayesian brain, 2006)
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Optimal control and planning

• Evolution/learning tries to optimize  a function of the movement

• Noise lead to variability of movement

• We can control the variability by choosing different ways to move

• We can set up feedback controllers that are optimal for task 
performance

Pruszynski J.A., and Scott S.H. (2012). Optimal feedback control and the long-latency stretch response. Exp Brain Res. 218, 341-359. 
Diedrichsen J., Shadmehr R., and Ivry R.B. (2010). The coordination of movement: optimal feedback control and beyond. Trends Cogn Sci. 14, 31-39. 
Scott S.H. (2004). Optimal feedback control and the neural basis of volitional motor control. Nature Reviews Neuroscience. 5, 532-546. 
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Feedback Motor

Command

+Noise
+Noise

Task

Ambiguous
Variable
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State estimation
Interpreting the uncertain state of the world



Brain

World

state1 state2

sensory 
input1

motor 
command

1

Time

state3 state4

sensory 
input2

sensory 
input3

sensory 
input4

motor 
command

2

motor 
command

3

Brain-world
Barrier

Generative model of state evolution

Noise

Noise
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Kalman filter is the Bayesian estimator

• Minimum variance estimator 
• Optimal state estimation is a mixture
– Predictive estimation (FF)
– Sensory feedback (FB)
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Motor prediction with forward model

Internal models:
• Models within (internal to) the brain
• Model aspects of the motor system/world
Forward model= causal direction

Predicted outcome can be compared to actual 
outcome to generate an error

Forward model

McNamee, D. & Wolpert, D. M. (2019).  
Internal Models in Biological Control.  
Annu Rev Control Robot Auton Syst, 2, 339-364.
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How is eye position estimated
Brain’s

estimate

Sensors in
Eye muscles

Motor 
command

Predictor
Eye

Position

Prediction

• Optimal integration relies on both sensory inputs and motor outputs
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Motor prediction

Information is delayed
• Sensory processing delays
• Transport delays
• Central processing
• Motor output delays

• e.g. visuomotor loop delay 200ms
– Eye movements last 50ms
– Fast arm movements can take ~300 ms

So sensory information cannot be used to guide initial part



Types of  (Kalman) estimation problems

span of available data

t
Filtering

t
Smoothing

t
Prediction Control with delays

State
Estimator
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Minimizing delays 

Load Force = mg
Grip > μ Load

F

+ F



Types of Motor Learning

strategy learning skill learning/ 
variability reduction sequence learning

adaptation

optimization

(Krakaeur & Mazzoni 2011)



Representations in motor learning
• Information during a single movement is too sparse/noisy 

to unambiguously determine the source of the error.

•
External, temporary: gust of wind
External, more permanent: ball, high net, racquet
Internal, temporary: noise
Internal, more permanent: poor stroke

• representations reflect the internal assumptions about the task structure 
and constrain the way in which the system is updated in response to 
errors.

• representations can be conceptualized in two ways, either with 
mechanistic or normative models.



Mechanistic models
• models specify the representations and learning algorithms directly

• e.g. motor primitives or motor synergies

• neural control modules that can be flexibly combined to generate a 
large repertoire of behaviors. 

Primitive 1

Primitive 2

Primitive n

+

g1

g2

gn

..



Normative models
• Generative model

• Specify how different factors,  influence the motor system 
— such as tools or levels of fatigue

• Priors: how these factors are likely to vary over both space 
and time 

•  together determine how the motor system should attribute 
an error to the underlying causes and, therefore, how it 
should adapt.



Impedance 
Control
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Muscle tension 

Tension depends on complex interplay between length and velocity
• tension increases with length over the normal range
• Spring like property
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Measuring stiffness
Step hand 1cm in different direction and measure restoring force

Low stiffness High stiffness

Stiffness varies with co-contraction

10N/cm
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Burdet,  et al . (2001).  Nature,

Controlling stiffness

Smash
(high stiffness)

Drop-shot
(low stiffness)

Smash
(high stiffness)

Drop-shot
(low stiffness)

• Force control to 
learn stable tasks

• Stiffness control for 
unpredictable tasks



Bayesian 
Sensorimotor 

Control
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Bayesian Decision Theory
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sensory inputs motor outputs



Bayesian Decision Theory
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Data 

Prior knowledge 
memory

Beliefs Actions 

sensory inputs

motor outputs



Belief= 
Posterior

Prior

Data ➜ 
Likelihood
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Sensorimotor learning and Bayes rule

Sensorimotor systems 
– Represents the distribution of tasks 
– Estimates its own sensory uncertainty 
– Combines sources in a Bayesian way(Körding & Wolpert, Nature, 2004 ... to ..  

Houlsby et al, Curr Biol, 2013)

Data 

Prior knowledge 
memory

Beliefs Actions 

sensory inputs

motor outputs
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Loss Functions in movement

Target Position

Po
st

er
io

r
Pr

ob
ab

ili
ty

What is the performance criteria: loss function?

Statistics Neuroscience

Minimizing squared error for 
mathematical simplicity

What measure of error 
does the brain care about?
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Virtual pea shooter

Mean
Starting location

(Körding & Wolpert, PNAS, 2004)
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Predictions
Possible Loss functions

MEAN

-2       -1           0           1         2 
Error (cm)

ρ=0.2

ρ=0.3

ρ=0.5

ρ=0.8

Distributions

MODE
Maximize Hits

-2       -1           0           1         2 
Error (cm)

MEDIAN
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Loss function is robust to outliers

Loss function for pointing
• Mean squared error with robustness to outliers

~ Huber



Imposed loss function

0 -100 -500+100+100 +100

(Trommershäuser et al 2003) 

Intrinsic loss function:     Mean squared error with robustness to outliers
Extrinsic loss functions:   Near optimal performance for payoff

Wolpert D.M., and Landy M.S. (2012). Motor control is decision-making. Curr Opin Neurobiol. 22, 996-1003.
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Summary 

• Introduction
• Motor planning
• State estimation
• Motor prediction
• Motor learning
• Bayesian sensorimotor control



Rehabilitation

Control of 
Movement

RoboticsDisease

Brain

• Motor planning
• State estimation
• Motor prediction
• Motor learning

Summary 


