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Opinion and Influence Modeling
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Opinion and Influence Modeling

Opinion of an agent on a single topic is a scalar z € R

z <0 z=0 x>0
Opposing Neutral Favoring
Opinion Opinion Opinion

Magnitude denotes the extent to which the agent favors or opposes the topic

® Modeling of social connections among the agents using a graph.

Enemy Friend ' -2.5 +5.8

Social ties Directed signed graph
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Literature Review

® Consensus: French-DeGroot Model (1974), Abelson’s Model
(1964).
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e Randomized gossip: Deffuant-Weisbuch (DW) Model (2001).
¢ Bounded-Confidence: Hegselmann-Krause(HK) Model (2002).
® Polarization: Altafini model (2013).

® Self-Appraisal: DeGroot-Friedkin Model (2015).

e Utility Maximization and Game theoretic approach:
Ghaderi and Srikant (2014), Etesami et.al (2019), Etesami and
Basar (2015), Etesami (2022), Park et.al (2022).
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Motivation for Our Work

® Resources influence the opinions and social power.

How Elon Musk changing his twitter bio to #bitcoin
affected the Bitcoin price

539,000
§37,000
§35,000
Elon Musk &
§33,000 @elonmusk
#bitcoin
$31,000 + |
600 480 360 240 <120 0 120 240 360
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® Resources influence the opinions and social power.

How Elon Musk changing his twitter bio to #bitcoin
affected the Bitcoin price

§39,000

$37,000

$35.000
Elon Musk &
$33.000 @elonmusk
#itcoin
§31,000 + ]
600 450 360 240 <120 0 120 240 360

Minutes
® Resources restrict extreme opinions.

House Auction

2 22

Bidder 1 Bidder 2 Bidder 3

Bid: $150k Bid: $180k Bid: $200k
Budget: $300k  Budget: $500k  Budget: $1M
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® penalizes deviation from preference.
® penalizes deviation from (or closeness to) neighbors’ opinions.
® penalizes extreme opinions.
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Opinion Dynamics

® Agent ¢ myopically seeks to maximize its utility, by revising its
opinion z; in the gradient ascent direction of U; with respect to z;.

Zi = SZ(Zl)—i-Cl(Z),VZ € A,

where
3
Si(#i) == —wi [z — pi] = Z—Z
Ci(z) == ai [z — il

ke A

(OD)

(Self ),
(Social)

N

ASi(zi) (Self function)

e £ : Set of equilibria of OD.

A

A\ 4
Si(.) is strictly | and
Si(mi) =0

® m; € R is the opinion agent ¢ would hold, if ¢ was “isolated” from

social influence.
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Force analogy

® Force due to S;(z) :
Attractive force towards m;

i:'l>Fi€’f

s(\.{__--.-
3

® Force due to Cj(z;) :

c; > 0: Attractive force towards Z; c; < 0: Repulsive force away from z;

1 @
Fsocial F social <::|'

o

wit
LN
3

wt
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~n— ball

Theorem (Ultimate Boundedness) L N

N
i \
o . o 1/

Under OD, the opinions are ultimately (=@l <[n, ¥>T
bounded. \ /
\ /
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Under OD, the opinions are ultimately ! =) <

bounded. \
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Ultimate Boundedness and Equilibria

~n— ball

Theorem (Ultimate Boundedness) L N

N
i \
o o 0 ! =

Under OD, the opinions are ultimately (=@l <[n, ¥>T
bounded. \ /
\ /

Theorem (Existence and Uniqueness of Equilibrium)

Let N denote the set of enemies of i. Suppose

w; > Z 2|aik| ; Vi € A (WAR: Weak antagonistic relations)
keENF

Then, there exists an unique GES equilibrium point z* € £.
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Ultimate Bound (No Antagonistic Relations)

® Let M := [Mpin, Mmaz]- Also define Vg :={i € A | m; = Mupax}
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Ultimate Bound (No Antagonistic Relations)

® Let M := [Mpin, Mmaz]- Also define Vg :={i € A | m; = Mupax}
and Viin :={i € A | m; = mmin}-

Proposition

Suppose NY = @, Vi € A. Let z(t) denote the solution to OD
from z(0). Then,

® z(t) converges to positive invariant set M™.
® z(t) converges to interior of M™ in finite time iff every agent
in Vinasr and Vi, is directly /indirectly influenced by at
least one agent in A\ Vg and A\ Vinin resp.
- This condition is satisfied if the social network is strongly
connected.
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Consensus

Theorem (Existence of Consensus Equilibrium)

For OD, a1 € & if and only if m; = «, Vi € A.
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Consensus

Theorem (Existence of Consensus Equilibrium)

For OD, a1 € £ if and only if m; = a, Vi € A.

Lemma (Dominance at Consensus)

For each i € A, define (dominance weight) o; := w;r;. Then for
any 1,j € A,

0'Z'<0'j<:>di>dj

d; d;

& > >
< »<€ >

Dj a D

Consensus Value
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Opinion Game: G = (A, (R),. 4, (Ui);ca)
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Ui(-,2%)) BR
(¢
Definition (Nash Equilibrium or NE) Local BR
. . ) Local BR b
z* = (zf,z";,) e R"isaNEif Vi € A, a’

Ui (ZZ, Z*—z) = max U; (Zi7 Z*_z)
2;€5;

BR = Best Response to z”;

Definition (Local Nash Equilibrium or LNE)
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Nash Equilibria

Theorem

Suppose z* = (zF,z*;) € £. Let n denote the ultimate bound on
opinions. For each i € A, define

. _ .din
T; 1= 3TZ lwi aF Z aik] == T; L. Then,
ke A/{i}
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—7r;

= + Y an| = %% Then
T3 o= 3 Wy ak | =: . en,
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Nash Equilibria

Theorem

Suppose z* = (z7,2*,) € €. Let n denote the ultimate bound on
opinions. For each i € A, define

. —r.din
T; 1= 3TZ lwri- Z aik] == T; L. Then,
ke A/{i}

z* € NEyonly if (27)2 >, Vie A.

If the above inequality is strict, then z* € N&,.

If 3 i € A such that 7; > n?, then N&; = @.

If d* > 0 then NE = NE, = E.

If WAR holds then N€ = NEp =€ and INE| = 1.

- Opinions under OD converge to this unique Nash Eq.
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Price of Anarchy (PoA) when Nf =@ and
pi #0,Vie A

¢ Two common objective functions (Obj(z)): Let Cost;(z) = —U;(z)
Obj(z) := max;c 4 Cost;(z) (Egalitarian)

Obj(z) := ) ;. 4 Cost;(z) (Utilitarian)

Definition (Price of Anarchy)

max Obj(z)
min Obj(z)
zcR™

Definition (Satisfaction Ratios)

SR;(z) 1= —=osti@)___ >

min,cgn Cost;(z) —
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Price of Anarchy (PoA) when Nf =@ and
pi #0,Vie A

® (Closer the value of PoA to unity, better is the quality of NE.

Theorem (Bounds on PoA in terms of SR;’s)

Let z* denote the unique NE reached under OD. Then,

1 < PoAp < max SRi(z*) , 1 < PoAy < g SRi(z*) ,

Corollary (Consensus equilibrium is socially

optimal)

If z* = al € &€ then, PoAg = PoAy = 1.

- Everyone is satisfied with the outcome!
15/17



Periodic Behavior of Opinions: Two Agent
Dynamics

0.

z(t)

2
0
2

-0.

—2 ]

0 50 100
time (t)

® The model could exhibit oscillations in presence of contrarians.
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Periodic Behavior of Opinions: Two Agent
Dynamics

0.

z(t)

2
0
2

-0.

— 4 — 2%

0 50 100
time (t)

® The model could exhibit oscillations in presence of contrarians.

® [t is necessary for at least one agent to be sufficiently contrarian
for periodic solutions to exist.

e A sufficient condition for Hopf Bifurcation to exist.
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Summary

OD derived out of the utility

Limited resources prevent extreme opinions

Game theoretic analysis

Ongoing work: Multi-topic OD under hard resource constraints

Prashil Wankhede, Nirabhra Mandal, Sonia Martinez, PT, IEEE
Transactions on Control of Network Systems 2025
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