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Step 1 : construction of the approximate
problem

Since the matrix A is not supposed to be bounded, for ε > 0 let us define

Aε(x, s) = A(x, T1/ε(s))

and let fε ∈ L2(Ω) such that

fε → f strongly in L1(Ω).

We now consider uε ∈ H1
0(Ω) a weak solution of the approximated problem :

∀v ∈ H1
0(Ω)

λ

ˆ

Ω

uεv +
ˆ

Ω

Aε(x, uε)∇uε ·∇v =

ˆ

Ω

fεv(12)
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Step 2 : a priori estimates

Tk(uε) is bounded in H1
0(Ω) uniformly with respect to ε

lim
M→+∞

lim sup
ε→0

meas{|uε| ≥ M} = 0
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Step 3 : extraction of subsequences

There exists a measurable function u, finite a.e. such that, up to a subsequence

uε → u a.e. inΩ

∀k > 0, Tk(uε) � Tk(u)weakly in H1
0(Ω)
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Step 4 : uniform control of the decay of
the truncated energy

lim
n→+∞

lim sup
ε→0

1
n

ˆ

{|uε|<n}
Aε(x, uε)∇uε ·∇uε = 0
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As a consequence we have

∀k > 0, Tk(u) ∈ H1
0(Ω)

and the decay of the energy

1
n

ˆ

{|u|<n}
A(x, u)∇u ·∇u −→ 0 as n → +∞.

It remains to prove (9) : ∀h ∈ W1,∞(R)with h having compact support

λuh(u)− div(h(u)A(x, u)∇u) + h�(u)A(x, u)∇u ·∇u = fh(u)

inD�(Ω).
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Step 5 : passing to the limit

For any n > 0, we denote by hn the function given by the graph

1

n 2n−n−2n

hn

Let h ∈ W1,∞(R)with compact support and ϕ ∈ C∞
0 (Ω). In view of the regularity of

uε, u and ϕ, and since h has a compact support, hn(uε)h(u)ϕ ∈ L∞(Ω) ∩ H1
0(Ω) is

then an admissible test function in the approximate problem :
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ˆ

Ω

uεhn(uε)h(u)ϕ+

ˆ

Ω

hn(uε)h(u)Aε(x, uε)∇uε ·∇ϕ

+

ˆ

Ω

h�(u)hn(uε)ϕAε(x, uε)∇uε ·∇u

+

ˆ

Ω

h�n(uε)h(u)ϕAε(x, uε)∇uε ·∇uε =
ˆ

Ω

fhn(uε)h(u)ϕ

We now study the behavior of each term, first as ε goes to zero and then as n goes to
infinity.
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Renormalized solution and weak
(variational) solution

If f is more regular, that is f ∈ L2(Ω) then we recover that any renormalized solution
belongs to H1

0(Ω). More precisely

Proposition 3
Assume that f ∈ L2(Ω) and A(x, s) ∈ (L∞(Ω× R))N2

. Then u is a renormalized
solution of (1) iff u ∈ H1

0(Ω) is a weak solution of (1).
Proposition 3 is a consequence of the following

Proposition 4
For any k > 0we have

λ

ˆ

Ω

uTk(u) +
ˆ

Ω

A(x, u)∇u ·∇Tk(u) =
ˆ

Ω

fTk(u)

Formally Tk(u) is an admissible test function for equation (1) and u ∈ L1(Ω).
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Proof of Proposition 4.
We use in the renormalized formulation hn in place of h and Tk(u) as test function in
(8) :

λ

ˆ

Ω

uhn(u)Tk(u) +
ˆ

Ω

hn(u)A(x, u)∇u ·∇Tk(u)

+

ˆ

Ω

h�n(u)Tk(u)A(x, u)∇u ·∇u =

ˆ

Ω

fhn(u)Tk(u)

We now derive a priori estimates independent of n.


