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QCD
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QCD - LQCD

Euclidean time
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Lattice QCD Workflow

Using Monte Carlo methods
generate a set of gauge ensembles
representing QCD dynamics,

on Euclidean space-time lattices
with varying quark masses,
varying lattice sizes and

varying lattice spacings

Compute Euclidean correlation functions
corresponding to desired observables
on those lattice ensembles

Analyse correlation functions, and
finally take chiral, continuum and
finite volume limits (also
renormalization of lattice to
physical results)



Lattice QCD Workflow

Using Monte Carlo methods
generate a set of gauge ensembles

representing QCD dynamics, Angular momentum of proton:
on Euclidean space-time lattices '

with varying quark masses, Need appropriate operators and then
varying lattice sizes and to compute their correlation functions

varying lattice spacings I

Compute Euclidean correlation functions
corresponding to desired observables
on those lattice ensembles

Analyse correlation functions, and
finally take chiral, continuum and
finite volume limits (also
renormalization of lattice to
physical results)



Operators for Angular momentum and spin sum rules

= Energy momentum tensor (Belinfante):

TRV = THv 4 v

l

Tuv — THV RV
T Tq +Tg

N\

TZV = giyD™iq TZ" — Flup F;',}

= Angular momentum density:

= Angular momentum:

D = %[ﬁ n ‘5] { } = symetrization

Merv — Tavxu _ Tauxv

Ji

jg

1 ciik

2
f d3x

J

[ d3x MYk (x)

% x (E x B)]



=  Angular momentum density:

Merv — Tavxu _ Tauxv
= Angular momentum of quarks:

1 .. .
.’i — E El]kfdgx MO]k(x)

J ) = j d?’x[a%q +q(% % iﬁ)q]
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Proton spin decomposition

Frame Independent (Ji)
Phys. Rev. Lett., 78:610-613, 1997

Jp= ]q +]g

1
-3 (B0-=) -0
q=u,d,s,c

Quark spin | Quark Total gluon
orbital angular
angular momentum
momentum

Each term is gauge invariant.
Expt: JLab, COMPASS, HERMES, J-PARC, EIC




Proton spin decomposition

Frame Independent (Ji) Infinite momentum frame
Phys. Rev. Lett., 78:610—613, 1997 (Jaffe-Manohar) Nucl. Phys., B337:509-546, 1990

Jp=Jq )4 Jp =

_ 1
y(@-®-0)22000
2714 q=u,d,s,
q=u,d,s,c

Quark spin | Quark Total gluon Quark spin GIu.o'n Qua?rk Gluon
. helicity orbital orbital
orbital angular ij i g I
angular momentum ~ € anst art angular
momentum momentum 1 momentum
qix X id)Yp || F(x x d)A
Each term is gauge invariant. Not gauge invariant. Use light-cone
Expt: JLab, COMPASS, HERMES, J-PARC, EIC gauge. Also from GPDs, GTMD
Expt: PHENIX, STAR, COMPASS, HERMES, EIC

These decompositions are not unique. There are many ways, and each can have their legitimate meanings



1 _ _
<N(p’, |7 N G, S)> Sun (@', sN[T17 (@)Y +v'p*)
+ —T29 (gD {iq (P a"® + p¥aH%)}
ZmN
V—9,va°
mpy

2~ 44 — 5
+Dq'9(q ) + Cq;g(q )mNguv] un(p,s)

q = p' — p : momentum transfer p= @+ p)/2

T{,T,,D,C : Gravitational form factors



1
T,'(0) = jdx x(q(x) + q(x)) T7(0) = de xg(x)
1 Momentum fraction  °
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q = p' — p : momentum transfer p= @+ p)/2

T{,T,,D,C : Gravitational form factors



1 1
T,'(0) = fdx x(q(x) + q(x)) T7(0) = de xg(x)
0 0

1 Momentum fraction
(V@' 5|7 [N @, ) = F @O @0 + 7P
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- g,uvq
mpy

Anomalous gravitomagntic 2my
moment q CI
2
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q = p' — p : momentum transfer p= @+ p)/2

T{,T,,D,C : Gravitational form factors



1 1
T,'(0) = fdx x(q(x) + q(x)) T7(0) = de xg(x)
0 0

1 Momentum fraction
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moment q CI
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Pressure

+ Z'q,g (qz)mNguv] Uy (p: S)

q = p' — p : momentum transfer p= @+ p)/2

T{,T,,D,C : Gravitational form factors
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1
T,'(0) = fdx x(q(x) + q(x)) T7(0) = de xg(x)
0

Momentum fraction °
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Pressure Trace anomaly

q = p' — p : momentum transfer p= @+ p)/2

T{,T,,D,C : Gravitational form factors
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1
T,'(0) = fdx x(q(x) + q(x)) T7(0) = de xg(x)
0

Momentum fraction °

1
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Pressure Trace anomaly
q = p' —p :momentum transfer p= (p+ p')/2
T{,T,,D,C : Gravitational form factors
1
Mgt -0 9= SITi(0) +Ty(0)]99 (099 = Ty(0)e8

Momentum fraction (second moment of the PDF)

Sumrule: (x)?+(x)9 =T{(0)7+T{(0)9 =1
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1

1
T,'(0) = fdx x(q(x) + q(x)) T7(0) = de xg(x)
0

Momentum fraction °

1
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—— 7157 (q){iqa ("0 + p¥ o)}

Anomalous gravitomagntic 2my

moment N L LA N R ,
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Pressure Trace anomaly
q = p' —p :momentum transfer p= (p+ p')/2
T{,T,,D,C : Gravitational form factors
1
Mgt -0 9= SITi(0) +Ty(0)]99 (099 = Ty (0)e8

2

Momentum fraction (second moment of the PDF)
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= Angular momentum :

= QOperators:

—

J () = j d3x[a%q+ q(X x iD)q
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Physical observables

(x)q,g Momentum fraction
<x2> Second moment
a.9
Au—Ad =g, Axial charge

Au+Ad =AX Spin content

-4 =g, Tensor charge

Y u

O

Ot

14

O

v =0

7/57//,1

7/57//,1

Vs

y73%



Quark

(b
&)
e
)
©
—l
=
O
N—r

7))
| -
o
)
©
(@))
qv)
(@
o
| -
o
4
S
@®©
-
@y

tEud

EIC@ICTS, TIFR



=5

ZlLi n)
_(Q”VWV\— /\f\\j\/\N\‘ 1)

p(t)=e"p(0)e™™
G(t, p)= 3 e "3 (0p(x)|n. 4)(n. dlp(x,)|0)

— —ip.(X—Xp) H (t—ty)—ip".(X—Xy) —H (t—ty)+ip".(X—Xy)
=€ > (0l P(X,)e
X n,g

=D e PO S e MR T 0lp(x,) . G)(N. e ()] 0)
X n,g

n,G)(n,qle(x,)0)

~ > &(p—G)e' PP ““°)<o\<o(xo)\n,q><n,a\<2‘(xo)\ 0)
n,g

_ Ze—EB(t—to)
n

—E"(t— _EN(t_
=2 W, T W e T
n

0 2 Determines how effectively this operator
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FNon(t2tp) = Y e TERTIO0]T (x (w2) Oe1) ¥(0)) | 0)
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(X)
) 12) Lo to
Connected insertion Disconnected insertion



Three Point Correlation Function

G?{g’wP(tQ: tlﬁﬁ: P’) = Z E_ip'mge—iq*ml

3,27

< 0| T (x*(x2) opv(21) X°(0)) 10 >

A(t) \

Operator
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g=0
y—> =
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e

The combined ratios leads to the form factors
2

gA(qz)—hA(qz)qujrm A0y gA(q°)
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Quark spin contribution A%

= Flavor-singlet axial vector current

Ay = Z qrlY.Ys4qy
f=ud,s,c

= On the lattice we need to compute the matrix element of the flavor-singlet axial vector current

(N(p,s)|A%|N(®D,s)) = 5,99

Su Polarization vector

gg = AY = Au+ Ad + As + Ac Quark spin contribution of the u,d,s and c
= A(u + d)CI + A(u + d)Dl +ASDI +ACDI quarks



Quark spin contribution

COMPASS (2016) - -

NNPDFpol1.1 (2014) — — .

De Florian et al (2009)

PNDME (2018) - — - .

£0CD (2018) - - - -

ETMC (2020) - + + L +
S Ay Ad As g

De Florian et al (2009):
Phys. Rev., D80:034030, 2009 = S —

NNPDFpol1.1 (2014):
Nucl. Phys. B, 887:276-308, 2014

COMPASS (2016)
Phys. Lett. B, 753:18-28, 2016

—0.12 —010 —as —0uG —in.0d

A(u/d)(DI) AY
Summary from: K. F. Liu :arXiv 2112.08416

(L6 0G5

qu/d) (CI
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—— FLAG average for Mo=2+1

—— FLAG average for Mp=2+1 FLAG average for =241 . H{H Mainz 194

z - ; | ¥OCD 18
. .

! ——+ Mainz 194 z Mainz 194 £ . H |LOCD 18

- ¥QCD 18 Q0D 18 o yOCD 15

T Engelhardt 12
T = ETM 17C -
i 1 W ETM 17C ' —— ETM 17C
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Axial ward identity

E}HAEL — Z 2my Py — 21N¢q

f=u,d,s xQCD (2017-24)
_ . _ 1 G4 (”;a
Py =wyslysyy 9= 16722 H - w
Pseudoscalar density Topological charge

From the review by K. F. Liu :
arXiv 2112.08416

Nucleon matrix element of this is satisfied by CI and DI separately

Topological charge contribution is part of the quark spin.
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Pressure Trace anomaly

q = p' — p : momentum transfer p= @+ p)/2
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Quark orbital angular momentum from lattice QCD
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On an Euclidean space-time lattice,

i — — - -
TEEE} =(=1)=> wlyaDi+yiDs—ysD;—y;Dsly
4 F
B} 1
D#W(I) = 24 [UF(I)W(I + ﬂp) - U;{I - ﬂ#)'f’(l - ﬂ#)]r

F0D, = 5-[7(x-+a,)U}(2) ~(x - 0, Ub(x —a,)]

(Ppu(x) - P;y(l)) PFI‘ - UF(I) (I-l-,H]U#(_I + )UI(I)
+Uu(I)Up(I u+ U (x -
+ UT(*I F)Ui(x W= F)U#(I u—v)U,(x=v)




Correlation functions for OAM

= Time ordered two-point correlation function of nucleon: Nucleon interpolating field:

LX) = egpert(x)2[u(x)PCd(x
Guﬁ( )ZZ ~PE 0| Ty, (X, 1)7 (U 0)]|0) Xa(X) = €a Jalu(x)"Cd(x)“]

3 C=Cyrs C=rws

Z, E,+m

Con(p.1) = TelT,GY (5, 1) 2L
(P 1) = Te[oG™ (p, 1)) Lo E,

E—Ep{"—fﬂ} + AE—EL{"—&]}

_ _ 14y

= Matrix element of tensor current can be obtained using three-point correlation functions:

. 41

T - .0 - g
T (1w, Pry i) = e e eiPeE (0T, (R, 1) T4 (2. 7)7,(0. 0)]/0)

[ —

-'i'f i

= With a definition of C;:]Lr (te. 7, Pr. pi) = Tt[0,GTo (t5, 7, Py )]

Ciper, (6.7, Prs i Copi(Pis te — T)Copy (Pr. T) Cop (P 1)
Clpt{ﬁf*- ) Cop(Prs e = T)Cop( P T) Cope (P - 1)

w1 a,T1(Q%) +ayT5(Q°) + a3 D(Q?)
w—e=1 4, /E (E,y+m)E,(E,+ m)

R]{i(ff.r. Pe. Pi) =

Required ratios




qu":l](ff- r,p.p) = piT0)

, L = —i |E,+m
Ry (t;, 1, p,0) = 7\ IZE e jxpe[T1 + T2)(Q7)
P
!, ~ .. —i [E,+m
R;lj(rf. t,0,p) = 2 \/ ;Ep € juPx[T1 + T,](0)

2
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Renormalization

O S (M) - Zg:bare (M) @b‘f”e’

ORGI — AZ%(M)OS(M) = ZIE)GIObm‘E-

For example:

{ >E _Zr:,rq< }f}' _l_Zq_f,'{I}-g’
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Angular momentum components from LQCD calculations

¥QCD (2022)
PRD 106, 014512 (2022)

ETMC (2020) 2 —— ——
PRD 101, 094513 (2020)




Au: 85(4)% 1: 13(5)%
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Ad: -41(2)%

¥QCD (2022)
Phys. Rev. D 106, 014512 (2022)
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OAM from GTMD
Longitudinal quark OAM in z-dir LY = f dx [ &by [ Py (by x ky) WY (x, by ky)

, . k3
LY = —/fh‘/d-kr L Fi4
- Ar=0

g C. Lorcé and B. Pasquini
”I —_ — ’
Ly 1 4, (D(ae;) — D(—ae;)) Phys. Rev. D 84, 014015 (2011).

n a” D(ae;) + O(—ae;)

Ap=0

@O(z7) = (P +Ar/2,8 = e3|p(—z7/2)r " Ul=27/2, 27/ 2l (27/2)|P — Ar/2,§ = &3)
M. Engelhardt, PRD 95, 094505 (2017)

n+ 5

= = '.F;|' — 00
= ‘N

]

n : number of valence quarks

e3 . Unit vector in the longitudinal direction

e; - Unit vector in the transverse direction

Z Z
= Straight J|——=,—=| — Ji OAM
At : Momentum transfer [ 2 2] ]

- = Staple-shaped U[—E,E] - JM OAM
zr . Operator separation 2°2

_ = Torque accumulation due to final state interaction
U :Wilson line between i and ¥ causes the difference ;g haras, Phys. Rev. D 88, 014014 (2013)
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OAM from GTMD

Quark OAM can also be calculated using the second Mellin moment of the
twist-3 generalized parton distribution in the forward limit

? | Engelhardt@SPIN 2023
Ly=(L3+25y) 253 = — [deaByr — [doH

1 9 9 :
L3+ 283 = €;; 530 P B (P +Aq/2, 4| O(—2/2)7 U (z/2) |P - AT/2, )] 3+ =~ =0,A7=0,2750

2P n = (P, +|U(- ;HL (2/2) 1P +) s -
: . =0),zp—=0
.. . ] — 41 2 o)
Original frame: 27 =0, 2-P=2"P", 2z = Zf 0.0
. . 5 7 5 u—d quarks
Lattice frame: zp =10, z-P=—23P; 2z°=—253—2z7 My =317 MeV
—0.1 m GTMD Fay
#* Jisum rule J-5
1.0 —————r — = ] 10— — ™ ™] : ® Twist-3GPD B
08 * ¥ } § § *j 08 f i { * f ] -0zl
- 1 < {: c |
= o8| 1 = osf 1 = s
A 4 ] ' #
__'5': 0al Ps=1 _}} 04l Ps=2 ] _D'Sr
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Gluon helicity from Lattice QCD

= AG: High energy PP collision

: L Phys. Rev. Lett., 91:062001, 2003
Lg, L, : Generalized parton distributions (GPDs) Phys. Rev. D, 69:074014, 2004

Wigner distributions (GTMD) JHEP, 08:056, 2009, JHEP, 05:041, 2011

= Matrix elements of appropriate equal-time local operator operators
—> boost to the infinite momentum frame
~ non-local gauge invariant from light-cone
Lattice + LMET

Phys. Rev. Lett., 111:112002, 2013
Phys. Rev. D, 89(8):085030, 2014

Phys. Lett., B743:180-183, 2015
Phys. Rev., D93(5):054006, 2016

FA i

" AG~E X Aypys D‘Aphys = O‘Aphys ig|A, phys] =0

i — i
A" = phys + Angl

phys : similar to the transverse gauge-invariant part of the gauge potential A, in QED



AG From Lattice QCD

= First moment of the gluon helicity distribution:
AG = | dx : dg p—ixPTE A. Manohar, Phys. Lett. B 255, 579 (1991)
2xP* ) 2n

-|-f.il'[':l }ﬁ”h[r:"_ []

(0)|PS) EE = (8 +£)/y/2  Lightfront coordinates

L(£7,0) = Pexp[—ig [;~ AT (17,0, )dn"]
Light-cone gauge link

= A gauge-invariant gluon helicity operator
in a nonlocal form

(X, h

S |i|' {\[] ( E! {,[]} o l{\vA+ b}ﬂhu [, E— []})] vVt — a/aé:_ Y. Hatta, Phys. Rev. D 84, 041701 (2011).

X.Ji, J.-H. Zhang, and Y. Zhao,
Phys. Rev. Lett. 111,

/ {JIQ\} 112002 (2013)
ExA

S. Chen, X.-F. Lu, W.-M. Sun, F. Wang, and T. Goldman,
/ d3xTr(E % A c) &

Phys. Rev. Lett. 100, 232002 (2008).
X.-S. Chen, W.-M. Sun, X.-F. Lu, F. Wang, and T. Goldman,

- —
Coulombgauge: 9-A=0 Phys. Rev. Lett. 103, 062001 (2009).
C. Lorce, Phys. Rev. D 87, 034031 (2013).
S 42 not Lorentz invariant, frame dependent 2‘2522;" K.-F. Liu, and Y. B. Yang, Phys. Rev. D 93, 054006

Needs to calculate in rest and moving frames
and needs to be matched after renormalization.
Also calculations have to be in Coulomb gauge



Lattice QCD calculation for AG
= Gauge fixed potential: xQCD: PRL 118, 102001 (2017)

A :(Uﬁ(x) Uyl (x)+ Us(x—ap)— Uy (x— ﬂﬂ))mcﬂm:

oK diag
= Coulomb gauge: Z [US(x) — US(x — ap)] = 0
H=Xy,Z
= Chromoelectric field: ]
e Fﬂy — : (‘Pym o Pu,y + Py,—,u - p—,u v

8a’g P = Us(0)Us(x + ap) Ul (x + ab) Ug (x)
+ P_Ju,—p - P—y,—,u + P—v,,u - p,u,—v)

0.7

i
o8y sol e AG (u? =10 GeV?) ~ Sg(oo, u? = 10 GeV?)
€ ool . = 0.251(47)(16)
o_gﬁ RS S S SS — 50(9)(3)% of proton spin

Caveat: convergence problem for perturbative series in LMET

m,? (GeV?) .. ]
systematics is not under control and more work is necessary.
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_ooking forward

Connected insertion: Systematics are within control.
Further improvement requires better ground state overlap

without excited state contamination, more statistics Disconnected insertion: Systematics need to be improved.
Need: better operator set up with many sources, Further improvement requires better sources, ground state
bigger size lattices with large number of configurations overlap without excited state contamination, more

measurements, more statistics
Need: better operator set up with many sources (distillation),
bigger size lattices with large number of configurations

Large momentum: Systematics are not within control.
Further improvement requires.

Need: Improved method for correlators with large momenta,
lattices with smaller spacings with large number of
configurations, better operator set up for momentum projection.

Gluon operators: Systematics are not within control.
Need: improved operator set up (multigrid?), better
smearing procedure, lattices with smaller lattice spacings
with large number of configurations

Renormalization: Systematics can be controlled.

Further improvement requires Extending these calculations for nuclei?
Need: Mixing between operators needs to be computed Need: Bigger volume lattices and new
properly. Different action set up may need different methodologies for controlling systematics

renormalization procedures.



Conclusions

Lattice calculations can provide first-principles non-perturbative quantitative results
with controlled precision for the helicity and orbital angular momentum content,
structure functions, PDFs, GPDss, TMDs, DA, wave-functions, etc. of hadrons.

These observables are necessary to understand the non-perturbative structure of
hadrons.

Lattice calculations are playing important roles in studying the spin content and the
emergence of mass of a proton. These calculations are showing a substantial
contribution from gluon angular momentum and also from quark orbital angular
momentum.

In the ongoing exascale era or supercomputing it is envisaged that the results from
these calculations will be more precise.

Similar to one nucleon case, these calculations may possibly be performend for low
lying nuclei too!
These calculations will be very important for achieving EIC science goals



In partonic interpretation, v,/ is the (n-1)th moment of the
momentum fraction carried by quarks with flavor f at scale u

1.e. ,V: (,U) =J‘dXXn—1[f (X)+(—1)” 'F(X)]= <Xn_1>f
0 : +H_’

1
V2 () = [ dxxg(x)
0
. 1 1
alf) = 28040 =2 [ dea" e @) — o @), S = u,d
q1(z), q,(z) are the quark distribution function with spin parallel

or antiparallel to the direction of motion

al=2Au, al'=2Ad *e— T

where, Af is the fraction quark spin carried by quarks with flavor f.

For g, an‘c . twist 2
d." 2 twist 3 Wandzura-Wilczek contribution
EIC@ICTS, TIFR
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