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Population dynamics

Doubly nonlocal Fisher-KPP X = compact Polish space

0 (x) = rylu;](x) = ryluJ(x) u,(x)

(FKPP)
+ J (ut(y) - ut(x))rh[ut](x, y) n(dy)
X

r, = birth, r, = death/competition, r, = hopping
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Population dynamics

Doubly nonlocal Fisher-KPP X = compact Polish space

atut(x) — rb[ut] (.X) — rd[ut] (X) I/tt(X)

Reference measure

(FKPP)
+ J (uy) = u,x) ) ry[u,1(x, y) m(dy)
X

r, = birth, r, = death/competition, r, = hopping
Multicomponent
ou, =— ¢ *v,u,+ pv,

SIS —3 OV, =0 )k V,(d—V,)— PV
( ) atVt: ¢*Vtut—ﬁvt 't ¢ t( l‘) ﬁl‘

Bock-Fattler-Rodiah-T. 2017



Population dynamics

Doubly nonlocal Fisher-KPP X = compact Polish space

O, = 7 [y,

(FKPP)
%[ﬂt] = Kbd[//tt] + Kh[//tt] : '%_I_(X) — %_I_(X)

where

Koglp1(dx) = rlpl(dx) — rylpl(x) p(dx)

Ml ]Cy, dx) pldy) — [ Ml ](x, dy) p(dx)
X

K, [pu](dx) = J

X

r, = birth, ry = death/competition, r, = hopping

Question: Is (FKPP) derived from microscopic dynamics?

Is (FKPP) a (generalized) gradient flow?
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Configuration space
Jump processes on configuration spaces

Towards the Liouville equation
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Configuration Spaces

For each N € N, define
XN = {(xl, LxNy e XN s xt£EX, j# l}/ ~
where (x!, ..., x) ~ (x%, ..., x) for every permutation ¢

QN
T
Reference measure re MT(X) —> ~T e MT(XY)

z®N
Configuration space X = Ll XN A= e "X Z T e P(X)

NeN, NeN,

Normalised Lebesgue-Poisson

Eg. Guichardet 1972, Obata 1987, Albeverio-Kondratiev-Réckner 1998



Configuration Spaces

z®N
Configuration space X = Ll xV A= e "X 2 W e P(X)

NeN, NeN,

Normalised Lebesgue-Poisson

Observations

L
1) xeXN e y={x,. ) <> vzzéxeﬂJr(X)

xXey

2) Il:=01L,A € PMT (X))

3)  E[N()| = [ N(x) A(dx) = 7(X) = O(1)
X

Eg. Guichardet 1972, Obata 1987, Albeverio-Kondratiev-Réckner 1998



Configuration Spaces

N (X (nm)®N
Configuration space X = Ll X N =e Z YT e P(X)
NeN, NeN, '

Scaled Normalised Lebesque-Poisson

Observations

L" 1
1) xeX' «s y={x1,.. X"} €« 1/=—25x€/%+(X)
n

XEy

2)  II":=LIA" € P(MF(X))

3) B[N = J N(X) A"(dx) = na(X) = O(n)
X

Eg. Guichardet 1972, Obata 1987, Albeverio-Kondratiev-Réckner 1998



Configuration Spaces

nmw
Configuration space X = Ll XN A" = 77X Z ( e P(X)
NeN, NeN,

Scaled Normalised Lebesque-Poisson

Observations

L" 1
1) xeX' «s y={x1,.. X"} €« v=—25x€/ﬂ+(X)
n

XEy

2)  II":=LIA" € P(MF(X))

3) [En[|y|]=J |v| IT{(dv) = n(X)
MH(X)

Eg. Guichardet 1972, Obata 1987, Albeverio-Kondratiev-Réckner 1998



Configuration Spaces

Multicomponent
Vi= | | WN

N ._ N N
Configurations Y= XX XM

Y, = {er 7= (71.72); 71072=®}



Configuration Spaces

Multicomponent . N N N N
Configurations Y= Ll Y Y= XXX
NeN?
Y# — {yEY . 7=<71972)9 ylnyZ:@} AZE :=An|y¢
% »
' X .
' X »
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Jump processes on configuration spaces



Jump process .

Birth Vi U+ =0, . %
with rate nrylv](dx) »
Generator

LI'F(v) := J n|F(v+—6,) — Fw)|ry[v](dx)
X



Jump process .
Birth Vi U+ =0, . %
with rate nrylv](dx)

Death Vb U — %5)6
with rate nrylvl(x)v(dx)
Generator

LiF(v) := J n[F (u — %5)6) - F (1/)] rqlv]1(x) v(dx)
X



Jump process @
Birth Vi U+ =0, L
with rate nrylv](dx) »
Death Vi U— %5,6 Hopping U U— %5)6 + %5y
with rate nrylvl(x)v(dx) with rate nry[vl(x, dy) v(dx)
Generator

L'F(v) := ﬂ n|F(v—=6,+—8,) — F)|ry[v](x, dy) v(dx)
XXX



Jump process .

s X

Generator L" =L+ L]+ L, *

L"F(v) = [ [F(n) — F)|x"(v, dn) *
MH(X)
generates the process t —~ v, € D(0,T]; MT(X))
where Pt ‘— Law 2 satisfies Gradient structure <= Detailed balance
Mielke-Peletier-Renger 2014
(FKEn) atPt — (Ln)*l:)t — _ mﬂ Jt K"(v,dn) II"(dv) is symmetric

J,=«"(v,dn)P(dv) =P, O K"

Forward Kolmogorov



Jump process .
X
Generator  L":=L"+ L]+ L/ ‘*‘ -

L"F(v) = [ [F(n) — F)|"(v, dn)
MH(X)
generates the process t —~ v, € D(0,T]; MT(X))
where Pt ‘— Law 2 satisfies Gradient structure <= Detailed balance
Mielke-Peletier-Renger 2014
(FKE, ) atPt — (Ln)*Pt — _ m/% Jt K"(v,dn) II"(dv) is symmetric
J; = 62%:;('3# _vﬂgn(Pt)) &, (P) = n! Ent(P|IT")

Forward Kolmogorov

Peletier-Rossi-Savaré-T. 2022



Jump process

Gradient structure <= Detailed balance

Mielke-Peletier-Renger 2014

(FKE ) 0P, = ( Ln)*Pt — _ mﬂ Jt K"(v,dn)IT"(dv) is symmetric

J; = 62%::('3# _vﬂgn(Pt)) &, (P) = n! Ent(P|II")

Variational Principle

(P,J) € argmin {Sf,,,(Q, G): 0Q,+div,G, =0, Q) = PO}

where

T
0< 2 (PJ):= J R (P, I)+D,(P)dt+ &,(Pp)— & (Py) <0

[ ’ !
Chain rule Generalized
Inequality Minimizing-movement

Peletier-Rossi-Savaré-T. 2022



Jump process

Gradient structufk—#8led balance

(FKE,) 0P, = (L")*P, = —divyJ, <, dn) I S  Symmetric

J; = 62%;;(&, _vﬂgn(Pt» &, (P) = n! Ent(P|II")

Variational Principle

(P,J) € argmin {an(Q, G): 0Q,+div,G, =0, Q) = PO}

where

T
0< 2, P,J):= J R (P,I)+D,(P)dt+ &,(Pp)— &, (Py) <0

[ ’ 1
Chain rule Generalized
Inequality Minimizing-movement

Peletier-Rossi-Savaré-T. 2022



Jump process

Gradient structul§@=—#88led balance

(FKE,) 0P, = (L")*P, = —divy), w(u, ) O Symmetric

J; = 02<%Z<Pt» _vﬂgn(Pt» &, (P) = n! Ent(P|II")

Variational Principle

(P,J) € argmin {59,1((2, G): 0Q,+div,G, =0, Q) = PO}

where
T

Z.(P,)) = J Ent(J,|P, @ k") dr <0

0 1
Large deviations L.
Approximations +

Lower semicontinuity
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Large population limit



OP" +div 4 ) =0

Towards Louville & (P) = n- Ent(P 11"

Recall R \ g
LI'F(v) = J n|F(v+—6,) — F)|r,[v](dx)
X
Cylindrical functions  Cyl (/Z7(X)) ¢ € CX(R")
Fw) = g({fis 1)y s {fpr 1)) fecX), I=1,..,m

Large population limit

VEF(V,X) — Z ai8(<f1a”>a oo {Soms V>)fi(x) =: Vy F(v, x)
i=1

LIFv) — J V,F,x)r[v](dx)
X



OP" +div 4 ) =0

Towards Louville & (P) = n- Ent(P 11"

Recall R \ g
LIF) = J n|F(v——6,) = F@)|rylv](x) v(dx)
X
Cylindrical functions  Cyl (/Z7(X)) ¢ € CX(R")
Fw) = g({fis 1)y s {fpr 1)) LECX), I=1,..,m

Large population limit

V’;F(y, x) — =V, F@,x)

LiFv) — -— J V,Fw,x)rv](x) v(dx)
X



. OP" +div, )t =0
Towards Louville & (P) = n- Ent(P 11"

Recall — W)

LiF(v) = H F v— -3, +3,) - F(]‘rh[v] (x, dy) v(dx)
XXX

Cylindrical functions  Cyl (/™ (X)) -
g € C°(R™)

Fw) = g({fis 1)y s {fpr 1)) LECX), I=1,..,m

Large population limit

VﬁF(l/, x,y) — V,Fu,y)—V,F,x)

L'Fv) — H [V/%F (v,y) =V, F(v, x)] rn[v](x, dy) v(dx)
XXX



OP" +div 4 ) =0

Large population limit & (P) = n! Ent(P | I

Large population limit 7' [v] = ky4lv] + K, [V]

L'"Flv) — J vV, F(v,x) 7 v](dx) VF e Cyl (#7(X))
X

Result: The sequence of solutions (P"), oy to (FKE,) with initial data
Py € P(MT(X)) such that
sup, _&,(Py) <+ o0

has a (narrow) accumulation point P satisfying
(Li) 0,P, +div,/(7P,) =0 Liouville

where

supte[O,T]%oo(Pt) < 4+ o0, & (P) = [/% ( )Ent(v | 7) P(dv)
+HX



OP" +div 4 ) =0

Large population limit & (P) = n! Ent(P | I

Result: The sequence of solutions (P"), oy to (FKE,) with initial data
Py € P(MT(X)) such that
sup, 6,(Py <+ o0

has a (narrow) accumulation point P satisfying

(Li) 0P, +div, (ZP)=0 Liouville

where

SUP, o 118 (P) <+o0, & (P)= [/% . Ent(v | 7) P(dv)

If $,: M (X) > M7 (X)is the flow map for (FKPP) 0, = 7"[u,], then
P, = (5,)4P forall 7 € [0,1] Superposition Principle

In particular, if Py = 6, with Ent(y | 7) < + o0, then P, = 05 (1)



OP" +div 4 ) =0

Large population limit & (P) = n! Ent(P | I

Result: The sequence of solutions (P"), oy to (FKE,) with initial data
Py € P(MT(X)) such that
sup, 6,(Py <+ o0

has a (narrow) accumulation point P satisfying

(Li) 0P, +div, (ZP)=0 Liouville

where

SUP, o 118 (P) <+o0, & (P)= [/% . Ent(v | 7) P(dv)

If Detailed Balance is satisfied then the GGF structure on (FKE,) induces a

GGF structure on (FKPP) via Evolutionary 1 -convergence
Sandier-Serfaty 2004

Hoeksema-T. 2023



Wrap Up

(FKPP) ou, =7 [ul Flow map
A S, M¥X) = MHX)

Entropic
Propagation of Chaos

lim Ent(P!|IT") = 0

= § (L) 9P, +div,(ZP,) =0
(FKE,) 9.P! +div,J! =0
1 n— oo
v, = ; );}/ 5x

Work in progress

Marked configurations

Singular (detailed balance) Thank you!
Infinite configurations

‘Central limit’



