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What can precision neutrino experiments 
reveal about foundational aspects of QM ?



Plan

• Foundational aspects of quantum mechanics 
• spatial and temporal correlations

• High energy physics context - neutrino oscillations 
• mapping of two state neutrinos to a two-level quantum system 

• Temporal correlations (Leggett-Garg inequalities) in neutrino oscillations 
• enhancement
• damping

• Temporal correlations (Leggett-Garg inequalities) in neutrino oscillations plus decay 
• Dirac versus Majorana

• Experiments confronting the LGI tests
• MINOS and Daya Bay

• Some ideas



From EPR to Bell and CHSH and to LG 

Primer on foundational aspects of QM



Viewpoint - classical or quantum

• The point of view offered by classical physics tells us that the physical properties of a given 
object exist independent of observation. The measurement process simply discloses the 
physical properties of that object. 

• However, quantum mechanics states that no physical property exists independent of 
observation. Rather, such physical properties arise as a consequence of measurements 
performed upon the system. 

• For example, according to quantum mechanics a qubit does not possess definite properties of 
‘spin in the z direction, σz’, and ‘spin in the x direction, σx’, each of which can be revealed by 
performing the appropriate measurement. Rather, quantum mechanics gives a set of rules 
which specify, given the state vector, the probabilities for the possible measurement outcomes 
when the observable σz is measured, or when the observable σx is measured. 

1920-1930



The work of EPR

• In 1935, Albert Einstein, Boris Podolsky, and Nathan Rosen challenged the quantum viewpoint and 
posed the question “Can the quantum-mechanical description of reality be considered complete ?”.

• Einstein had said “The real factual situation of the system S2 is independent of what is done with 
the system S1, which is spatially separated from the former.” This locality principle is motivated by 
special relativity, which prohibits instantaneous action at a distance. Such a principle was implicitly 
invoked in the EPR argument when it was asserted that a measurement on particle #1 cannot 
affect the condition of the spatially separated particle #2, since there is no interaction between the 
particles. 

• However, it was found that one could predict (prior to measurement) with certainity the outcome of 
measurement on the second particle by making a measurement on the first. They used the term 
“element of reality” to describe a physical property such that it is possible to predict with certainity 
its value, just before the measurement. 

• This contradicted the view of quantum mechanics according to which a particle would not have a 
definite value of a property prior to measurement. 

A. Einstein, B. Podolsky, and N. Rosen. Can quantum-mechanical description of physical reality be considered complete? Phys. Rev., 47:777–780, 1935. 

1935



Realistic experiment - Bohm

• System of two atoms, each having spin half prepared in a state of total spin zero. e.g. 
unstable excited states of certain diatomic molecules

• Singlet spin state vector :

• The particles are allowed to separate, and when they are well beyond the range of interaction 
we can measure the z component of spin of particle #1. Because the total spin is zero, we can 
predict with certainty, and without in any way disturbing the second particle, that the z 
component of spin of particle #2 must have the opposite value. 

• The value of σz (2)  is an element of reality, according to the EPR criterion and so are any 
number of spin components…

• Quantum state description is not a complete description of physical reality.
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of an underlying field. There is no reason to believe that the latest stage of
theory building represents a complete edifice.
The greater importance of the EPR argument is that it first confronted

quantum mechanics with a principle of locality, which Einstein later expressed
in the words “The real factual situation of the system S2 is independent of
what is done with the system S1 , which is spatially separated from the former .”
This principle is motivated by special relativity, which prohibits instantaneous
action at a distance. Such a principle was implicitly invoked in the EPR
argument when it was asserted that a measurement on particle #1 cannot
affect the condition of the spatially separated particle #2, since there is no
interaction between the particles.
The locality principle may seem so abstract and metaphysical that one may

be inclined to doubt that it can be experimentally tested, and it was not until
several decades after the EPR argument that its empirical consequences were
deduced.

20.2 Spin Correlations

The idealized experiment proposed by EPR is not a suitable model from
which to design a real experiment. It is not practical to prepare their initial
state (an eigenstate of relative position and total momentum), and even if it
could be prepared, it would have only a transitory existence, since an eigenstate
of relative position cannot be a stationary state. A more realistic experiment,
illustrating the same principles, was proposed by Bohm. He considered a
system of two atoms, each having spin s = 1

2 , prepared in a state of zero total
spin. (Certain diatomic molecules have unstable excited states with the desired
properties.) This singlet spin state vector for the two particles has the form

|Ψ0 ⟩ = (⟨|+⟩ ⊗ |−⟩ − |−⟩ ⊗ |+⟩)
√

1
2 , (20.1)

where the single particle vectors |+⟩ and |−⟩ denote “spin up” and “spin down”
with respect to some coordinate system. Even though the orbital state is not
stationary, the interactions do not involve spin and so the spin state will not
change. The particles are allowed to separate, and when they are well beyond
the range of interaction we can measure the z component of spin of particle
#1. Because the total spin is zero, we can predict with certainty, and without
in any way disturbing the second particle, that the z component of spin of
particle #2 must have the opposite value. Thus the value of σz(2) is an element
of reality, according to the EPR criterion. But the singlet state is invariant

D. Bohm. Quantum Theory. Prentice- Hall, Englewood Cliffs, New Jersey, 1951 ; see also D. Bohm and Y. Aharonov, Phys. Rev. 108, 1070 (1957) 

1951

spin up 

spin down 



Spin correlations in arbitrary directions

• Singlet spin state vector :

where σa is the component of Pauli spin operator in direction of unit vector a. 
• The correlation depends upon the angle between directions a and b. 
• If a is chosen to be along the z direction,
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under rotation, and it has the same form (20.1) in terms of “spin up” and “spin
down” vectors if the directions “up” and “down” are referred to the x axis, or
y axis, or any other axis. Thus, following EPR, we may argue that the values
of σx(2),σy(2), and any number of other spin components are also elements
of reality, and hence that the quantum state description is not a complete
description of physical reality.

Except for this restatement of the EPR argument in terms of a practicable
experiment, no further progress was made until 1964, when it occurred to J. S.
Bell to consider the correlations not only between the components of spin in the
same spatial direction, such as σz(1) and σz(2), but also between components
of spin in arbitrary directions. Let σa ≡ σ·â denote the component of the
Pauli spin operator in the direction of the unit vector â, and σb ≡ σ·b̂ denote
the component in the direction of the unit vector b̂. If we measure the spin of
particle #1 along the direction â and the spin of particle #2 along the direction
b̂, the results will be correlated, and for the singlet state the correlation is

⟨Ψ0 |σa ⊗ σb|Ψ0 ⟩ = − cos(θab) , (20.2)

where θab is the angle between the directions â and b̂. This result can be cal-
culated from the properties of the Pauli spin matrices by brute force.
Alternatively, we can invoke the rotational invariance of the singlet state, and
without loss of generality, choose â to be in the z direction. Then the two
terms of (20.1) each become eigenvectors of σa, and we obtain

⟨Ψ0 |σa ⊗ σb|Ψ0 ⟩ =
1

2
(⟨−|σb|−⟩ − ⟨+|σb|+⟩) = − cos(θab) .

This innocuous expression for spin correlations was shown by Bell to conflict
with Einstein’s locality principle.

We shall examine Bell’s arguments in the next section, but first we show
the existence of a conflict using a simple argument, similar to one introduced
by N. Herbert (1975). We idealize the source of the singlet state as a generator
of two correlated signals, and two spin-measuring devices are used as detectors
of those signals. Detector A measures the component of the spin of particle
#1 in the direction â, and detector B measures the component of the spin of
particle #2 in the direction b̂. The message recorded by detector A is the value
of −σa(1), and the message recorded by detector B is the value of σb(2). When
the two detectors are aligned in the same direction (θab = 0), the two messages
(strings of + 1 and −1) will be identical because of the correlation (20.2). If

spin up in z 
direction 

spin down in z direction 
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Bell’s Inequalities

• John Bell revisited the EPR experiment in 1964 and came up with a set of inequalities 
which allow us to test the ideas of EPR. The idea was based on two assumptions : 
• Realism : Physical properties have definite value independent of observation. 
• Locality : Any measurement performed on A does not affect the result of measurement 

of B. 
Together, these are referred to as local realism. 
• To illustrate the idea proposed by Bell, let us consider the following set-up involving 

three observers : Aspect, Brout and Clauser. 
• Clauser prepares two particles and sends one to Aspect and other one to Brout. 
• Both perform two distinct measurements of the respective particles they recieve. 

J. S. Bell. On the Einstein-Podolsy- Rosen paradox. Physics, 1:195–200, 1964. Reprinted in J. S. Bell, Speakable and Unspeakable in Quantum Mechanics, Cambridge University Press, Cambridge, 1987 ; 
see also M. A. Nielson and I. A. Chuang (2010)

1964

Bell’s Inequalities

John Bell revisited the EPR experiment in 1964 and came up with a set of
inequalities which allow us to test the ideas of EPR. The idea was based on two
assumptions :

1 Realism : Physical properties have definite value independent of
observation.

2 Locality : Any measurement performed on A does not a↵ect the
result of measurement of B.

Together, these are refereed to as local realism.
J. S. Bell, Physics Physique Fizika 1, 195 (1964).

To illustrate the idea proposed by Bell, let us consider the following set-up
involving three observers : Aspect, Brout and Clauser.

Clauser prepares two particles and sends one particle to Aspect and other
particle to Brout.
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Bell’s Inequalities

• Physical properties measured by Aspect are denoted by PQ and PR and by Brout by PS and 
PT. Values are denoted by Q,R,S,T which (for simplicity) can have outcome +1 or 1. 

• Algebraically, we obtain 
QS + RS + RT − QT = ±2  

• If p(q, r, s, t) is the probability that, before the measurements are performed, the system is 
in a state given by Q = q, R = r, S = s, and T = t and E(.) denotes the mean value of a 
quantity, then it can be shown that 

E(QS) + E(RS) + E(RT) − E(QT) ≤ 2 

     where, Aspect and Brout can determine the quantities such as E(QS) etc.by repeating the 
experiment multiple times.
• This is the generalised form of Bell’s inequality, also referred to as the Clauser-Horne-

Shimony-Holt (CHSH) inequality. 

J. S. Bell. On the Einstein-Podolsy- Rosen paradox. Physics, 1:195–200, 1964. Reprinted in J. S. Bell, Speakable and Unspeakable in Quantum Mechanics, Cambridge University Press, Cambridge, 1987 ; 
see also . F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Phys. Rev. Lett. 23, 880 (1969) and M. A. Nielson and I. A. Chuang (2010)
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Generalized Bell’s Inequalities

• Singlet state example

        

 

 

Maximum violation of CHSH inequalities, Tsirelson bound
    QM is inconsistent with Bell’s inequalities. Implies that we need to abandon either locality or 

realism.

2.1. EPR PARADOX AND BELL’S INEQUALITIES 40

real experiment. Eq. 2.5 is the generalized form of inequality proposed by Bell [85] and

is referred to as the Clauser-Horne-Shimony-Holt (CHSH) inequality [87].

Now, in the language of quantum mechanics, the above discussion can be stated as

follows. Clauser prepares a system of two qubits in the following state

| i = 1p
2
(|01i � |10i) (2.6)

Now, we define a matrix X to represent the quantum NOT gate as follows:

X =

0

@0 1

1 0

1

A (2.7)

and Z to represent another non-trivial qubit gate as

Z =

0

@1 0

0 �1

1

A (2.8)

Clauser sends one of the qubits to Aspect and another to Brout. Aspect and Brout

perform measurements of the following observables :

Q = Z1 ; S =
�Z2 �X2p

2

R = X1 ; T =
Z2 �X2p

2

We then find the average values for these observables are

hQSi = 1p
2
; hRSi = 1p

2
; hRT i = 1p

2
; hQT i = � 1p

2

where h.i denotes the average value. This leads to

hQSi+ hRSi+ hRT i � hQT i = 2
p
2 (2.9)

Thus, the prediction in quantum mechanics (Eq. 2.9) is inconsistent with Bell’s inequality

(Eq. 2.5). Various experiments designed to test Bell’s inequalities in the context of

photons [88,89] have been performed and it turns out that Bell’s inequality is not obeyed
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J. S. Bell. On the Einstein-Podolsy- Rosen paradox. Physics, 1:195–200, 1964. Reprinted in J. S. Bell, Speakable and Unspeakable in Quantum Mechanics, Cambridge 
University Press, Cambridge, 1987 ;  F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Phys. Rev. Lett. 23, 880 (1969);  B. S. Cirelson, Lett. Math. Phys. 4, 93 (1980).  

 and M. A. Nielson and I. A. Chuang (2010)
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Leggett-Garg Inequalities

• In 1985, Leggett and Garg derived a class of inequalities which have the following assumptions: 
• Macroscopic realism (MR): A macroscopic system with two or more macroscopically distinct 

states available to it will at all times be in one or the other of these states. 
• Non-Invasive measurability (NIM): It is possible, in principle, to determine which of the states 

the system is in, without affecting the states itself or the system’s subsequent dynamics. 
• Whilst classical mechanics conforms with both of these assumptions, quantum mechanics 

certainly does not — the existence of a macroscopic superposition would violate the first, and 
its quantum- mechanical collapse under measurement, the second.

• Leggett-Garg Inequalities (LGI) bear strong formal analogies to Bell-inequalities. In a Bell-
inequality one considers measurements occurring on two (or more) systems at spacelike 
separation, in a LGI, one considers repeated measurements, at different times, of a single 
observable, on a single system: a timelike, rather than a spacelike separation between 
measurements. 

A. J. Leggett and A. Garg, Phys. Rev. Lett. 54, 857 (1985); see also C. Emary, N. Lambert, and F. Nori, Rep. Prog. Phys. 77, 016001 (2013). 

1985



Formalism of LGI
C. Emary, N. Lambert, and F. Nori, Rep. Prog. Phys. 77, 016001 (2013). 

Formalism of LGI

Consider an experiment with two outcomes.
We define a dichotomic observable:

Q = ±1

Two time correlation functions Cij = hQ(ti )Q(tj)i

�1  Cij  1

Cij = 1 ! Perfectly correlated
Cij = �1 ! Perfectly anti-correlated
Cij = 0 ! No correlation

Macrorealism restricts the following combination of two time correlation
functions:

K3 = C12 + C23 � C31 = hQ1Q2i+ hQ2Q3i � hQ1Q3i

K3 = hQ1Q2i+ h[Q2 � Q1]Q3i

Sheeba Shafaq School of Physical Sciences Temporal Correlations in Neutrino Oscillations

K3 =

(
1 + 0 = 1

�1 + (±2) = 1 or� 3

This gives the condition
�3  K3  1

which is the simplest LGI. Similarly

�2  K4  2

Violation of this inequality implies that any one of the assumptions
(Macroscopic realism or non-invasive measurement) is not valid. Hence,
the LGI parameter values lying outside the these limits are indicative of
the quantumness.

In general we have

�n  Kn  (n � 2) 3  n, odd;

�(n � 2)  Kn  (n � 2) 4  n, even

Sheeba Shafaq School of Physical Sciences Temporal Correlations in Neutrino Oscillations



Two state quantum system

Correlators :

LGI in two-level quantum system

Let us consider a two quantum level which can be described using qubits. For a
quantum system, the correlators are given by

Cij =
1
2
h{Q̂i Q̂j}i

If Q̂i = ~ai · ~� where ~� denotes Pauli matrices, ~ai is the unit vector, we obtain
1
2
h{Q̂i Q̂j}i = ~ai ·~aj ĥIi = ~ai ·~aj

Using this we can express Kn as

Kn =
n�1X

m=1

cos ✓m⌧ �

 
cos

n�1X

m=1

✓m

!
⌧

where ✓m is the angle between ~am and ~am+1.
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Figure: K3 and K4 for a 2-level quantum system.
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Figure 2.3: K3 and K4 are plotted as a function of ⌧ for a qubit.

where ✓m is the angle between ~am and ~am+1. In order to maximise this quantity we can

set all angles ✓m = ⇡/n which leads to the maximum value for a qubit.

K
max

n
= n cos

n

2
(2.25)

Thus we obtain

K
max

3
=

3

2
; K

max

4
= 2

p
2; K

max

5
=

5

4
(1 +

p
5) (2.26)

and so on.

2.2.2 Two flavour neutrinos as a two level quantum system

Let us first consider a qubit (which is the simplest example of a two level system) evolving

under H

H =
1

2
⌦~�x (2.27)

and measure in the z-direction Q̂ = ~�z. The correlation function is obtained as

Cij = cos⌦(ti � tj) (2.28)
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2.2.2 Two flavour neutrinos as a two level quantum system

Let us first consider a qubit (which is the simplest example of a two level system) evolving

under H

H =
1

2
⌦~�x (2.27)

and measure in the z-direction Q̂ = ~�z. The correlation function is obtained as

Cij = cos⌦(ti � tj) (2.28)
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and if we assume equal time intervals tm+1 � tm = ⌧ , we obtain

Kn = (n� 1) cos⌦⌧ � cos(n� 1)⌦⌧ (2.29)

The lowest order Kn are given by

K3 = 2 cos⌦⌧ � cos 2⌦⌧

K4 = 3 cos⌦⌧ � cos 3⌦⌧ (2.30)

K3 and K4 are plotted as a function of ⌧ in Fig 2.3. The shaded region indicates regime

of violation of LGI for either cases. It should be noted that the correlation function Cij

does not depend on the individual measurement times but on the di↵erence between

them. Thus, adhering to the stationarity condition.

The problem of two flavour neutrino oscillations can be mapped to a two level quan-

tum system under the assumption of neutrinos being ultra-relativistic [100]. Once this

mapping is clear, we know that the whole problem should give us identical results as in

the classic example discussed above. In the approach of [75], the e↵ective Hamiltonian

for neutrino propagation in the two flavour limit is taken to be (see Eq. 1.46)

H =
1

2
~B · ~� (2.31)

The time evolution of flavour states is governed by the unitary operator U , which is

related to H via

U = exp


�i

Z
tj

ti

Hdt

�

' cos( ij)I� i sin( ij)( ~B · ~�) (2.32)

where

 ij =
�m

2

4E
(tj � ti) (2.33)

Again, here we see that the stationarity principle emerges: the phase only depends on

the time di↵erence and not on the individual times. The dichotomic variable in this case

Maximum Violation :



Context - Particle physics, neutrinos

We will consider neutrinos to  
explore questions pertaining 
to foundations of quantum 
mechanics. 



Physics with Atmospheric Neutrinos

ν µν µ ν

ν
ν

µ

µ
e

The up-going muon neutrinos are
found to be depleted in Super-K de-
tector.
In ICAL, such a neutrino inter-
acts (mostly with the iron) and pro-
duces a muon and (perhaps) some
hadrons.
The muon bends in the magnetic
field and leaves a curved (helical)
track in the detector.
These can be simulated and anal-
ysed for sensitivity to neutrino pa-
rameters (energy and path length).

➢ Main goal: Study oscillation pattern in atmospheric neutrino events.
The up/down events ratio is sensitive to oscillation parameters.

Indian Institute of Astrophysics, July 11, 2006 – p. 24
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Neutrinos from the Sun (Solar neutrinos)

Nuclear fusion reactions: mainly

4 1

1
H + 2e� !4

2
He + 2⌫e + light

Neutrinos needed to conserve energy, momentum,

angular momentum

Neutrinos essential for the Sun to shine !!

Davis-Koshiba Nobel prize 2002

Neutrino oscillations

2015 Nobel 

McDonald Kajita

SNO

SK

Two flavour case can be seen as two level quantum system



Origin of idea of neutrino oscillations

• 1957: Pontecorvo - Hadron-lepton symmetry => Leptonic analogue 
of the famous oscillation in the Kaon sector.

• Natural candidate - neutrino (only neutral lepton known at that time 
!) “....there exists the possibility of real neutrino to anti-neutrino 
transitions in vacuum provided lepton charge is not conserved…"

LETTERS TO THE EDITOR

TABLE II

429

11,0 I 1.512.0 I 2.5 I 3.0 13•51 4.0 I 4.5 I 5.0

'11.4811.3+.3611.31 11.2611.21 11.1611.1311.11

12.17/2.38/2.7012.87 , 3,0213.21 [3.2713.2913.33

11.76/216'2.4312,52[2.94 I 3.1613.25 12.2713.31 it follows from Table II that the moment of inertia I
of the nucleus in the second rotational band is less

than in the first. This decrease of I is greater for lower values of o. The quantity a, which determines
the coupling of rotational and vibrational states in Eq. (4), is greater in the second rotational band than
in the first. Thus if one were to use Eq. (4) to describe collective oscillations, one would need five param-
eters, rather than the two that are needed to solve (1) with Eq. (3).

lA. S. Davydov and G. F. Filippov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 723 (1957); Soviet Phys.
JETP (in press).
2K. Ford, Phys. Rev. 90, 29 (1953).
3A. Bohr, Kgl. Danske Videnskab, Selskab. Mat-fysk. Medd. 26, 14 (1952); A. Bohr and B. Mottelson,

Kg. Danske Videnskab. Selskab. Mat-fysk. Medd. 27, 16 (1953).
4Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 (1955).
5B. S. Dzhelepov and L. K. Peker, CxeMbI pacna;IJ;a pa;IJ;1I0aKTHBHbIX 1I30TonOB (Decay Schemes of Radio-

active Isotopes) Acad. of Sci. Press, 1957.
6 Data contained in a letter from Mottelson, communicated by L. SHv at the 7th Conference on Nuclear

Spectroscopy.

Translated by E. J. Saletan
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MESONIUM AND ANTIMESONIUM

B.PONTECORVO

Joint Institute for Nuclear Research

Submitted to JETP editor May 23, 1957

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 549-551 (August, 1957)

GELL-MANN and Paisl were the first to point out the interesting consequences which follow from the
fact that KOand KOare not identical particles.2 The possible KO- KOtransition, which is due to the weak
interactions, leads to the necessity of considering neutral K-mesons as a superposition of particlesK~
and Kg having a different combined parity.3 In the present note the question is treated whether there exist
other "mixed" neutral particles (not necessarily "elementary") besides the KO-meson, which differ from
their anti -particles and for which the particle - antiparticle transitions are not strictly forbidden.
The laws of conservation of the number baryons and light fermions (or as sometimes called, conser-

vation of nucleon4 and neutrin05 charge) strongly limit the number of possible mixed neutral particles.
Because of the first-mentioned law mixed particles cannot occur amongst the baryons (e.g. a neutron;
a hydrogen atom etc.), and because of the second law such particles cannot exist among the light particles
with only one fermion (e.g. neutrino, the systems lI'+e- and lI'-e+, etc.).
From this it evidently follows that besides the KO-meson the only system consisting of presently-known

constituents which could be a mixed particle would be mesonium, defined as the bound system (l1-+e-).
Antimesonium, i.e., the system (l1--e+), clearly is different from mesonium and, furthermore, the

j

neutrino and antineutrino are "mixed" particles,
i.e., a symmetric and antisymmetric combination
of two truly neutral Majorana particles Vt and
v2 of different combined parity.s
The possibility outlined abov~ does not simplify

the theory of {3decay and, in addition,' it probably
does 'oot correspond to actuality. Nevertheless,'
we are setting- it forth since it leads to cons~
quences which, in principle, can be tested exPeri-
mentally. Thu.s, for examp1e, a stream of neutral
leptons consisting mainly of antineutrinos when
emitted from a nuclear reactor, will consist at
some distance R from the reactor of half neu-
trinos and half antineutrinos. Under the condition
that R.:s 1m (the probability for this is dis-
cussed below) neutrino experiments, reminiscent
of the Pais-Piccioni experiments with KO mesons,
become possible. Thus, in the experiment of
Cowan and Reines,6 if R.$ 1m, when the neutral
particles from the react~r are captured by hydro-
gen, the cross section for formation of neutrons
and positrons should be smaller than the cross
section expected on simple thermodynamic grounds.
This is due to the fact that the stream of neutral
leptons, which at creation has a known probability
for initiating the reaction, has its composition
changed on the way from the reactor to the detec-
tor. It would be most interesting ~operform the
experiment of Ref. 6 at different distances from
the reactor. On the other hand, it is difficult to
predict the effect of real antineutrino -- neutrino
transitions on the Davis experiment,4 for we do
not deal here with a strictly inverse {3process,
and various unknown factors may be important,
such as the polarization and energy dependence of
the polarization of the neutral leptons from the re-
actor and from A37-- Cl37transitions. Therefore,
one cannot state a priori, as one could if parity
were conserved, that the antineutrino stream,.
which at creation is essentially unable to initiate
the reaction under discussion, is transformed into
a stream with a well-defined fraction capable of
initiating the reaction. However, one cannot ex-
clude the possibility that the apparent contradic-
tion - the small probability of double {3-decay7
and the relatively large probability of observing
A37(Ref. 4) - is partially due to the possibility
that in the experiment of Ref. 4, the stream of
neutral particles changes its composition on the
way from reactor to detector.
The upper limit of R, which can give rise to

the mentioned effect in the experiment of Cow:an
and Reines, is on the order of 1m, which corre-
sponds to a lifetime T.$ 10-8 sec for the v ~ ;;
transformation. If one takes into consideration,

(1)

(2)

B.PONTECORVO

are possible, although by definition less probable,
than processes (1).
We do not go here into the physical reason for

the distinction between neutrino and antineutrino;
it might be connected with an approximate conser-
vation law of some quantum number of the type of
neutrino charge (analogously to the case of KO

and KO mesons, the difference between which is
connected with the approximate law of conserva-
tion of strangeness).
It follows from the above assumptions. that in

vacuum a neutrino can be transf9rmed into an an-
tinetitrino and vice versa. This means that the

are not identical particles;
(b) the strict law of neutrino charge conserva-

tion is not valid and consequently processes of the
type

Joint Institute for Nuclear Research

, Submitted to JETP editor October 19, 1957

J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 247-249
(January, 1958)

RECENTLY the question was discussedt whether
there exist other "mixed" neutral particles beside
the KO mesons,2 Le., particles that differ from
the corresponding antiparticles, with the transi-
tions between particle and antiparticle states not
being strictly forbidden. It was noted that the
neutrino might be such a mixed particle, and con-
sequently there exists the possibility of real neu-
trino ~ antineutrino transitions in vacuum, pro-
vided that lepton (neutrino) charge3 is not con-
served. In the present note we make a more de-
tailed study of this possibility, in which interest
has been renewed owing to recent experiments
dealing with inverse beta processes.
Lately there appeared the work of Davis,4 who

used a powerful reactor to study the process of
A37formation from Cl37under the influence of
neutral leptons. The result of the Davis experi-
ment - a nonzero probability for the process under
study - if confirmed, definitely shows that the
(strict) law of neutrino charge conservation is not
valid. Below we assume that: ~
(a) the neutrino (v) and antineutrino (v) emit-

ted in the processes

poS~d - 1*rtt,-nu pYOd(JU~~ .iL ••. f3 d..LU0I I'A~)
- I ~~uz. +WV~(~ ~172 bo..A...QO9-V\ 9UJMJ))'" S D LETTERS TO THE EDITOR

INVERSE BETA PROCESSES AND NONCON-
SERVATION OF LEPTON CHARGE

K0 $ K̄0

Bruno Pontecorvo



Origin of idea of neutrino oscillations

• 1957: Pontecorvo - Hadron-lepton symmetry => Leptonic analogue 
of the famous oscillation in the Kaon sector. 

• 1962: Maki, Nakagawa, Sakata - The first proposal of the concept 
of flavour mixing and oscillation involving 2 flavours of neutrinos.
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Progress of Theoretical Physics, Vol. 28, No. 5, November 1962 

Remarks on the Unified Model· of Elementary Particles 

Ziro MAKI, Masami NAKAGAWA and Shoichi SAKATA 

Institute foT Theoretical Physics 
Nagoya University, Nagoya · 

(Received June 25, 1962) 

A particle mixture theory of neutrino is proposed. assuming the existence of two kinds 
of neutrinos. Based on the neutrino-mixture theory, a possible unified model of elementary 
particles is constructed by generalizing the Sakata-Nagoya model.*> Our scheme gives a 
natural explanation of smallness of leptonic decay rate of hyperons as well as the subtle 
difference of G;s between p.-e and 1'1-decay. 

Starting with scheme, the possibility of K.a mode with 4SfiJQ= -1 is also examined, 
and some bearings on the dynamical role of the B-matter, a fundamental constituent of 
baryons in the Nagoya model, are clarified. 

§ I. Introduction and summary 

In recent years, a considerable progress has been made in accumulationg 
detailed knowledge on the structure of interaction of elementary particles. 
Various kinds of excited particles have been discovered in succession, and 
the systematization of them from a unified point of view :turns out to be an 
urgent problem of particle physics. In this connection, we can expect that 
the full-symmetry (or unitary-symmetry) theory of strong interactions would 
provide workable systematics as have been suggested by many authors.1> On 
the other hand, if this programme of systematization will be successfully devel-
oped on the basis of e.g. the Sakata model/> we shall then meet with a more 
fundamental problem of unifying all elementary particles including both baryons 
and leptons into a unitary scheme, an example of which is a model proposed 
by the Nagoya group.3> According to this model, the fundamental baryons p, n 
and A were supposed to be compound systems of leptons and a new sort of 
matter B+: 

P=<B+ li1), n=<B+ e-), A=<B+ tr). 

Some important symmetry properties of particles such as the baryon-lepton (B-L) 
symmetryS> and the full symmetry of strong interactions may be regarded as 
immediate consequences of this scheme. A crucial point is that the B-matter, 
the sole substance making leptons massive and active, is assumed to couple 
with leptons (not with antileptons) along the· flow of leptonic weak current j.,.: 

*> A similar proposal was made independently by the Kyoto group (Y. Katayama, K. Matumoto, 
S. Tanaka and E. Yamada Prog. Theor. Phys. 28 (1962), 675). See also C. !so's work (preprint). 
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Origin of idea of neutrino oscillations

• 1957: Pontecorvo - Hadron-lepton symmetry => Leptonic analogue of the famous oscillation in the Kaon sector. 
• 1962: Maki, Nakagawa, Sakata - The first proposal of the concept of flavour mixing and oscillation involving 2 

flavours of neutrinos.
• 1969: Gribov and Pontecorvo - Idea of flavour oscillations among the 2 known neutrino types after muon 

neutrino was known to exist.

Volume ZEB, number 7 PHYSICS LETTERS 20 January 1969 

NEUTRINO ASTRONOMY AND LEPTON CHARGE 

V. GRIBOV * and B. PONTECORVO 
Joint Institute for Nuclear Research, L?ubna, USSR 

Received 20 December 1968 

It is shown that lepton nonconservation might lead to a decrease in the Ember of detectable solar neutrinos 
at the earth surface, because of VeZ VP oscillations, similar to K o Z K” oscillations. Equations are 
presented describing such oscillations for the case when there exist only four neutrino states. 

Recently there became known the results of fidence level of about 70% one finds respectively 
the beautiful experiment of Davis et al. [l], in the following upper limits for the corresponding 
which deep underground a search was made of interaction constants f  1 ,  f  2 ,  f  3  phenomenologi- 
sun neutrinos. tally responsible for such processes [e.g.12]. 

Using a spectrometer proportional counter 
[2,3] to detect 37A produced in the reaction 
v + 37Cl + 37A + e- [3,4], (which is expected to 
take place in 390000 litres of C2C14 ), Davis et 
al. so far were not able to detect solar neutrinos. 
It was shown by them that the neutrino flux at the 
earth from 8B decay ivlthe sun [5] is smaller 
than 2 x lo6 cmW2 set . This limit is definitely 
smaller than the theoretical predictions [6,‘7]. 
However, various astrophysics and nuclear 
physics uncertainties do not allow to draw the 
conclusion that we are faced with a catastrophic 
discrepancy [7]. The purpose of this note is to 
emphasize again that the result of sun neutrino 
experiments are related not only to the above 
mentioned uncertainties but also, and in a marked 
way, to properties which are so far unknown [8] 
of the neutrino as an elementary particle. The 
question at issue is: are (is) lepton charges 
(charge) conserved exactly ?. The question which, 
as we shall see, is relevant to neutrino astro- 
nomy, is certainly not far-fetched from an ele- 
mentary particle physics point of view. As a 
matter of fact the most significant and recent 
experiments on lepton conservation give upper 
limits for the constants of hypothetical interac- 
tions nonconverving lepton charge which are 
surprisingly large. 

fl/G < 0.02; f  2/G < 0.15; f$G < 0.005, 

where G = lO-5/M 
2 

constant. 
P is the Fermi weak interaction 

In a period of development of physics in which 
such quantum numbers as P, C, PC were found to 
be not good, it is natural to question the exact 
validity of any symmetry [e.g. 131. The relative- 
ly high upper limits for f  1 ,  f  2 ,  f  3  show that there 
is once more plenty of room for a violated con- 
servation law and suggest the lepton charge(s) as 
the first candidate(s) for the nonconserved quan- 
tum number(s). 

In previous publications [8,14] there was shown 
that lepton nonconservation leads to the possibili- 
ty of ostiillations in vacuum between various 
neutrino states, and, generally speaking, acts in 
the sense of decreasing the number of detectable 
solar neutrinos with respect to the number ex- 
pected theoretically under ttie assumption that 
lepton charges are strictly conserved. 

The most accurate information can be obtained 
from the experiments, in which a search was 
made for the processes 48Ca -+ 48Ti + e- + e- [9], 
v/J + P -+ cc+ + n [lo], 1_1+ -+ e+ + y [ll]. At a con- 

* Leningrad Physical-Technical Institute Leningrad, 
USSR. 

This effect, which incidentally would be in the 
right direction if the necessity should definitely 
arise of accounting for unexpectedly small values 
of detected solar neutrinos is due to the fact that 
in the presence of oscillations, part of the neu- 
trinos are sterile, that is practically unobserv- 
able. It turns out that the study of solar neutrino 
oscillations is the most sensitive way of investi- 
gating the question of lepton charge conservation. 

In ref. 8 possible oscillations ve 2 iTe, 
vpZ$, v,Zvj$ have been discussed. In view 
of applications to neutrino astronomy we would 
like to point out here that the first two types of 
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Why do neutrinos oscillate ?

• Neutrinos are produced and detected via weak interaction
• Weak (flavour) eigenstates differ from stationary (mass) states of the Hamiltonian. In 

fact, they are linear superpositions of the stationary mass states 
• Leads to oscillation phenomena which is very similar to birefringence in optics - depends 

on properties of the medium
• Oscillations of neutrinos takes place even in vacuum - driven by non-zero mass 

splittings and non-zero mixing angles
• In matter, oscillations are still driven by mass splittings and mixing angles which get 

modified due to CC potential for coherent forward scattering of electron neutrino with 
electron 

• Incoherent scattering cross section is negligible -> sustained coherence even over 
astrophysical length scales. 



Two flavour neutrino oscillations
B. Pontecorvo, Sov. Phys. JETP 26, 984 (1968). [Zh. Eksp. Teor. Fiz. 53, 1717 (1967)] ;  Z. Maki, M. Nakagawa, S. Sakata, Prog. Theor. Phys. 28, 870 (1962) 

• Flavour states are connected to mass states by

• Each mass eigenstate propagates as 

• Oscillation arises due to the phase difference 

• Oscillation probability 
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Visualizing oscillations
Mehta, PRD 2009, see also Kim, Sze and Nussinov, PRD35 (1987); Kim, Kim and Sze, PRD37 (1988).

• Schrodinger-like equation in terms of flavour spinor (in the UR limit)
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• Neutrino flavour density matrix and commutator form 

                        �      �

• Expand 2 by 2 Hermitian matrices in terms of Pauli matrices
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• Analogous to spin precession in a magnetic field
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Mass axis

Flavour axis



Standard interactions

• Neutrinos in matter suffer flavour-
dependent refraction

• The potential changes sign for anti-
neutrinos

• For typical Earth density ~ 5 g/cc

• Elastic forward scattering dominates at low E (real 
part)


• Incoherent scattering cross section is usually very 
small


Vweak =
p
2GF ⇥ (Ne �Nn/2) for ⌫e

=
p
2GF ⇥ (�Nn/2) for ⌫µ
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Georg Raffelt, MPI Physics, Munich Smirnov Fest, GGI Florence, 28 June 2012

Neutrino Oscillations in Matter

Lincoln Wolfenstein

Neutrinos in a medium suffer flavor-dependent
refraction 

f

Zν ν ν ν

W

f

Typical density of Earth:  5 g/cm3

�Vweak ⇡ 2⇥ 10�13 eV = 0.2 peV
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Wolfenstein 1978, see also Nussiniov, PLB63, 201, 1976



Mixing becomes maximal when the 
diagonal elements vanish, i.e.  

A. SmirnovS. Mikheyev

Bethe (1986)
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Complete conversion in the adiabatic limit !

Introduction to neutrino oscillations Two flavor case Neutrinos and Optics connection Geometric phases and neutrinos

Inclusion of matter effects (SM interactions)

In ordinary matter
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• VC =
√

2GF ne and VN = −
√

2GF nn/2 are the SM induced

potentials due to neutrino matter (e, n, p) interactions and ω = δm2/2p

vacuum case : VC , VN = 0

• Most dramatic effect is the MSW resonance due to vanishing
diagonal terms

Wolfenstein (1978), Mikhevev and Smirnov (1985)

The MSW Effect
Mikheev and Smirnov, Sov Jour. Nucl Phys. 42, 913 (1985)



Optical effects and their counterparts in the neutrino system
Mehta, PRD 2009

H = DI+A�x +B�y + C�z
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D leads to overall phase while A, B, C generate non-trivial optical effects

Effect of a medium can be described in terms of 

• Circular birefringence (optical activity) : C, D 
non-zero

• Linear birefringence (wave plate) : A, D non-
zero

• Elliptic birefringence (quartz plate) : A, B, C, D 
non-zero

• Dichroism (absorption) : H need not be 
Hermitian

• Oscillations in vacuum : A, C, D non-zero

• Oscillations in matter : A, C, D non-zero

• Dichroism (absorption) : negligible

A =
!

2
sin 2✓ ; B = 0 ; C = �!

2
cos 2✓

<latexit sha1_base64="Ft6ir5e5FNHYLb9+NvHEOSfCLxA="></latexit>

A =
!

2
sin 2✓ ; B = 0 ; C = �!

2
sin 2✓ +

1

2

p
2GFne

<latexit sha1_base64="znCjHMtCMmT/I96abex5iuxrQxk="></latexit>

Optical effects Neutrino oscillations



Sun as a lens

�28

Split beam experiment Two flavor oscillation formulae Summary

Sun as a lens ? !

• Can we make devices similar to the optical devices using
reflective and refractive property of neutrinos ?

• If we take Sun as a lens, then the focal length is given by

f =
1

2

R⊙
(nrefr − 1)

Lens Maker’s formula (tiny nrefr limit)

• For 10 MeV neutrinos passing through Sun with density ρ = 150 g cm−3, one

gets the focal length to be around 1018R⊙ ∼ 105 size of our Galaxy.

• Potentially observable effect of small refractive index is via
neutrino oscillations !!



Three flavour neutrino oscillations
Pontecorvo, Sov. Phys. JETP, 6 (1957), p. 429 ; Maki, Nakagawa, Sakata, Prog. Theor. Phys., 28 (1962), p. 870
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Figure 2: Neutrino mixing angles represented as a product of Euler rotations: (⌫e, ⌫µ, ⌫⌧ )T = R23R13R12(⌫1, ⌫2, ⌫3)T .
Some representative values of the angles are shown for the NO case.

The charged current (CC) couplings to W� in the flavour basis are given by �
gp
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where we the lepton mixing matrix is identified as, 5,

UPMNS = UeLU †
⌫eL

. (10)

It is possible to remove three of the lepton phases, using the phase invariance of me, mµ, m⌧ . For
example, meeLeR, is unchanged by eL ! ei�eeL and eR ! ei�eeR. The three such phases �e, �µ, �⌧ may
be chosen in various ways to yield an assortment of possible PMNS parametrisations one of which is the
PDG standard choice discussed below). This does not apply to the Majorana mass terms �

1
2mi⌫iL⌫c

iL

where mi are real and positive, and thus the PMNS matrix may be parametrised as in Eq.4 but with

5Di↵erent physically equivalent conventions appear in the literature, we follow the conventions in [25].
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• CP violating phase
• Sign of larger mass-splitting
• Octant of theta 23

• 3 angles
• 1 phase 
• 2 mass-squared differences

Parameters

Unknowns

Figure 1: Fractional flavour content for di↵erent mass states with varying cos�.

Out of the nine flavour parameters in the standard three flavour mixing framework, only six 3

can be accessed via oscillation experiments - three angles (✓12, ✓13, ✓23), two mass squared
di↵erences (�m2

31, �m
2
21) and a single Dirac-type CP 4 phase (�). The angles and the mass-

squared di↵erences (and absolute value of only one of them) have been measured with great
precision, only recently it has become possible to pin down the CP phase in the leptonic
sector - thanks to the measurement of ✓13 and largeness of its value [?, ?, ?]. The recent
global analysis of all neutrino data leads to the following values of these parameters :

Neutrino flavor transitions have been observed in atmospheric, solar, reactor and accelerator
experiments. Transitions for at least two di↵erent E/L’s (neutrino energy divided by base-
line) are seen. To explain these transitions, extensions to the Standard Model of particle
physics are required. The simplest and most widely accepted extension is to allow the neu-
trinos to have masses and mixings, similar to the quark sector, then these flavor transitions
can be explained by neutrino oscillations.

This picture of neutrino masses and mixings has recently come into sharper focus with the
salt data presented by the SNO collaboration [?]. When combined with the KamLAND
experiment [?] and other solar neutrino experiments [?, ?] the range of allowed values for
the solar mass squared di↵erence, �m2

sol, and the mixing angle, ✓sol, are reported as

6.6⇥ 10�5eV2 < �m2
sol < 8.7⇥ 10�5eV2

0.33 < tan2 ✓sol < 0.50 (1)

at the 90 % confidence level. Also maximal mixing, tan2 ✓sol = 1, has been ruled out at
greater than 5 �. The solar data is consistent with ⌫e ! ⌫µ and/or ⌫⌧ .

The atmospheric data from SuperKamiokande has changed only slight in the past year with
a preliminary new analysis presented at EPS conference [?] and is consistent with the K2K

3
The absolute mass scale and the two Majorana phases are not accessible in oscillation experiments.

4
CP refers to charge conjugation and parity symmetry.
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where sij = sin ✓ij , cij = cos ✓ij and � is the Dirac-type CP phase

If Majorana - two additional phases appear, U ! Udiag(1, ei, ei⇣)
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Tests of LGI in neutrino oscillations
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LGI in two flavour case
Gangopadhyay, Home and Sinha Roy , Phys. Rev. A 88, 022115 (2013) We consider two-flavor neutrino oscillation. Let the initial state of neutrino

be prepared in a specific flavor, say muon neutrino |⌫µi. Then we have

Q =

(
+1 for ⌫µ

�1 for ⌫e or ⌫⌧

The correlation function C12 can be evaluated as

C12 = P⌫e⌫e (t1, t2)� P⌫e⌫µ(t1, t2)� P⌫µ⌫e (t1, t2) + P⌫µ⌫µ(t1, t2)

where P⌫↵⌫� (t1, t2) = Pµ↵(t1)P↵�(t2) is the joint probability of obtaining
neutrino in state |⌫↵i at time t1 and in state |⌫�i at time t2.

In the ultra-relativistic limit, this time di↵erence translates to the spatial
di↵erence �L = (Li � Lj), where Li and Lj are the fixed distances from the
neutrino source where the measurements occur. Therefore we have,

C12 = 1� 2 sin2 2✓ sin2
✓
�m2�L

4E

◆

D. Gangopadhyay, D. Home, and A. S. Roy, Phys. Rev. A88(2), 022115 (2013)
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Taking L4 � L3 = L3 � L2 = L2 � L1 = �L, K4 is given by

K3 = 1� 2 sin2 2✓
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Figure: K3 and K4 plotted as a function of �L for the two flavour neutrino oscillations
in matter. The contribution of various Cij ’s is also depicted.
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Figure: K3 and K4 plotted as a function of �L for the two flavour neutrino oscillations
in matter. The contribution of various Cij ’s is also depicted.
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We consider two-flavor neutrino oscillation. Let the initial state of neutrino
be prepared in a specific flavor, say muon neutrino |⌫µi. Then we have

Q =

(
+1 for ⌫µ

�1 for ⌫e or ⌫⌧
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where P⌫↵⌫� (t1, t2) = Pµ↵(t1)P↵�(t2) is the joint probability of obtaining
neutrino in state |⌫↵i at time t1 and in state |⌫�i at time t2.

In the ultra-relativistic limit, this time di↵erence translates to the spatial
di↵erence �L = (Li � Lj), where Li and Lj are the fixed distances from the
neutrino source where the measurements occur. Therefore we have,
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Shafaq and Mehta, J Phys. G 48, 085002 (2021) 

Joint Probabilities



LGI in three flavour case
Gangopadhyay and Home,Eur. Phys. J. C 77, 260 (2017) 

We consider two-flavor neutrino oscillation. Let the initial state of neutrino
be prepared in a specific flavor, say muon neutrino |⌫µi. Then we have

Q =
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+1 for ⌫µ
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The correlation function C12 can be evaluated as

C12 = P⌫e⌫e (t1, t2)� P⌫e⌫µ(t1, t2)� P⌫µ⌫e (t1, t2) + P⌫µ⌫µ(t1, t2)

where P⌫↵⌫� (t1, t2) = Pµ↵(t1)P↵�(t2) is the joint probability of obtaining
neutrino in state |⌫↵i at time t1 and in state |⌫�i at time t2.

In the ultra-relativistic limit, this time di↵erence translates to the spatial
di↵erence �L = (Li � Lj), where Li and Lj are the fixed distances from the
neutrino source where the measurements occur. Therefore we have,

C12 = 1� 2 sin2 2✓ sin2
✓
�m2�L

4E

◆

D. Gangopadhyay, D. Home, and A. S. Roy, Phys. Rev. A88(2), 022115 (2013)
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where P⌫↵⌫� (t1, t2) = Pµ↵(t1)P↵�(t2) is the joint probability of obtaining
neutrino in state |⌫↵i at time t1 and in state |⌫�i at time t2.

In the ultra-relativistic limit, this time di↵erence translates to the spatial
di↵erence �L = (Li � Lj), where Li and Lj are the fixed distances from the
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D. Gangopadhyay, D. Home, and A. S. Roy, Phys. Rev. A88(2), 022115 (2013)
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In the context of three flavour neutrino oscillations in matter, C12 can be
written down in terms of the nine joint probabilities
C12 = P⌫e⌫e (L1, L2) � P⌫e⌫µ (L1, L2) � P⌫e⌫⌧ (L1, L2) � P⌫µ⌫e (L1, L2) + P⌫µ⌫µ (L1, L2)

+ P⌫µ⌫⌧ (L1, L2) � P⌫⌧ ⌫e (L1, L2) + P⌫⌧ ⌫µ (L1, L2) + P⌫⌧ ⌫⌧ (L1, L2)

which is given here.
Similarly evaluating other correlation functions, we find the LGI parameters K3 and K4.
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Figure: K3 and K4 plotted as a function of �L for the three flavour neutrino
oscillations in matter. The contribution of various Cij ’s is also depicted.
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Shafaq and Mehta, J Phys. G 48, 085002 (2021) 



LGI in three flavour case - standard unknowns

Shafaq and Mehta, J Phys. G 48, 085002 (2021) 
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Figure: The dependence of K4 on the current unknowns in neutrino oscillation physics
- the ordering of neutrino masses (sign of �m2

31), the dependence on value of mass
ordering parameter, r� = �m2
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31 in the allowed range (for NO), the value of the

CP violating phase, � and the octant of ✓23 as a function of �L for three flavour
neutrino oscillations in presence of SI.
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• Almost no dependence on CP phase 
• Almost no dependence on  theta 23
• There is some dependence on mass 

hierarchy as well as on mass ordering 
parameter 



• Study of temporal correlations in the form of LGI has attracted significant attention in 
recent times in the context neutrino oscillations. It should be noted that while different 
dichotomic observables have been employed in these studies, the neutrino matter 
interactions have been considered to be standard in these studies. 

• Non-standard interactions are currently one of the most widely studied new physics 
topics in the context of neutrino oscillations as these are well motivated both theoretically 
and experimentally. Moreover there can be other kinds of new physics effects like 
decoherence and decay that could leave distinct imprints on neutrino oscillation 
probability. 

• Thus, it is worthwhile to investigate different physics scenarios beyond the SM and study 
their impact on oscillation probabilities. 

• We invoke non-standard interactions and damping effects (including decoherence, 
decay) on oscillation probabilities and study their implications on the LGI.



3 flavour neutrino oscillations and non-standard neutrino 
oscillations

Ref: Wolfenstein (1978), Grossman (1995), Berezhiani, Rossi (2002), Davidson et al. (2003) , Ohlsson, Tortola and Farzan

• Oscillation parameters such as the mixing angles and mass-squared splittings have been 
measured with great precision

• New physics interactions were initially proposed to provide an alternative to the oscillation 
formalism. However, this is now ruled out and we can study new physics effects as sub-
leading effects in the discussion of oscillation formalism

• The new physics effects can impact determination of standard oscillation parameters and 
lead to more complicated parameter degeneracies

dard Model amplitude. In view of the excellent agreement of data with standard flavour
conversion via oscillations, we would like to explore the extent to which NSI (incorporated
into the Lagrangian phenomenologically via small parameters) is empirically viable, with
specific focus on atmospheric neutrino signals in future detectors. NSI in the context of
atmospheric neutrinos has been studied by various authors [15–19]. Also there are studies
pertaining to other new physics scenarios using atmospheric neutrinos such as CPT viola-
tion [20, 21], violation of the equivalence principle [22], large extra dimension models [23]
and sterile neutrinos [24–26].

Finally, as an application, we discuss how NSI impacts the determination of the correct
octant for ✓23. Typically, Earth matter e↵ects have been exploited to break the degeneracy
associated with this parameter [27–29]. Here we discuss, via an example, how a particular
NSI parameter ✏µ⌧ interferes with the determination of the correct octant for atmospheric
neutrinos that is nominally sought to be e↵ected through the study of the ⌫µ ! ⌫µ channel.
A detailed study of the octant determination in presence of NSI parameters for the case of
atmospheric neutrinos is currently under progress [30].

The plan of the article is as follows. We first briefly outline the NSI framework in Sec. 2
and subsequently discuss the neutrino oscillation probabilities in presence of NSI using
the perturbation theory approach (in Sec. 3). We describe the features of the neutrino
oscillograms in Sec. 4. We give the details of our analysis in Sec. 5 and the discussion on
events generated for the two detector types in Sec. 6. Finally, we conclude in Sec. 7.

2 Neutrino NSI Framework: relevant parameters and present

constraints

As in the case of standard weak interactions, a wide class of “new physics scenarios” can be
conveniently parameterised in a model independent way at low energies (E ⌧ MEW , where
MEW is the electroweak scale) by using e↵ective four-fermion interactions. In general,
NSI can impact the neutrino oscillation signals via two kinds of interactions : (a) charged
current (CC) interactions (b) neutral current (NC) interactions. However, CC interactions
a↵ect processes only at the source or the detector and these are are clearly discernible at
near detectors (see for example, [31,32]). On the other hand, the NC interactions a↵ect the
propagation of neutrinos which can be studied only at far detectors. Due to this decoupling,
the two can be treated in isolation. Usually, it is assumed that the CC NSI terms (e.g.,
of the type (⌫̄��µPLl↵)(f̄L�µPCf 0

L
) with f, f 0 being the components of a weak doublet) are

more tightly constrained than the NC terms and, hence, are not considered. It turns out,
though, that, in specific models, the two can be of comparable strengths [33]. However,
since we are interested in NSI that alter the propagation of neutrinos, we shall consider the
NC type of interactions alone.

The e↵ective Lagrangian describing the NC type neutrino NSI of the type (V �A)(V ±A)
is given by3

LNSI = �2
p
2GF ✏

f C

↵�
[⌫̄↵�

µPL⌫�] [f̄�µPCf ] , (1)

3One could think that other Dirac structures generated by intermediate scalar (S), pseudoscalar (P ) or
tensor (T ) fields may also be there. However, these would only give rise to subdominant e↵ects.
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) with f, f 0 being the components of a weak doublet) are

more tightly constrained than the NC terms and, hence, are not considered. It turns out,
though, that, in specific models, the two can be of comparable strengths [29]. However,
since we are interested in NSI that alter the propagation of neutrinos, we shall consider the
NC type of interactions alone.

The e↵ective Lagrangian describing the NC type neutrino NSI of the type (V �A)(V ±A)
is given by3

LNSI = �2
p
2GF ✏

f C

↵�
[⌫̄↵�

µPL⌫�] [f̄�µPCf ] , (1)

where GF is the Fermi constant, ⌫↵, ⌫� are neutrinos of di↵erent flavours, and f is a first
generation SM fermion (e, u, d) 4. The chiral projection operators are given by PL = (1 �
�5)/2 and PC = (1 ± �5)/2. If the NSI arises at scale MNP � MEW from some higher
dimensional operators (of order six or higher), it would imply a suppression of at least
✏fC
↵�

' (MEW/MNP )2 (for MNP ⇠ 1 TeV , we have ✏fC
↵�

' 10�2). However, such a naive
dimensional analysis argument breaks down if the new physics sector is strongly interacting

3One could think that other Dirac structures generated by intermediate scalar (S), pseudoscalar (P ) or
tensor (T ) fields may also be there. However, these would only give rise to subdominant e↵ects.

4Coherence requires that the flavour of the background fermion (f) is preserved in the interaction. Second
or third generation fermions do not a↵ect oscillation experiments since matter does not contain them.

2

Oscillation Parameter Best-fit value 3� range Precision (%)

sin2 ✓12/10�1 3.23 2.78 - 3.75 14.85
sin2 ✓23/10�1 (NH) 5.67 (4.67)a 3.92 - 6.43 24.25
sin2 ✓23/10�1 (IH) 5.73 4.03 - 6.40 22.72
sin2 ✓13/10�2 (NH) 2.34 1.77 - 2.94 24.84
sin2 ✓13/10�2 (IH) 2.40 1.83 - 2.97 23.75
�m2

21 [10
�5 eV2] 7.60 7.11 - 8.18 7.00

|�m2
31| [10�3 eV2] (NH) 2.48 2.30 - 2.65 7.07

|�m2
31| [10�3 eV2] (IH) 2.38 2.30 - 2.54 5.00

�/⇡ (NH) 1.34 0.0 - 2.0 -
�/⇡ (IH) 1.48 0.0 - 2.0 -

aThis is a local minimum in the first octant of ✓23 with ��2 = 0.28 with respect
to the global minimum.

Table 1: Best-fit values and the 3� ranges for the oscillation parameters used in our
analysis [4]. Also given is the precision which is defined as ratio (in percentage) of the
di↵erence of extreme values to the sum of extreme values of parameters in the 3� range.
Here NH (IH) refer to normal (inverted) hierarchy.

and E (especially above a GeV). This “one mass scale dominant” (OMSD) approximation
allows for a relatively simple exact analytic formula for the probability (as a function of
only three parameters ✓23, ✓13 and �m2

31) for the case of constant density matter [46] with no
approximation on s13, and it works quite well9. In order to systematically take into account
the e↵ect of small parameters, the perturbation theory approach is used. We review the
necessary formulation for calculation of probabilities that a↵ect the atmospheric neutrino
propagation using the perturbation theory approach [40].

In the ultra-relativistic limit, the neutrino propagation is governed by a Schrödinger-type
equation (see [53]) with an e↵ective Hamiltonian

H = Hvac +HSI +HNSI , (6)

where Hvac is the vacuum Hamiltonian and HSI,HNSI are the e↵ective Hamiltonians in
presence of SI alone and NSI respectively. Thus,

H =
1

2E

8
<

:U

0

@
0

�m2
21

�m2
31

1

AU † + A(x)

0

@
1 + ✏ee ✏eµ ✏e⌧
✏eµ? ✏µµ ✏µ⌧
✏e⌧ ? ✏µ⌧ ? ✏⌧⌧

1

A

9
=

; , (7)

where A(x) =
p
2GFne(x) is the standard CC potential due to the coherent forward scat-

tering of neutrinos and ne is the electron number density. The three flavour neutrino mixing

9This approximation breaks down if the value of ✓13 is small since the terms containing �m2
21 can be

dropped only if they are small compared to the leading order term which contain ✓13. After the precise
measurement of the value of ✓13 by reactor experiments, this approximation is well justified. For multi-GeV
neutrinos, this condition (L/E ⌧ 104 km/GeV) is violated for only a small fraction of events with E ' 1
GeV and L � 104 km.
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NSI induced Enhancement in K4

Shafaq and Mehta, J Phys. G 48, 085002 (2021) 
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Figure: K4 is plotted as a function of �L for three flavour oscillations in presence of
NSI. Here, we take large values of NSI parameters. The role of individual NSI terms
(taken to be real) in order to maximize K4 is shown in the left panel. The role of
collective NSI terms along with appropriate phase values in order to maximize K4 is
shown in the right panel.
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Damped oscillations and LGI
Blennow, Ohlsson and Winter, JHEP (2005)

We can unify the description of di↵erent damping cases using damping factors
of the form

Dij = exp

 
�ij

|�m2
ij |

⇠L�

E�

!

where, we assume Dij = Dji . ij � 0 is a non-negative damping coe�cient
matrix, and �, �, and ⇠ are numbers that describe the “signature” of the
damping.
Depending on the value of ⇠, there can be two cases:

⇠ > 0: only the oscillatory terms are expected to be damped, since
�m2

ii = 0

⇠ = 0: the oscillation probability could be damped (depending on ij),
since terms independent of the oscillation phases are a↵ected

In presence of damping, the probability can be expressed as

P↵� =
3X

i,j=1

U↵j U
⇤
�j U

⇤
↵i U�i exp(�i2�ij)Dij

=
3X

i=1

J↵�
ii Dii + 2

X

1i<j3

|J↵�
ij |Dij cos(2�ij + arg J↵�

ij )

Plot of probabilities
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Figure: The two flavour oscillation probability corresponding to various damping cases
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S. No. Damping Scenario Dij = exp
⇣
�ij

|�m2
ij |⇠L�

E�

⌘
 (units)

Decoherence like
⇠ 6= 0

1
Intrinsic wave
packet decoherence

exp

✓
��

2
E

(�m
2
ij)

2
L
2

8E4

◆
�
2
E

8
(GeV2)

2
Quantum
decoherence

exp

✓
�

(�m
2
ij)

2
L
2

E2

◆
 (dimensionless)

Decay like
⇠ = 0

3
Invisible neutrino
decay

exp

✓
�

L

E

◆
 (GeV · km�1)

4
Oscillations into
sterile neutrino

exp

✓
�✏

L
2

(2E)2

◆
✏ (eV4)

5
Neutrino
absorption

exp (�LE)  (GeV�1
· km�1)

Table 1: Damping scenarios considered in the present work.

Note the dependence of probability on the sign of cos(2�21) term. This explains the
fact that near the location of the peak, we get suppression and near the location of the
dip, we get enhancement. This case is “decoherence-like” (probability conserving).
In the limiting case, D21 ! 0, we obtain the expression

P↵� ! �↵�

⇥
1� sin2(2✓)

⇤
+

1

2
sin2(2✓) (9)

which corresponds to the case of averaged oscillations.

The e↵ect of neutrino wave packet decoherence on the two flavour oscillation proba-
bility is shown in Fig. 1. From the figure, it is clear that wave packet decoherence
leads to damping of the oscillatory term only. It should be noted that this particular
decoherence signature is related to processes a↵ecting production and detection.

2. Quantum decoherence

If neutrino system is coupled to an environment, one may encounter e↵ects due to
quantum decoherence. Quantum decoherence e↵ects in neutrino propagation are in-
troduced using the Liouville-Lindblad formalism for open quantum systems [91–96].
The density matrix ⇢ describing the neutrino flavour evolves according to

@⇢

@t
= �i [H, ⇢] +D [⇢] (10)

where the Hamiltonian, H, is responsible for the usual unitary evolution, and the
extra term, D [⇢], for non-unitary evolution, i.e., decoherence. We describe all possible
decoherence cases in the context of two flavour neutrino oscillations in Appendix A.

In what follows, we consider two cases :
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Damping induced Suppression in K4

Shafaq, Kushwaha and Mehta, 2021
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Figure 9: K4 as a function of �L for invisible neutrino decay (case 3).

In Fig. 8, K4 is plotted against �L for this case. As expected, the LGI parameter K4

gradually decreases and falls within the classical limit. We can study the dependence of
various decoherence parameters also from the four panels. It can be noted from the plot
that K4 ! 0.268 when � = 0 as we go to large values of �L. For other values of �, the
limiting value is zero. The third case is that of Invisible neutrino decay. Using Eq. 17,
we obtain Cij’s as

C12 = exp

✓
�2(L1 +�L)

E

◆✓
1� 2 sin2 2✓ sin2

✓
�m

2�L

4E

◆◆

C23 = exp

✓
�2(L1 + 2�L)

E

◆✓
1� 2 sin2 2✓ sin2

✓
�m

2�L

4E

◆◆

C34 = exp

✓
�2(L1 + 3�L)

E

◆✓
1� 2 sin2 2✓ sin2

✓
�m

2�L

4E

◆◆

C14 = exp

✓
�2(L1 + 3�L)

E

◆✓
1� 2 sin2 2✓ sin2

✓
3�m

2�L

4E

◆◆
(40)

which leads to the LGI parameter

K4 =


exp

✓
�2(L1 +�L)

E

◆
+ exp

✓
�2(L1 + 2�L)

E

◆
+ exp

✓
�2(L1 + 3�L)

E

◆�

⇥

✓
1� 2 sin2 2✓ sin2

✓
�m

2�L

4E

◆◆
� exp

✓
�2(L1 + 3�L)

E

◆

⇥

✓
1� 2 sin2 2✓ sin2

✓
3�m

2�L

4E

◆◆
(41)

Fig. 9, K4 is plotted against �L for this case. It can be noted from the plot that K4 ! 0 as
we go to large values of �L. We now describe the case corresponding to oscillation into
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Figure 6: K4 as a function of �L for wave packet decoherence (case 1).

In Fig. 5, we show the variation of K4 and Cij’s as a function of �L for the standard two
flavour case. It can be noted that three of the Cij’s are the same, i.e., C12 = C23 = C34, while
C14 is di↵erent. The interplay between the four terms is responsible for the overall behaviour
of K4. The grey shaded region implies quantum regime as it is outside the range defined
by �2  K4  2. Thus, the standard two flavour case adheres to quantum mechanics.
Following the procedure laid down for the undamped case, here we evaluate the Cij’s and
K4 for the damping cases discussed below.

4 Results - Damped oscillations and LGI

We consider di↵erent scenarios of damped two flavour neutrino oscillations as described
earlier. We first discuss the case of intrinsic wave packet decoherence. Using Eq. 8, we
obtain C12 as

C12 = 1 + sin2(2✓)


exp

✓
��

2
E

(�m
2)2(L2 � L1)2

8E4

◆
cos

✓
�m

2(L2 � L1)

2E

◆
� 1

�

(34)

This allows us to write down the LGI parameter K4 as

K4 = 3


1 + sin2(2✓)[exp

✓
��

2
E

(�m
2)2�L

2

8E4

◆
cos

✓
�m

2�L)

2E

◆
� 1]

�

�


1 + sin2(2✓)[exp

✓
��

2
E

9(�m
2)2�L

2

8E4

◆
cos

✓
3�m

2�L

2E

◆
� 1]

�
(35)

K4 is plotted as a function of �L for this case in Fig. 6. The di↵erent curves correspond to
di↵erent values of the parameter �E. It can be noted from the plot that K4 ! 0.268 as we
go to large values of �L.
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PT symmetric non-Hermitian Hamiltonians 
C. M. Bender and S. Boettcher, Phys. Rev. Lett., 80, 5243–5246, 1998; T. Ohlsson and S. Zhou, J. Math. Phys., 61, 052104, 2020; T. Ohlsson and S. Zhou, J. Math. Phys., 62, 042104, 2021

Rushiya, Parveen and Mehta

• General Form of PT symmetric non-Hermitian Hamiltonian

Ohlsson’s work

The most general form of PT symmetric non-hermitian
Hamiltonian is given by,

H =

✓
⇢e i �e i�

�e�i� ⇢e�i 

◆
(5)

where ⇢, �, � and  are the real parameters.
On demanding that H to be symmetric, i.e., is given by,

H =

✓
⇢e i �
� ⇢e�i 

◆
(6)

Tommy Ohlsson and Shun Zhou. J. Math. Phys., 61(5):052104, 2020.

Tommy Ohlsson and Shun Zhou. J. Math. Phys., 62(4):042104, 2021.

Kritika Rushiya PT Symmetric Hamiltonian
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Tommy Ohlsson and Shun Zhou. J. Math. Phys., 62(4):042104, 2021.

Kritika Rushiya PT Symmetric Hamiltonian

Ohlsson’s work

The eigen values of the Hamiltonian as given in Eq. (6) is,

�± = ⇢ cos ±

q
�2 � ⇢2 sin2  ,

�± = ⇢
q

1� sin2  ±

q
�2 � ⇢2 sin2  . (7)

and the eigen vectors is given by,

v± =
1

p
2 cos↵

✓
e±i↵/2

±e⌥i↵/2

◆

where, sin↵ = ⇢ sin 
� .

Kritika Rushiya PT Symmetric Hamiltonian
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Kritika Rushiya PT Symmetric Hamiltonian

• Eigenvalues

• Eigenvectors
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Neutrino oscillations plus decay - two flavour case
C. M. Bender and S. Boettcher, Phys. Rev. Lett., vol. 80, pp. 5243–5246, 1998; T. Ohlsson and S. Zhou, J. Math. Phys., vol. 61, no. 5, p. 052104, 2020;
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• Majorana phase appears at the level of oscillation probabilities 

2 Framework

2.1 Two flavour neutrino oscillations with Hermitian Hamiltonian

A general 2⇥ 2 unitary mixing matrix can be expressed as [10]

U =

✓
cos ✓ei!1 sin ✓ei(!1+�)

� sin ✓ei(!2��) cos ✓ei!2

◆
. (1)

We note that U is parameterized by one angle and three phases. It is possible to rephase
the two Dirac charged-lepton fields (without a↵ecting the kinetic and mass Lagrangians as
well as Lagrangians of other interactions to which charged leptons take part) and eliminate
two of these phases. However, it is not possible to rephase the Majorana field as Majorana
mass term is not invariant under rephasing of the field. Thus, one of the phases remains
physical and is referred to as the “Majorana phase” [46] (see also [50–52]).

Now to address the question of observability of the Majorana phase, let us rephase the
charged-lepton fields as 2 eL(x) ! ei!1eL(x) and µL(x) ! ei(!2��)µL(x).

This leads to the following form of the mixing matrix

U =

✓
cos ✓ sin ✓ei�

� sin ✓ cos ✓ei�

◆
=

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆✓
1 0
0 ei�

◆
= R(✓)D(�) , (2)

where the Majorana phase � has been factorized as a diagonal matrix D(�) = diag(1, ei�)
on the right side of the mixing matrix. While there were some claims that Majorana phase
may be observable in neutrino oscillation experiments (with an initial beam described by
superposition of flavors [53]), it is clear that the Majorana phase can not appear at the level
of oscillation probabilities in the context of two flavour neutrino oscillations [10].

We can qualify this statement further for a generalized situation. It is known that neutrino
mixing and neutrino decay can be described by non-Hermitian quantum dynamics. In this
scenario, it is possible to visualize the e↵ects of the Majorana phase at the level of detection
probabilities. The main reason is as follows. The mass eigenstates and decay eigenstates are
not the same [9] and therefore if the decay term in the Hamiltonian has o↵-diagonal entries,
we can get a unique opportunity to see the e↵ect of Majorana phase through detection
probabilities of neutrinos [12].

2.2 Two flavour neutrino oscillations with decay and PT symmetric non-Hermitian

Hamiltonians

A general non-Hermitian Hamiltonian H can be expressed as H = H+ + H� with H± =
(H±H†)/2 with H+ being Hermitian and H� being anti-Hermitian, respectively. For decay,
H is usually written on the Weisskopf-Wigner form [54],

H = M� i�/2, (3)

2This choice is not unique and we refer the reader to [10] for details.
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where the Hermitian matrices M and �/2 have the form

M =

✓
a1 0
0 a2

◆
, �/2 =

✓
b1

1
2⌘e

i⇠

1
2⌘e

�i⇠ b2

◆
, (4)

where ai, bi, ⌘ and ⇠ are real with a2�a1 = �m2/2E. Note that �m2 = m2
2�m2

1 denotes the
mass-squared di↵erence between the two states and E is the energy of the neutrinos. Since
� is positive semidefinite, it follows that bi � 0 and ⌘2  4b1b2. We consider b1 = b2 = b
to make second matrix PT symmetric. We assume ⌘ ⌧ |a2 � a1| for sake of simplicity. If
� is diagonal (i.e., ⌘ = 0), the decay eigenbasis is the same as the mass eigenbasis and the
Majorana phase � disappears from neutrino evolution equations. But, if � is non-diagonal
(i.e., ⌘ 6= 0) the mass eigenstates are not the same as decay eigenstates (i.e., �z and �
do not commute). As a consequence, Majorana phase appears at the level of oscillation
probabilities as shown in [12]. We would like to remark that a complex non-Hermitian
Hamiltonian can also be realised when absorption e↵ects play a role giving rise to complex
indices of refraction [55].

The Hamiltonian can be expressed as [12]

H =


(a1 + a2)

2
�0 �

(a2 � a1)

2
�z �

i

2

⇣
(b1 + b2)�0 + ~�.~�

⌘�
, (5)

where ~� = [⌘ cos ⇠,�⌘ sin ⇠,�(b2 � b1)]. This clearly shows that [H,�] 6= 0.

The oscillation probabilities for the case of neutrino oscillation and decay are

Peµ = e�2bt
⇥
P vac
eµ + 2⌘ sin(⇠ � �)B

⇤
,

Pµe = e�2bt
⇥
P vac
µe � 2⌘ sin(⇠ � �)B

⇤
,

Pee = e�2bt [P vac
ee � ⌘ cos(⇠ � �)A] ,

Pµµ = e�2bt
⇥
P vac
µµ + ⌘ cos(⇠ � �)A

⇤
. (6)

where, A are B given by

A =
sin(2✓) sin [(a2 � a1) t]

(a2 � a1)
,

B =

sin(2✓) sin2


1

2
(a2 � a1)t

�

(a2 � a1)
. (7)

The vacuum probability expressions are

P vac
µe = sin2 2✓ sin2

✓
�m2L

4E

◆
⌘ P vac

eµ ,

P vac
ee = 1� P vac

eµ ⌘ P vac
µµ , (8)

where, L is the distance traveled by neutrinos. For antineutrinos, ⇠ ! �⇠ and � ! ��
in Eq. 6. For standard oscillations and in absence of decay, P vac

µe = P vac
eµ and P vac

ee = P vac
µµ .
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• 2 x 2 mixing matrix

No Dirac phase but one Majorana phase
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• Non-hermitian case : 
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Figure 6: The dependence of K4 on �L (left) and E (right) is depicted in this figure. The parameter values are taken to be
the same as those given in the caption of Fig. 1.

of the left plot) to demonstrate the e↵ects clearly. In the inset (shown in the right panel),
K3 is plotted as function of �L near the location of the peak at around �L = 100 km.

Fig. 4 depicts the behaviour of the LGI parameter K4 plotted as function of �L. The
dependence of K4 on di↵erent parameters is shown in Fig. 5 and Fig. 6. In Fig. 5, K4 is
plotted as function of �L for di↵erent values of decay parameters (b, ⌘, ⇠), Majorana Phase
(�) and the mixing angle (✓). In Fig. 6, K4 is plotted as a function of energy for di↵erent
values of �L (left) and �L for di↵erent values of E (right). From Fig. 5 and Fig. 6, we can
deduce the following parameters that maximize K4. These are: ✓ = 45�, b = 10�22 GeV2,
⌘ = 10�22 GeV2, ⇠ = ⇡/5, � = ⇡/4 and E = 50 MeV.

In order to quantify the distinction between Dirac and Majorana case, we define

�Kn = K⌫,M
n �K⌫,D

n ,

�K̄n = K⌫,M
n � K̄⌫,D

n , (22)

where K⌫,M
n (K̄n

⌫,M
) corresponds to Majorana neutrino case (Majorana anti-neutrino case)

and K⌫,D
n corresponds to the Dirac case. We plot �K3 and �K4 as a function of �L (left

panel) and the Majorana phase � (right panel) in Fig 7. The dependence on the Majorana
phase � is guided by oscillatory terms involving (⇠ � �) and in general, we do not expect
symmetric behaviour about � = 0.

Interestingly, we find that |�K3| ⇠ 10% and |�K4| ⇠ 15% thereby implying that K4

allows for a better distinction between Dirac and Majorana cases for favourable choice of
parameters. This particular trend is generally true for anti-neutrinos as well. To understand
why this is the case, we plot individual contributions of �Cijs in Fig. 8. It can be seen that
(i) there is a large contribution coming from C23 which appears in K4 with a plus sign, and
(ii) the contribution of C13 is larger than C14. As both appear with a minus sign in K3 and
K4 respectively, it naturally makes K3 smaller than K4. These two e↵ects collectively give
�K4 an advantage over �K3 when it is used for distinguishing Dirac and Majorana cases.
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4 Conclusion

Study of temporal correlations in the form of LGI has attracted significant attention in recent
times both in the context of two and three flavour neutrino oscillations [21–27, 41–43]. It
should be noted that while di↵erent dichotomic observables have been employed in these
studies, the dynamics was restricted to be Hermitian in these studies.

It is believed that Majorana phase appearing in the two flavour neutrino mixing matrix can
not have any e↵ect on the neutrino oscillation probabilities [10]. It should be noted that
this holds as long as the dynamics is Hermitian. However, if we replace the condition of self-
adjointness by enforcing PT symmetry, then the above claim does not hold. One possible
way to realize non-Hermitian PT symmetric Hamiltonian is to incorporate neutrino decay
along with neutrino oscillation. In order that the Majorana phase appears in two flavour
oscillation probability, it is essential that o↵-diagonal terms in the decay matrix are non-
zero [12]. For the scenario of neutrino oscillation and decay in vacuum (with o↵-diagonal
terms in the decay matrix), we explore the violation LGI and show that it is possible to
discriminate between Dirac and Majorana neutrinos. If the decay matrix is diagonal as
considered in [44], the Majorana phase ceases to play a role at the level of probability, as
expected.

Presently, we do not know if neutrinos are Dirac or Majorana particles [46] and in future

12

K4 allows for better (~15%) discrimination 
between Dirac and Majorana.
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Figure 2: K3 and K4 plotted as a function of �L for standard two flavour neutrino oscillations. The shaded regions represent
quantum regime. Here, �m2 = 2.5⇥ 10�3 eV2, ✓ = 45� and E = 50 MeV.

Assuming equal time intervals, i.e., tm+1 � tm = ⌧ (which corresponds to the stationarity
condition), we obtain

K3 = 1� 2 sin2 2✓


2 sin2 �m2⌧

4E
� sin2 2�m2⌧

4E

�
,

K4 = 2� 2 sin2 2✓


3 sin2 �m2⌧

4E
� sin2 3�m2⌧

4E

�
. (20)

In the ultra-relativistic limit, we can replace ⌧ by �L = Li � Lj, where Li and Lj are the
fixed distances from the neutrino source where the measurements occur.

In Fig. 2, We depict K3 and K4 as a function of �L for standard two flavour neutrino
oscillations. It can be noted that K3 and K4 (see Eq. 20) exceed their respective classical
bounds (Eq. 13) however they respect the maximum upper bounds (Eq. 15). Next, we will
study the impact of neutrino decay on two flavour neutrino oscillations and its implications
for LGI.

3 Non-Hermitian neutrino Hamiltonian and implications for LGI

- role of the Majorana phase

Using the prescription to compute LGI parameter (Eq. 17) for the case of PT symmetric
non-Hermitian Hamiltonian given by Eq. 6, we get the following

C12 = e�2b(L+�L)
h
1 + x [A(L) +A(�L)]� 2x

⇥
A(L)P vac

eµ (�L) +A(�L)P vac
eµ (L)

⇤

⌥2y[B(L)� B(�L)]� 2P vac
eµ (�L)

i
,

C23 = e�2b(L+2�L)
h
1 + x[A(�L) +A(L+�L)]� 2x[A(�L)P vac

eµ (L+�L)

8

K3 and K4 are different from standard case 



Precision tests at neutrino experiments



Neutrino sources

Credit : Sabila Parveen, adapted from 1903.04333 [astro-ph.HE], 1911.05088, PRD 2020
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The Leggett-Garg inequality, an analogue of Bell’s inequality involving correlations of measurements on
a system at different times, stands as one of the hallmark tests of quantum mechanics against classical
predictions. The phenomenon of neutrino oscillations should adhere to quantum-mechanical predictions
and provide an observable violation of the Leggett-Garg inequality. We demonstrate how oscillation
phenomena can be used to test for violations of the classical bound by performing measurements on an
ensemble of neutrinos at distinct energies, as opposed to a single neutrino at distinct times. A study of the
MINOS experiment’s data shows a greater than 6σ violation over a distance of 735 km, representing the
longest distance over which either the Leggett-Garg inequality or Bell’s inequality has been tested.
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Perhaps one of the most counterintuitive aspects of
quantum mechanics is the principle of superposition, which
stipulates that an entity can exist simultaneously in multiple
different states. Bell and others indicated how experiments
could distinguish between classical systems and those that
demonstrate quantum superposition [1,2]. Bell’s inequality
concerns correlations among measurements on spatially
separated systems. Leggett and Garg developed an analo-
gous test that concerns correlations among measurements
performed on a system at different times, and they extended
this test to apply to macroscopic entities [3]. Sometimes
referred to as the “time analogue” of Bell’s inequality, the
Leggett-Garg inequality (LGI) allows for a complementary
test of quantum mechanics while potentially avoiding some
of the difficulties involved in performing a truly loophole-
free test of Bell’s inequality [4–7]. See [8] for a recent
review.
The original goal of LGI tests was to demonstrate

macroscopic coherence—that is, that quantum mechanics
applies on macroscopic scales up to the level at which
many-particle systems exhibit decoherence [3,8–12]. For
this reason, a major focus of recent LGI research has been
scaling up to tests with macroscopic systems.
LGI tests have another purpose: to test “realism,” the

notion that physical systems possess complete sets of
definite values for various parameters prior to, and inde-
pendent of, measurement. Realism is often encoded in
hidden-variable theories, which allow for systems that are
treated as identical according to quantum mechanics to be
fundamentally distinguishable through a hidden set of
parameters that they possess, such that any measurement
on a system reveals a preexisting value [13]. LGI violations
imply that such hidden-variable (or “realistic”) alternatives
to quantum mechanics cannot adequately describe a sys-
tem’s time evolution. Experiments using few-particle sys-
tems can test realism even if they do not directly address
macrorealism [13–19].

Neutrino flavor oscillations, which are coherent in the
few-particle limit, provide an interesting system with which
to test the LGI. Neutrinos have been detected in three
distinct “flavors,” which interact in particular ways with
electrons, muons, and tau leptons, respectively. Flavor
oscillations occur because the flavor states are distinct
from the neutrino mass states; in particular, a given flavor
state may be represented as a coherent superposition of the
different mass states [20,21]. Neutrino flavor oscillations
may be treated with the same formalism that is typically
used to describe other systems displaying quantum coher-
ence, such as squeezed atomic states [22]. The major
difference between neutrinos and these familiar systems,
however, is that the coherence length of neutrino oscil-
lations—the length over which interference occurs and
oscillations may be observed—extends over vast distances,
even astrophysical scales [23]. A LGI experiment using
neutrino oscillations therefore presents a stark contrast to
other types of LGI tests, which typically use photons,
electrons, or nuclear spins, for which coherence distances
are much more constrained [8].
Experimental violations of the LGI can lead to definitive

conclusions about realism only if the measurement out-
comes represent the underlying time evolution of the
system. Invasive measurements, characterized either by
wave function collapse or by experimental imperfections
that classically disrupt the system, would prevent an
experimenter from ruling out realistic alternatives to
quantum mechanics, even in the face of an apparent
violation of the LGI. Several experiments have worked
to bypass this limitation by using indirect or weak mea-
surements to probe the system [11,14,15].
In the case of neutrino flavor oscillations, it is possible to

circumvent the problems posed by invasivity by performing
measurements on members of an identically prepared
ensemble; this obviates the issue of whether individual
measurements influence one another. When combined with
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• MINOS measures the survival probabilities of oscillating muon neutrinos produced in the NuMI accelerator 
complex. 

• The accelerator provides a source of neutrinos with a fixed baseline and an energy spectrum that peaks at a point 
corresponding to δL/Eν ∼ 250 km/GeV, close to the region where the survival probability Pμμ reaches its first 
minimum.

•  This experimental design provides an ideal phase space to test for LGI violations.



Difficulty in performing LGI measurements

• One needs a minimum of three time measurements (for K3).
• This means that one requires at least three baselines with identical detection 

possibilities to infer the simplest of LGI parameters, K3. 
• However, it is practically impossible to realize the three baseline measurement 

experimentally. 
• The authors used the fact that in the phase factor one has two experimental handles - 

one is the L and other one is the E which can be independently tuned. One can mimic 
the change in L by a corresponding change in E. 

• This is how the collaboration performed a test of LGI using data from MINOS experiment 
with L = 735 km, by selecting various energies Ea for measurements such that the 
phases obeyed a certain sum rule. 
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• This violation occurs over a distance of 735 km, providing the longest range over 
which a Bell-like test of quantum mechanics has been carried out to date. 

violation [30,31], which indicates that the MINOS oscil-
lation data depend on τ but not on ti or tj separately.
The MINOS Collaboration recently released preliminary

oscillation results as a function of neutrino energy [32]. For
their baseline distance of 735 km, the MINOS experiment
covers the energy interval 0.5–50 GeV, which corresponds
to a phase range of∼ð0;3π=2", within which LGI violations
are expected to be near maximal for a quantum-mechanical
system. As Fig. 1 illustrates, the data are readily consistent
with the existing quantum-mechanical model of neutrino
oscillations [34]. To test or constrain alternative explan-
ations, we use survival probabilities measured at different
energies Ea and, thus, at different phases ψa.
To construct K3, we select all pairs of measured points

on the Fig. 1 oscillation curve a ≥ b such that the projected
sum of phases ψa þ ψb given by Eq. (8) falls within

0.5% of a third measured phase value ψc. A total of 82
correlation triples ðψa;ψb;ψcÞ satisfy the phase condition
ψa þ ψb ∈ ψc % 0.5%, 64 of which explicitly violate the
LGI bound, yielding K3> 1. In order to properly account
for the strong statistical correlations which exist between
different empirical values ofK3, we generate a large sample
of pseudodata based on the observed Pμμ values. These data
points are modeled as normal distributions, with their
means and variances matched to those of the observed
probabilities. Each simulated measurement thus yields an
artificial number of values for K3, from which one can
determine the probability that the system represented by the
given data set violates the LGI. The modeling and param-
eter extraction is executed using the STAN Markov simu-
lation package [35].
Because of statistical fluctuations present in the oscil-

lation data, some fraction of the observed K3 values may
fluctuate above the classical bound, even if the underlying
distribution is itself classical or realistic. To determine
the frequency with which classical distributions give
false-positive LGI violations, we use the same Markov
chain statistical sampling method to construct a classical
distribution of KC

3. This allows us to make a quantitative
comparison between classical and quantum predictions:
The observed number of points above the classical bound
may be directly compared to the predictions from classical
[Eq. (4)] and quantum [Eq. (11)] rules. The impact of the
systematic uncertainties from the amplitude and phases, as
best estimated from Ref. [36], are also included in our
construction of KC

3.
To estimate the degree to which these results are

inconsistent with a hidden-variable or realistic model, we
fit the distribution of the number of expected LGI violations
from the classical model [Eq. (4)] to a beta-binomial
function, so as to account for the heteroscedasticity of
the underlying distribution. The observed number of LGI
violations (64 out of 82) represents a 6.2σ deviation from

FIG. 1. The survival probability of νμ as measured by the
MINOS experiment. The solid (blue) curve indicates the pre-
diction for oscillations assuming global values of Δm2

atm,
sin22θatm [33], while the dashed (red) curve indicates the
prediction fitting directly to the measured MINOS values of
Pμμ. The red band indicates a 1σ confidence interval around the
fitted prediction. The data are taken from Ref. [32].

FIG. 2. (Left) The number of K3values that violate the LGI bound. The red curve indicates the expected classical distribution, while
the indigo curve indicates the quantum expectation. The arrow indicates the observed number of violations. (Right) The distribution of
K4versus the sum of the phases

P
aψa as reconstructed from Pμμ at various energies. The data (black points) show a clear clustering

above the LGI bound. Also shown are the expected distributions for the classical (red dots) and quantum (blue dots) theoretical
predictions. Note that K4can attain multiple values for a given relative phase, because there are many triplets of phase points that add up
to a given relative phase. The shown points have high statistical correlations.
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The Hamiltonian for neutrino propagation in the two-
flavor limit is given by (setting ℏ ¼ c¼ 1) [20,21]

H ¼
!
pþm2

1 þm2
2

4p
þ VC

2
þ VN

"
1

þ 1

2

!
VC − ω cos 2θ ω sin 2θ

ω sin 2θ ω cos 2θ − VC

"

≡ r01þ
~r · ~σ
2

; ð5Þ

where θ is the neutrino vacuum mixing angle, m1 and m2

label the distinct mass states, ω≡ ðm2
2 −m2

1Þ=2p is the
oscillation frequency, and p≃ E is the relativistic neutrino
momentum-energy. The term VCðNÞ ¼

ffiffiffi
2

p
GFneðnÞ is the

charged (neutral) current potential due to coherent forward
scattering of neutrinos with electrons (neutrons) in matter,
and GF is the Fermi coupling constant. The term in Eq. (5)
proportional to 1 affects all flavor states identically and
therefore does not contribute to flavor oscillations.
For neutrinos of a given energy Ea, the time evolution of

flavor states is governed by the unitary operator U, which is
related to Hosc ≡ ~r · ~σ=2 via

Uðωa; ti; tjÞ≡ Uðψa;ijÞ ¼ exp
!
−i

Z
tj

ti
HoscðωaÞdt

"

≃ cosðψa;ijÞ1 − i sinðψa;ijÞðr̂ðωaÞ · ~σÞ; ð6Þ

where ωa is the oscillation frequency for energy Ea and
ψa;ij ≡ j~rðωaÞjðtj − tiÞ=2 is the phase accumulated while
propagating from ti to tj with energy Ea. In the limit in
which matter effects remain negligible,

ψa;ij ≃ ωa

2
ðtj − tiÞ ¼

1

4Ea
ðm2

2 −m2
1Þðtj − tiÞ: ð7Þ

A neutrino’s time evolution depends only on the accumu-
lated phase ψa;ij rather than the individual times ti and tj.
Moreover, the phases obey a sum rule: For a given energy
Ea, we have ψa;12 þ ψa;23 ¼ ψa;13, or, more generally,

Xn−1

i¼1

ψa;i;iþ1 ¼ ψa;1n: ð8Þ

Given the unitary operator defined in Eq. (6), for
neutrinos propagating with energy Ea, we find the evolu-
tion of the operator Q̂ðtj − tiÞ ¼ U†ðψa;ijÞQ̂Uðψa;ijÞ ¼
~ba;ij · ~σ. The observable is defined only along the ẑ
projection, for which ~ba;ij · ẑ ¼ 1 − 2ðr̂ · x̂ Þ2sin2ψa;ij, and
hence the correlation Cij defined in Eq. (3) simplifies to

CijðωaÞ ¼ 1 − 2sin22θsin2ψa;ij: ð9Þ

The evolution of a given state depends only on the phase
ψa;ij. Hence, we may probe the LGI by exploiting

differences in phase that come from the spacetime sepa-
ration between measurements. For a pair of measurements
that depend on an oscillation frequency ωa and a time
interval τ ¼ tj − ti, the overall phase is ψa;ij ¼ ωaτ=2,
consistent with the stationarity condition. Furthermore, for
an experimental arrangement in which measurements occur
at a fixed distance δL from the neutrino source, we have
τ≃ δL in the relativistic limit. In that case, the phase varies
only with the energy Ea; that is, ψa;ij → ψa ¼ ωaδL=2.
This means that we may use measurements at different
frequencies ωa, as opposed to different times, to probe the
LGI. We select measurements at various Ea such that the
phases obey a sum rule: ψa þ ψb ¼ ψc ¼ ðωa þ ωbÞδL=2.
Assuming a beam that begins in the pure jνμi state and is

subjected to measurement at two fixed locations separated
by δL, the correlation term in Eq. (9) simplifies to the
difference between the neutrino survival probability and
oscillation probability:

CðωaÞ ¼ PμμðψaÞ − PμeðψaÞ ¼ 2PμμðψaÞ − 1; ð10Þ

over a time interval τ ¼ tj − ti ≃ δL. In the limit in which
matter effects remain negligible, the survival probability
(and thus each correlation function) depends only on the
neutrino energy Ea. It is therefore possible to construct the
Leggett-Garg parameter KQ

n as a sum of measured neutrino
survival probabilities PμμðψaÞ for fixed δL:

KQ
n ¼ ð2 − nÞ þ 2

Xn−1

a¼1

PμμðψaÞ − 2Pμμ

!Xn−1

a¼1

ψa

"
: ð11Þ

For nonzero mixing angles θ, violations of the Kn ≤
ðn − 2Þ limit are expected in neutrino oscillations.
Results.—In order to test for violations of the LGI, we

use the data gathered by the MINOS neutrino experiment,
which extends from Fermi National Accelerator Laboratory
in Batavia, Illinois, to Soudan, Minnesota [29]. MINOS
measures the survival probabilities of oscillating muon
neutrinos produced in the NuMI accelerator complex. The
accelerator provides a source of neutrinos with a fixed
baseline and an energy spectrum that peaks at a point
corresponding to δL=Eν ∼ 250 km=GeV, close to the
region where the survival probability Pμμ reaches its first
minimum. This experimental design provides an ideal
phase space to test for LGI violations.
The MINOS Near Detector at Fermilab measures a beam

of neutrinos, more than 98% of which are found to be in the
jνμi state [29], consistent with the identically prepared
flavor state assumption. Moreover, the MINOS experimen-
tal data exhibit stationarity, as verified by tests of Lorentz
invariance in neutrino oscillations. Violation of Lorentz
invariance would lead to a time-dependent alteration of the
oscillation parameters, caused by the relative velocity of
Earth as it orbits around the Sun. Tests of Lorentz violation
using the sameMINOS data we use here reveal no observed
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Ea, we have ψa;12 þ ψa;23 ¼ ψa;13, or, more generally,
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Given the unitary operator defined in Eq. (6), for
neutrinos propagating with energy Ea, we find the evolu-
tion of the operator Q̂ðtj − tiÞ ¼ U†ðψa;ijÞQ̂Uðψa;ijÞ ¼
~ba;ij · ~σ. The observable is defined only along the ẑ
projection, for which ~ba;ij · ẑ ¼ 1 − 2ðr̂ · x̂ Þ2sin2ψa;ij, and
hence the correlation Cij defined in Eq. (3) simplifies to
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The evolution of a given state depends only on the phase
ψa;ij. Hence, we may probe the LGI by exploiting

differences in phase that come from the spacetime sepa-
ration between measurements. For a pair of measurements
that depend on an oscillation frequency ωa and a time
interval τ ¼ tj − ti, the overall phase is ψa;ij ¼ ωaτ=2,
consistent with the stationarity condition. Furthermore, for
an experimental arrangement in which measurements occur
at a fixed distance δL from the neutrino source, we have
τ≃ δL in the relativistic limit. In that case, the phase varies
only with the energy Ea; that is, ψa;ij → ψa ¼ ωaδL=2.
This means that we may use measurements at different
frequencies ωa, as opposed to different times, to probe the
LGI. We select measurements at various Ea such that the
phases obey a sum rule: ψa þ ψb ¼ ψc ¼ ðωa þ ωbÞδL=2.
Assuming a beam that begins in the pure jνμi state and is

subjected to measurement at two fixed locations separated
by δL, the correlation term in Eq. (9) simplifies to the
difference between the neutrino survival probability and
oscillation probability:

CðωaÞ ¼ PμμðψaÞ − PμeðψaÞ ¼ 2PμμðψaÞ − 1; ð10Þ

over a time interval τ ¼ tj − ti ≃ δL. In the limit in which
matter effects remain negligible, the survival probability
(and thus each correlation function) depends only on the
neutrino energy Ea. It is therefore possible to construct the
Leggett-Garg parameter KQ

n as a sum of measured neutrino
survival probabilities PμμðψaÞ for fixed δL:
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For nonzero mixing angles θ, violations of the Kn ≤
ðn − 2Þ limit are expected in neutrino oscillations.
Results.—In order to test for violations of the LGI, we

use the data gathered by the MINOS neutrino experiment,
which extends from Fermi National Accelerator Laboratory
in Batavia, Illinois, to Soudan, Minnesota [29]. MINOS
measures the survival probabilities of oscillating muon
neutrinos produced in the NuMI accelerator complex. The
accelerator provides a source of neutrinos with a fixed
baseline and an energy spectrum that peaks at a point
corresponding to δL=Eν ∼ 250 km=GeV, close to the
region where the survival probability Pμμ reaches its first
minimum. This experimental design provides an ideal
phase space to test for LGI violations.
The MINOS Near Detector at Fermilab measures a beam

of neutrinos, more than 98% of which are found to be in the
jνμi state [29], consistent with the identically prepared
flavor state assumption. Moreover, the MINOS experimen-
tal data exhibit stationarity, as verified by tests of Lorentz
invariance in neutrino oscillations. Violation of Lorentz
invariance would lead to a time-dependent alteration of the
oscillation parameters, caused by the relative velocity of
Earth as it orbits around the Sun. Tests of Lorentz violation
using the sameMINOS data we use here reveal no observed
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invariance in neutrino oscillations. Violation of Lorentz
invariance would lead to a time-dependent alteration of the
oscillation parameters, caused by the relative velocity of
Earth as it orbits around the Sun. Tests of Lorentz violation
using the sameMINOS data we use here reveal no observed
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The Hamiltonian for neutrino propagation in the two-
flavor limit is given by (setting ℏ ¼ c¼ 1) [20,21]

H ¼
!
pþm2

1 þm2
2

4p
þ VC

2
þ VN

"
1

þ 1

2

!
VC − ω cos 2θ ω sin 2θ

ω sin 2θ ω cos 2θ − VC

"

≡ r01þ
~r · ~σ
2

; ð5Þ

where θ is the neutrino vacuum mixing angle, m1 and m2

label the distinct mass states, ω≡ ðm2
2 −m2

1Þ=2p is the
oscillation frequency, and p≃ E is the relativistic neutrino
momentum-energy. The term VCðNÞ ¼

ffiffiffi
2

p
GFneðnÞ is the

charged (neutral) current potential due to coherent forward
scattering of neutrinos with electrons (neutrons) in matter,
and GF is the Fermi coupling constant. The term in Eq. (5)
proportional to 1 affects all flavor states identically and
therefore does not contribute to flavor oscillations.
For neutrinos of a given energy Ea, the time evolution of

flavor states is governed by the unitary operator U, which is
related to Hosc ≡ ~r · ~σ=2 via

Uðωa; ti; tjÞ≡ Uðψa;ijÞ ¼ exp
!
−i

Z
tj

ti
HoscðωaÞdt

"

≃ cosðψa;ijÞ1 − i sinðψa;ijÞðr̂ðωaÞ · ~σÞ; ð6Þ

where ωa is the oscillation frequency for energy Ea and
ψa;ij ≡ j~rðωaÞjðtj − tiÞ=2 is the phase accumulated while
propagating from ti to tj with energy Ea. In the limit in
which matter effects remain negligible,

ψa;ij ≃ ωa

2
ðtj − tiÞ ¼

1

4Ea
ðm2

2 −m2
1Þðtj − tiÞ: ð7Þ

A neutrino’s time evolution depends only on the accumu-
lated phase ψa;ij rather than the individual times ti and tj.
Moreover, the phases obey a sum rule: For a given energy
Ea, we have ψa;12 þ ψa;23 ¼ ψa;13, or, more generally,

Xn−1

i¼1

ψa;i;iþ1 ¼ ψa;1n: ð8Þ

Given the unitary operator defined in Eq. (6), for
neutrinos propagating with energy Ea, we find the evolu-
tion of the operator Q̂ðtj − tiÞ ¼ U†ðψa;ijÞQ̂Uðψa;ijÞ ¼
~ba;ij · ~σ. The observable is defined only along the ẑ
projection, for which ~ba;ij · ẑ ¼ 1 − 2ðr̂ · x̂ Þ2sin2ψa;ij, and
hence the correlation Cij defined in Eq. (3) simplifies to

CijðωaÞ ¼ 1 − 2sin22θsin2ψa;ij: ð9Þ

The evolution of a given state depends only on the phase
ψa;ij. Hence, we may probe the LGI by exploiting

differences in phase that come from the spacetime sepa-
ration between measurements. For a pair of measurements
that depend on an oscillation frequency ωa and a time
interval τ ¼ tj − ti, the overall phase is ψa;ij ¼ ωaτ=2,
consistent with the stationarity condition. Furthermore, for
an experimental arrangement in which measurements occur
at a fixed distance δL from the neutrino source, we have
τ≃ δL in the relativistic limit. In that case, the phase varies
only with the energy Ea; that is, ψa;ij → ψa ¼ ωaδL=2.
This means that we may use measurements at different
frequencies ωa, as opposed to different times, to probe the
LGI. We select measurements at various Ea such that the
phases obey a sum rule: ψa þ ψb ¼ ψc ¼ ðωa þ ωbÞδL=2.
Assuming a beam that begins in the pure jνμi state and is

subjected to measurement at two fixed locations separated
by δL, the correlation term in Eq. (9) simplifies to the
difference between the neutrino survival probability and
oscillation probability:

CðωaÞ ¼ PμμðψaÞ − PμeðψaÞ ¼ 2PμμðψaÞ − 1; ð10Þ

over a time interval τ ¼ tj − ti ≃ δL. In the limit in which
matter effects remain negligible, the survival probability
(and thus each correlation function) depends only on the
neutrino energy Ea. It is therefore possible to construct the
Leggett-Garg parameter KQ

n as a sum of measured neutrino
survival probabilities PμμðψaÞ for fixed δL:

KQ
n ¼ ð2 − nÞ þ 2

Xn−1

a¼1

PμμðψaÞ − 2Pμμ

!Xn−1

a¼1

ψa

"
: ð11Þ

For nonzero mixing angles θ, violations of the Kn ≤
ðn − 2Þ limit are expected in neutrino oscillations.
Results.—In order to test for violations of the LGI, we

use the data gathered by the MINOS neutrino experiment,
which extends from Fermi National Accelerator Laboratory
in Batavia, Illinois, to Soudan, Minnesota [29]. MINOS
measures the survival probabilities of oscillating muon
neutrinos produced in the NuMI accelerator complex. The
accelerator provides a source of neutrinos with a fixed
baseline and an energy spectrum that peaks at a point
corresponding to δL=Eν ∼ 250 km=GeV, close to the
region where the survival probability Pμμ reaches its first
minimum. This experimental design provides an ideal
phase space to test for LGI violations.
The MINOS Near Detector at Fermilab measures a beam

of neutrinos, more than 98% of which are found to be in the
jνμi state [29], consistent with the identically prepared
flavor state assumption. Moreover, the MINOS experimen-
tal data exhibit stationarity, as verified by tests of Lorentz
invariance in neutrino oscillations. Violation of Lorentz
invariance would lead to a time-dependent alteration of the
oscillation parameters, caused by the relative velocity of
Earth as it orbits around the Sun. Tests of Lorentz violation
using the sameMINOS data we use here reveal no observed
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violation [30,31], which indicates that the MINOS oscil-
lation data depend on τ but not on ti or tj separately.
The MINOS Collaboration recently released preliminary

oscillation results as a function of neutrino energy [32]. For
their baseline distance of 735 km, the MINOS experiment
covers the energy interval 0.5–50 GeV, which corresponds
to a phase range of∼ð0;3π=2", within which LGI violations
are expected to be near maximal for a quantum-mechanical
system. As Fig. 1 illustrates, the data are readily consistent
with the existing quantum-mechanical model of neutrino
oscillations [34]. To test or constrain alternative explan-
ations, we use survival probabilities measured at different
energies Ea and, thus, at different phases ψa.
To construct K3, we select all pairs of measured points

on the Fig. 1 oscillation curve a ≥ b such that the projected
sum of phases ψa þ ψb given by Eq. (8) falls within

0.5% of a third measured phase value ψc. A total of 82
correlation triples ðψa;ψb;ψcÞ satisfy the phase condition
ψa þ ψb ∈ ψc % 0.5%, 64 of which explicitly violate the
LGI bound, yielding K3> 1. In order to properly account
for the strong statistical correlations which exist between
different empirical values ofK3, we generate a large sample
of pseudodata based on the observed Pμμ values. These data
points are modeled as normal distributions, with their
means and variances matched to those of the observed
probabilities. Each simulated measurement thus yields an
artificial number of values for K3, from which one can
determine the probability that the system represented by the
given data set violates the LGI. The modeling and param-
eter extraction is executed using the STAN Markov simu-
lation package [35].
Because of statistical fluctuations present in the oscil-

lation data, some fraction of the observed K3 values may
fluctuate above the classical bound, even if the underlying
distribution is itself classical or realistic. To determine
the frequency with which classical distributions give
false-positive LGI violations, we use the same Markov
chain statistical sampling method to construct a classical
distribution of KC

3. This allows us to make a quantitative
comparison between classical and quantum predictions:
The observed number of points above the classical bound
may be directly compared to the predictions from classical
[Eq. (4)] and quantum [Eq. (11)] rules. The impact of the
systematic uncertainties from the amplitude and phases, as
best estimated from Ref. [36], are also included in our
construction of KC

3.
To estimate the degree to which these results are

inconsistent with a hidden-variable or realistic model, we
fit the distribution of the number of expected LGI violations
from the classical model [Eq. (4)] to a beta-binomial
function, so as to account for the heteroscedasticity of
the underlying distribution. The observed number of LGI
violations (64 out of 82) represents a 6.2σ deviation from

FIG. 1. The survival probability of νμ as measured by the
MINOS experiment. The solid (blue) curve indicates the pre-
diction for oscillations assuming global values of Δm2

atm,
sin22θatm [33], while the dashed (red) curve indicates the
prediction fitting directly to the measured MINOS values of
Pμμ. The red band indicates a 1σ confidence interval around the
fitted prediction. The data are taken from Ref. [32].

FIG. 2. (Left) The number of K3values that violate the LGI bound. The red curve indicates the expected classical distribution, while
the indigo curve indicates the quantum expectation. The arrow indicates the observed number of violations. (Right) The distribution of
K4versus the sum of the phases

P
aψa as reconstructed from Pμμ at various energies. The data (black points) show a clear clustering

above the LGI bound. Also shown are the expected distributions for the classical (red dots) and quantum (blue dots) theoretical
predictions. Note that K4can attain multiple values for a given relative phase, because there are many triplets of phase points that add up
to a given relative phase. The shown points have high statistical correlations.
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• The number of K3 values that violate the LGI bound. 
The red curve indicates the expected classical 
distribution, while the indigo curve indicates the 
quantum expectation. The arrow indicates the observed 
number of violations. 

• The observed number of LGI violations (64 out of 82) 
represents a 6.2σ deviation from the number of 
violations one would expect to arise from an underlying 
classical distribution. 

• A total of 577 (out of 715) violations of the 
LGI were observed for K4. 

• Clear discrepancy between the observed 
number of violations and the classical 
prediction. The K4 data are inconsistent with 
the realistic prediction at confidence 7σ. 

J. A. Formaggio, D. I. Kaiser, M. M. Murskyj, and T. E. Weiss, Phys. Rev. Lett. 117, 050402 (2016)
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• Daya Bay measures the survival probabilities of oscillating electron antineutrinos produced by nuclear power plants 
(NPP).

• The Daya Bay experiment consists of three underground experimental halls (EHs) connected with horizontal 
tunnels. 

• Eight antineutrino detectors (ADs) are installed in the three halls, with two in EH1, two in EH2, and four in EH3. 
Each AD has 20-ton target mass to catch the reactor antineutrinos. 
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Abstract The Leggett–Garg inequality (LGI), derived
under the assumption of realism, acts as the temporal Bell
inequality. It is studied in electromagnetic and strong inter-
action like photonics, superconducting qubits and nuclear
spin. The weak interaction two-state oscillations of neutri-
nos affirmed the violation of Leggett–Garg-type inequali-
ties (LGtI). We make an empirical test for the deviation of
experimental results with the classical limits by analyzing
the survival probability data of reactor neutrinos at a distinct
range of baseline dividing energies, as an analog to a single
neutrino detected at different times. A study of the updated
data of the Daya Bay experiment unambiguously depicts an
obvious cluster of data over the classical bound of LGtI and
shows a 6.1σ significance of the violation of them.

1 Introduction

Nonclassical features of the quantum system have expe-
rienced extensive study since the inception of quantum
mechanics. After a long debate between the believers of local
realism and quantum mechanics, a breakthrough study, Bell’s
inequality (BI), was provided by Bell [1]. The unique feature
of BI is its testable formula from the consequence of the
famous hypothesis called local realism (LR). The LR believ-
ers assume that any observable value of an object, even if
not detected, must have a definite value and that results of
any individual measurement of the observables remain unaf-
fected if they have a space-like separation. Extensive exper-
imental investigations [2–4] over the past several decades

This work is partly supported by the Key Research Program of
Frontier Sciences, CAS, under the Grants number No.
QYZDY-SSW-SLH006 of Chinese Academy of Sciences.

a e-mail: fuqiang@impcas.ac.cn
b e-mail: xchen@impcas.ac.cn

tested the violation of BI. These studies conclude that any
local realism view of a microscopic object needs to be non-
local. Based on these studies of BI, Leggett and Garg fur-
ther derived a new series of inequalities [5] on the assump-
tion of macrorealism (MR), now known as the Leggett–Garg
inequalities (LGIs), that any system behaving as a macro-
scopic realism must obey. From the structure of the LGIs,
we can see them as an analog of Bell’s inequalities in tem-
poral interpretation, which also makes it possible to imple-
ment a rigorous test of quantum mechanics on a macroscopic
level, which is usually very difficult in designing experiments
in space-like separation condition. By testing the LGtI, we
can also perform a rigorously loophole-free test of quantum
mechanics [2,6–8].

Besides the nonlocal behavior and quantum correlation
between different particles, for single particle states there can
also exist entanglement by the flavor transition [9]. Due to the
oscillation of neutrino flavors, it offers an ideal source to test
quantum mechanics in the case of the weak interaction and
from a macroscopic point of view. For two-flavor neutrino
oscillation, a two-level state’s matrix can be expressed in the
form

ρ =1
4

⎡

⎣I ⊗ I + (r · σ ) ⊗ I + I ⊗ (s · σ )

+
3∑

n ,m=1

Tmn (σm ⊗ σn )

⎤

⎦ .

(1)

Here the elements of the matrix T are Tmn=Tr [ρ(δm ⊗ δn )].
For a two-qubit situation, many kinds of quantum correla-
tions [10–12] like entanglement, fidelity, quantum discord
and geometric discord have been derived to get their gen-
eral expressions. Mermin and Svetlichny [13,14] inequali-
ties were derived for three or even many body system that
have two macroscopic distinct states. Using these results of

123
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• The Daya Bay experiment covers an energy between 1 and 8 MeV. 
• The ranges of effective baseline and energy correspond to a phase range of (0, 3/4π ), 

within which the violations of LGI will be observed near the minimum point of the anti- 
neutrino survival probability. 
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FIG. 2. (color online). The electron anti-neutrino survival probability versus effective propagation distance

Le f f over anti-neutrino energy Eν. The dashed blue curve indicates the prediction fitting directly to the mea-

sured Daya-Bay values of Pee. The red band indicates a 1σ confidence interval around the fitted prediction.

The blue triangles, green rectangles and black dots are the binned data of Daya-Bay EH1, EH2 and EH3

from Ref. [20] respectively.

Pee values. The pseudodata are generated by a Gaussian distribution model with the means and
variances matched to the center values and deviations of the best fit. Each set of simulated data
gives an artificial number of LGI violations for K3 and K4, from which we can calculate the level
of inconsistency of the predictions between quantum and classical Kn.

To estimate the confidence level of these results being inconsistent with a realism expected
prediction, we make a fit of histogram filled by predicted LGI violations number under realism
model 7 to a beta-binomial distribution, thus to estimate the deviation of classical predictions
from the actually observed number of LGI violations. For the actual number of LGI violations
(41 in 48 data points), there exists a 6.1σ deviation from the expected distribution of the classical
prediction.

A similar statistical test is made for LGI K4. Using the filter of the phase sum rule described
above, we get a number of 30 (in total of 56 data points) exceed the classical limits. As Fig. 4
shows, there are obvious clusters of points over the classical bound of K3 and K4. The discrep-
ancy between the observed events number and the classical predicted events originating from the
fluctuation is very clear. Our K4 data also possesses 6σ deviation from the classical prediction.

IV. DISCUSSION

The results mentioned above clearly constrain the validity of quantum mechanics in such a
macroscopic area. Values of LGtI K3 and K4 are violated with the QM’s prediction at the con-
fidence level of over 6σ comparing with the classical bound for the neutrino θ13 mixing in our
estimation. We get to present that anti-electron neutrino oscillations also violate the limits of
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neutrino begins in the pure |νe⟩ state,

K Q
n = − 2 + 2

n − 1∑

a=1

Pee(ψa) − 2Pee

(
n − 1∑

a=1

ψa

)

. (12)

Here n can be 3 or 4 in this paper, which corresponds to
K3 or K4 LGI. In quantum mechanics, the commutators of
operators can be nonvanishing. However, in a classical sys-
tem, operators with observable values must commute; then
the macrorealism derived Kn will become

KC
n =

n − 1∑

a=1

Ci,i+1 −
n − 1∏

a=1

Ci,i+1. (13)

The Daya Bay Collaboration released updated oscillation
results as a function of the effective baseline distance Leff
over the average energy ⟨Eν⟩ in bins [20]. For their six anti-
neutrino detectors (ADs) placed in three separate experimen-
tal halls (EHs) and three nuclear reactors neutrino sources,
the effective baseline varies for each detected anti-neutrino.
The Daya Bay experiment covers an energy between 1 and 8
MeV. The ranges of effective baseline and energy correspond
to a phase range of (0, 3/4π), within which the violations of
LGI will be observed near the minimum point of the anti-
neutrino survival probability.

To test the violations of the K3 and K4 inequalities, we
address the data from the Daya Bay neutrino experiment. The
Daya Bay experiment extracted the survival probabilities of
neutrinos using Daya Bay and Ling-Ao nuclear power sta-
tions’ reactors. We use all the measurement positions includ-
ing EH1, EH2 and EH3 of the Daya Bay. The reactors provide
different sources of neutrinos with several fixed baselines and
an energy spectrum with peaks. We make a θ13 fit over the
Daya Bay updated data and get the fit error band and center
value of Pee shown in Fig. 2. With the best fit of sin22θ13 and
the 1σ error band of it, we generate a large set of pseudodata.
Then we select all sets of data points in Fig. 3 which obey the
sum rule of phase with the precision of 0.5% (ψ1+ψ2 ∈ ψ3)
and 0.1% (ψ1 + ψ2 + ψ3 ∈ ψ4) for the K3 and K4 respec-
tively. For the K3 (K4) situation, 48 (56) correlation triples
(quadruples) satisfy the sum rule. Meanwhile the updated
measurement only includes the static errors and we simply
assumed that the errors at small phase of the oscillation prob-
ability are the fitting error.

The violation of Leggett–Garg-type inequalities has been
tested and confirmed by the MINOS experiment, with the K3
and K4 being inconsistent with the realism prediction over
5σ [19]. Since the violation of Leggett–Garg-type inequal-
ities happens when the mixing angle of two flavors is not
zero, we suppose that the violation could be observed in the
νe survival channel at Daya Bay. In order to estimate the sig-
nificance from events as regards the number of violations, we
simulated the statistical quantity by creating a large sample
of pseudodata based on the fitting result of the observed Pee

Fig. 2 The electron anti-neutrino survival probability versus effective
propagation distance Leff over anti-neutrino energy Eν . The dashed blue
curve indicates the prediction fitting directly to the measured Daya Bay
values of Pee. The red band indicates a 1σ confidence interval around
the fitted prediction. The blue triangles, green rectangles and black dots
are the binned data of the Daya Bay EH1, EH2 and EH3 from Ref. [20],
respectively

values. The pseudodata is generated by a Gaussian distribu-
tion model with the means and variances matched to the cen-
ter values and deviations of the best fit. Each set of simulated
data gives an artificial number of LGI violations for K3 and
K4, from which we can calculate the level of inconsistency
of the predictions between quantum and classical Kn .

To estimate the confidence level of these results being
inconsistent with expectation and prediction from realism,
we make a fit of the histogram filled by predicted LGI vio-
lations number under the realism model of Eq. (7) to a beta-
binomial distribution, thus to estimate the deviation of clas-
sical predictions from the actually observed number of LGI
violations. For the actual number of LGI violations (41 in 48
data points), there exists a 6.1σ deviation from the expected
distribution of the classical prediction.

A similar statistical test is made for LGI K4. Using the
filter of the phase sum rule described above, we get a num-
ber of 30 (in total of 56 data points) exceeding the classi-
cal limits. As Fig. 4 shows, there are obvious clusters of
points over the classical bound of K3 and K4. The discrep-
ancy between the observed events number and the classical
predicted events originating from the fluctuation is very clear.
Our K4 data also possesses a 6σ deviation from the classical
prediction.

4 Discussions

The results mentioned above clearly constrain the validity
of quantum mechanics in such a macroscopic area. Values of
LGtI K3 and K4 are violated with the QM prediction at a con-
fidence level of over 6σ compared with the classical bound
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Sincem2
12 = (7.50± 0.20)×10−5 eV2, whilem2

ee = (2.42±
0.11) × 10−3 eV2 according to Ref. [20], we can choose an
appropriate value of the ratio L/E to make one of the terms
of sin2 1.267!m2L

E vanishing. For the Daya Bay experiment,
the effect of the parameter θ12 becomes far less, sufficiently
so that, compared with θ13, θ12 can be regarded as negligibly
small. Given that there is an initial pure electron anti-neutrino
source, after propagation for a time t, the survival probability
of νe will be

Pνe→νe = 1 − sin22θ13sin2 1.267!m2
eect

E
. (5)

However, there is the MSW (Mikheyev–Smirnov–
Wolfenstein) effect (usually called the matter effect) dur-
ing the propagation of neutrino in matter. The effect is only
significant for high energy neutrinos and a long range of
matter, like the solar neutrino experiment. The KamLAND
and Super-K Pee day–night discrepancies are only obvious
for larger than 6 MeV neutrinos [25,26]. Furthermore, the
solar neutrino experiments involve the matter effect caused
by the electron in the solar medium, which electron den-
sity ϵ⊙ is much larger than that in the Earth. Generally
speaking, a neutrino vector of state in flavor basis |ν(t)⟩ =
(νe(t) νµ(t) ντ (t))T obeys the Schrödinger equation:

i
d
dt

|ν(t)⟩ = H |ν(t)⟩ (6)

where the Hamiltonian can be replaced by an effective one
as

H ≃ 1
2E

U diag(0,!m2
21,!m2

31)U
† + diag(V, 0, 0), (7)

where V is the effective charged potential contribution to
νe [27], given in the form

V (x) ≃ 7.56 × 10−14
(

ρ(x)

g/cm3

)
Ye(x) eV, (8)

where ρ(x) is the matter density along the track path of the
neutrino,Ye(x) (for the Earth ≃ 0.5) is the number of elec-
trons normalized to the number of nucleons. For the matter
of constant density, the series expansion for three-flavor neu-
trino oscillation probabilities can be derived from the Hamil-
tonian Eq. (7) [28]. For νe survival, the survival probability
expansion to second order is

Pee = 1 − αsin22θ12
sin2A!

A2 − 4sin2θ13
sin2(A − 1)!
(A − 1)2 ,

(9)

where α = !m2
21

!m2
31

≃ 0.0297, and the abbreviation for A and

! is

Fig. 1 Illustration of the matter effect of the Earth in the interval of
0–10 km. The plot is the discrepancy of vacuum PVac

ee and the Earth’s
PEarth
ee . The neutrino is 6 MeV monoenergetic, and ρ(x) = 2.65 g/cm3

for standard rock

! ≡ 1.27!m2
31L

E
[ev2][km]
[GeV] ,

A ≡ 2EV

!m2
31 × 10−3

[GeV][eV]
[eV2] .

(10)

For this Daya Bay analysis, we calculate the discrepancy of
the Pee probability of a 6 MeV neutrino in the range of 0
to 10 km covering the range of the experiment, about 2 km.
From Fig. 1, we can draw the conclusion that the matter effect
is too small to be included in the “short” baseline.

According to the expansion of the Pee with matter effect
mentioned above, we will use the oscillation probability just
in the vacuum. Using the stationary assumption, one can
derive the four joint probabilities Pνα,νβ (ti , t j ), here α and β

stands for νe and another neutrino flavor, i and j are from 1
to 4 defined above. The two-time correlation function C12 in
this Pνe→νe is given by

C12 = 1 −
[

sin2θ13sin
(

1.267!m2
ee

E
c(t2 − t1)

)]2

= 2Pνe→νe (t2 − t1) − 1. (11)

Similarly, the correlation functions C23, C34, and C14 can
be calculated. Using the Eq. (5), the quantity K Q

n can be
evaluated as defined in Eq. (2). By choosing the time intervals
in a particular way, we can achieve a maximum value of K4
when t4 − t3 = t3 − t2 = t2 − t1 = δt . Under this condition,
the correlation functions depend on the baseline length L and
the neutrino energy Eν . We select the neutrinos’ measured
Lef f /E to make the oscillation phase ψa = 1.267!m2

E c(δt)
obey the sum rule: ψ12 + ψ23 + ψ34 = ψ14. We have an
experimental arrangement in which measurements occur at
some fixed distance from the neutrino sources. Assuming the
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FIG. 3. (color online). The histograms of number of K3 (upper) and K4 (lower) values that violate the LGI

bound. The left curves with red filling indicate the expected classical distributions, while the right cures

with blue filling indicate the quantum corresponding quantity.

Leggett-Garg inequality. The detected violations act as a new affirmation of quantum nonlocality
existing in neutrino system during its long range propagation. These violations were observed over
the near and far detectors placed at three experimental halls (EHs) with the baseline long enough
to make the test not being a Bell-like inequality test. Besides, it should be worthwhile to make a
detailed data analysis on the Daya-Bay experiment involving three-flavor neutrino oscillation, in
order to achieve more data points of LGI K3 and K4. It could be worth to test the quantum me-
chanics in such a weak interaction context. Although tests of incompatible of LGI and QM have
been achieved by photonics and electronic experiments [29, 30], nuclear spin qubits [31] and even
condensed states [32], there are few reports of LGI violation in particle physics. Even though the
MINOS and Daya-Bay experimental setup show the LGtI violations, these two experiments are all
in the context of two flavor neutrino oscillation, which can not reveal the CP violation. Since the
entanglement exists between a pair of neutral meson and anti-meson, which will violate the Bell
inequality [33], three-flavor oscillation analysis involving neutrinos and anti-neutrinos may shed
light on the study of CP-violating phase. [34]
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Quantum mismatch

Quantum mismatch: A powerful measure of quantumness
in neutrino oscillations
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The quantum nature of neutrino oscillations would be reflected in the mismatch between the neutrino
survival probabilities with and without an intermediate observation. We propose this quantum mismatch as
a measure of quantumness in neutrino oscillations. For two neutrino flavors, it inevitably performs better
than the Leggett-Garg measure. For three flavors, we devise modified definitions of these two measures,
which would be applicable for experiments that measure neutrino survival probabilities with negligible
matter effects. The modified definitions can be used to probe deviations from expected classical behavior,
even for systems with an unknown number of states. For neutrino experiments like DUNE, MINOS, and
JUNO, we identify the energies where these modified measures can probe quantumness efficiently.

DOI: 10.1103/PhysRevD.108.112013

I. INTRODUCTION

Tests of quantum mechanics (QM) provide insights into
the limits of local realism, which aligns with the classical
world view that all properties of physical objects have
values that exist independently of their measurements. For
example, the Bell’s inequality [1] tests for violations of
the classical upper bound on correlations between mea-
surements made on spatially separated systems. Violations
of this upper bound [2,3] clearly indicate the need for QM,
as they would be incompatible with the hypothesis of
hidden variables [4,5].
The Leggett-Garg (LG) measure [6,7] provides another

test of “quantumness” (more precisely, nonclassicality) of a
system through the correlations between its measurements
at different times. The Leggett-Garg inequality (LGI) tests
for the interference in QM, as opposed to entanglement,
which is tested by the Bell’s inequality. The simplest LG
measure K3 employs the observation of the system at an
intermediate time.
In the phenomenon of neutrino oscillations, neutrinos

change their flavor (νe, νμ, ντ) during propagation due to
the interference between different mass eigenstates [8,9].
This is a unique system where QM manifests itself over
hundreds and thousands of kilometers, which makes it a
prime candidate for tests of QM [10–25]. Violations of LGI

have been measured at neutrino oscillation experiments at
MINOS [26] and Daya-Bay [27]. New physics effects on
the LG measure have been discussed in [28,29].
Note that the LGI, as proposed in [6], tests for the

validity of the classical assumptions of macroscopic real-
ism and noninvasive measurements. However, in neutrino
oscillation experiments, the criteria of noninvasive mea-
surements cannot be fulfilled, as the measurement of the
flavor state destroys that particular neutrino. Neutrino
oscillation experiments looking for violation of LGI test
for thevalidityof the classical assumptions of (i)macroscopic
realism, (ii) time translation invariance, (iii) Markovian
dynamics, and (iv) the ability to produce a given state [7].
The latter three assumptions together are often simply termed
as “stationarity”. In this work, for the LG measure as well
as the quantum mismatch measure (to be introduced
below), nonclassicality implies a violation of the combined
assumption of macroscopic realism and stationarity.
A difference between observations with and without an

intermediate measurement would be a natural measure
of quantumness [30,31]. In this work, we introduce the
“quantum mismatch” measure, δP, for ascertaining the
quantum nature of neutrino oscillations. It is simply defined
as the difference between neutrino survival probabilities
with and without an intermediate measurement. Here,
we use measurements at different energies as proxies for
measurements at different times, which ensures that the
“intermediate” measurement is noninvasive.
In real-world neutrino experiments, it is not possible to

detect all neutrino flavors. This necessitates modification of
the measures K3 and δP in the full three-flavor scenario.
We identify the energies where the two modified measures
K̃3 and fδP would be efficient in experiments.
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No signaling in time

No-signaling-in-time as a condition for macrorealism: the case of neutrino oscillations
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We consider two necessary and su�cient conditions for macrorealism recently appeared in the
literature, known as no-signaling-in-time and arrow-of-time conditions, respectively, and study them
in the context of neutrino flavor transitions, within both the plane wave description and the wave
packet approach. We then compare the outcome of the above investigation with the implication of
various formulations of Leggett–Garg inequalities. In particular, we show that the fulfillment of the
addressed conditions for macrorealism in neutrino oscillations implies the fulfillment of Leggett–Garg
inequalities, whereas the converse is not true. Finally, in the framework of wave packet approach, we
also prove that, for distances longer than the coherence length, the no-signaling-in-time condition
is always violated whilst Leggett–Garg inequalities are not.

I. INTRODUCTION

Neutrino mixing and oscillations represent the main
indications of physics beyond the Standard Model [1–
5]. Among the multifaceted aspects of the above phe-
nomenon, in recent years the quantum informational
properties of mixed flavor states have been widely in-
vestigated [6–15]. An important achievement along this
direction is the characterization of the intrinsic quantum
nature of neutrino oscillations, which has been probed
with the data available from the MINOS experiment by
means of the Leggett–Garg inequalities (LGIs) [16].

Loosely speaking, LGIs are typically regarded as the
temporal analogues of Bell inequalities; whilst the latter
quantify the quantumness of a given system via spatially-
separated tests (thus dealing with quantum nonlocality),
the former rely on the notion of macroscopic coherence
based upon temporal auto-correlation functions [17–21].
Indeed, LGIs are closely related to the concept of macro-
realism, an intuitive view of our classical macroscopic
world according to which measurements do not perturb
the state of the probed system and reveal a pre-existing,
observable quantity.

Because of their relevance, LGIs have been extensively
employed in experimental verifications [16, 22–25]. On
the same footing, in the last decades systems revealing
phenomena of mixing and flavor oscillations have become
the subject of an emergent exploration dealing with clas-
sicality and macroscopic superpositions [14, 26–39]. As
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a matter of fact, it is no coincidence that neutrinos pro-
vide a promising probe for testing the validity of LGIs,
since their flavor oscillations exhibit quantum coherence
even after the particles have traveled macroscopic dis-
tances [14, 34–37].

Despite the pivotal role covered by LGIs, experiments
centered around macrorealism reveal a more complex
structure if compared with tests based upon local re-
alism [40]. The crucial di↵erence lies in the fact that,
whilst Bell inequalities are both necessary and su�cient
conditions for local realism [41], the fulfillment of LGIs
is not in a one-to-one correspondence with macroreal-
ism. Indeed, the validity of the standard LGIs and their
variants such as the Wigner form of LGIs (WLGIs) [42]
turns out not to be su�cient for macrorealism [40, 43, 44].
For this reason, it is essential to introduce another set of
conditions for macrorealism which would be both neces-
sary and su�cient; such a set has already been devel-
oped, and it is given by a combination of no-signaling-
in-time (NSIT) (which is an alternative necessary condi-
tion for macrorealism [19, 43]) and arrow-of-time (AoT)
conditions [43, 45]. Being equalities for joint probabili-
ties rather than inequalities, these requirements are more
suitable to be interpreted as quantum witnesses.

In this paper, we study the NSIT and AoT conditions
in the case of two-flavor neutrino oscillations. We find
that, while AoT conditions are always trivially satisfied,
neutrino oscillations always violate NSIT excluding an
integer set of isolated points. However, if a wave-packet
treatment is considered and the measurements are per-
formed at su�ciently large intervals of time (correspond-
ing to distances longer than the coherence length), the
NSIT conditions are always violated. This fact confirms
that, even after the occurrence of wave-packet decoher-
ence, neutrinos still retain their intrinsic quantum nature,
thereby preventing a macrorealistic interpretation of fla-
vor transitions even at late times. In conjunction with
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Abstract The violation of Leggett–Garg inequalities tested
the quantumness of neutrino oscillations (NOs) across
macroscopic distances. The quantumness can be quantified
by using the tools of the quantum resource theories. Recently,
a new genuine tripartite entanglement measure (Xie et al. in
Phys Rev Lett 127:040403, 2021), concurrence fill, is defined
as the square root of the area of the concurrence triangle satis-
fying all genuine multipartite entanglement conditions. It has
several advantages compared to other existing tripartite mea-
sures. Here, we focus on using concurrence fill to quantify the
tripartite entanglement in three-flavor NOs. Concurrence fill
can reach its maximum 0.89 for the experimentally-observed
electron antineutrino oscillations, but it cannot for the muon
antineutrino oscillations. In both cases, we compare its per-
formance with other three tripartite entanglement measures,
including the generalized geometric measure (GGM), the
three-π entanglement, and the genuinely multipartite con-
currence (GMC), in the neutrino propagation, and accord-
ingly show that concurrence fill contains the most quan-
tum resource. Furthermore, concurrence fill and the three-
π entanglement are always smooth, while GGM and GMC
measures have several sharp peaks. The genuine tripartite
quantification of the quantumness of three-flavor NOs rep-
resents the first step towards the further potential application
of neutrinos on quantum information processing.

1 Introduction

Neutrino is a Standard Model neutral weakly interacting
fermion [1]. It is the second most abundant particle in the
Universe after photons of light. Neutrino oscillation (NO)
implies that the neutrino has a non-zero mass. In the frame-
work of the simplest standard model of three-neutrino mix-

a e-mail: songxk@ahu.edu.cn (corresponding author)
b e-mail: dwang@ahu.edu.cn

ing, three different flavors of neutrino are electron e, muon
µ , and tau τ leptons, in which the three flavor states are uni-
tary linear combinations of three mass eigenstates [2,3]. NO
shows that a given flavor may change into another flavor in the
neutrino propagation. The probability of measuring a partic-
ular flavor for a neutrino varies periodically as it propagates
through space, and can be measured at the arbitrary time. The
values of the oscillations parameters have been measured and
analyzed in both theory and experiment in recent years [4–
8]. Remarkably, oscillation probabilities of neutrino can be
used to study the different properties from classical to quan-
tum mechanical prediction of such an interesting system.

As an analog of Bell’s inequality in temporal interpreta-
tion, LGI study the correlations of a single system measured
at different times, based on two assumptions of macroscopic
realism and non-invasive measurability [9–11]. It is shown
that experimentally-observed neutrino oscillations can vio-
late the classical limits imposed by the LGI [12–15], provide
an evidence that quantum coherence can apply broadly to
microscopic systems over a macroscopic distance. However,
the violation of LGI can be taken as an effective indicator for
quantifying the amount of quantumness in the framework of
quantum resource theories (QRTs). Recently, the quantifica-
tion of quantumness in terms of flavor oscillation probabili-
ties of NOs was investigated by quantities in QRTs, includ-
ing entanglement [16–18], Svetlichny inequalities [19,20],
entropic uncertainty relation [21,22], quantum coherence
[23–25], and quantum correlations [26–29].

Among them, entanglement is the most fundamental
concept that can be rigorously quantified and character-
ized by the tools of QRTs. It has many potential applica-
tions in quantum information processing, including quantum
cryptography [30,31], quantum teleportation [32], entan-
glement swapping [33], and so on. In particular, multipar-
tite entanglement turns out to be a versatile tool in quan-
tum error correction [34]. There are many measures to
quantify the entanglement in multiqubit quantum systems,
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Abstract

We revisit the study of the violation of the Leggett-Garg inequality in neutrino

oscillation data as a mean to test some of the fundamental aspects of quantum

mechanics. In particular, we consider the results by the Daya Bay and RENO

reactor experiments, and the MINOS and NOvA accelerator experiments. We

find that DB and MINOS exhibit a strong manifestation of Leggett-Garg viola-

tion, while for RENO and NOvA data the indication is weaker. Considering the

particular baselines and energy ranges explored by each experiment, our results

demonstrate that the Leggett-Garg violation is more evident for smaller baseline-

to-energy ratio in all the data sets considered, a relevant aspect to be considered

when searching for evidences of quantum mechanical decoherence on neutrino

oscillations.

Keywords: Neutrino oscillations, LGI, Quantum Mechanics

1 Introduction

The impact of neutrinos covers a wide range of aspects of particle physics, astrophysics
and cosmology. In particular, the well established phenomenon of neutrino oscillations
[1–10], demonstrating that neutrinos are massive particles, constitutes one of the first
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CP conservation favoured
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Performance in comparison with other measures

Measure Smoothness Discriminance Extendable, d > 3

Generalised Geometric Measure (GGM)1 ⇥ ⇥ X
Genuine Multipartite Concurrence (GMC)2 ⇥ ⇥ X
Concurrence Fill (F)3 X X X*
Geometric mean of Bipartite Concurrence

(GBC)4
X X ⇥

Geometric mean of Bipartite Riemannian

entanglement measures (GBR)

X X X

1. Sen-De and Sen, Phys. Rev. A (81) 1, 2010 2. Eberly et. al, Phys. Rev. A (86) 6, 2012

3. Eberly and Xie, Phys. Rev. Lett. (127) 4, 2021 4. Shang and Li, Phys. Rev. Research (4) 2, 2022
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Summary

• Foundations of quantum mechanics is an active area of research, widely studied in the 
optics context and electronic context. 

• Neutrino oscillations provide an ideal platform to look for such violations at macroscopic 
distances that might not accessible be in other contexts.

• Foundational aspects and tests may allow for indirect tests for new physics scenarios 
such as non-standard neutrino interactions or effects that could cause damping effects.

• High energy physics experiments specifically neutrino oscillations have reached the 
level of precision to allow for stringent tests of temporal inequalities of the LGI type. 

• LGI can allow for probing the nature of neutrinos if we consider non-hermitian scenario 
(neutrino oscillation plus decay)

• So far, the experimental efforts have used simple two flavour case. It would be 
interesting to use the data with three flavours to see the impact on violation of LGI. 
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