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𝑆𝑄𝐶𝐷 =  න 𝑑4𝑥 𝐿𝑄𝐶𝐷(𝑚𝑞,𝑔𝑠)
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𝒂
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𝐶 =
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𝑬
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≈
1

𝑁
෍
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𝐸 [𝑈, 𝑞𝑖, 𝐷 𝑈 , 𝑚𝑞
𝑖
,𝑎] 
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∆𝐶 =
1

𝑁
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QCD → LQCD

∆𝐶 =
1

𝑁
+ systematics

𝝉 𝐥𝐚𝐫𝐠𝐞~ 𝒆−𝑬𝟎𝝉

𝑪𝒂𝒃
𝟐𝒑𝒕

𝒕, 𝑷 = =  ෍

𝒏

𝒁𝒃,𝒏𝒁𝒂,𝒏
† 𝒆−𝑬𝒏𝒕

𝐥𝐚𝐫𝐠𝐞 𝐭𝐢𝐦𝐞 ~ 𝒆−𝑬𝟎𝒕



Lattice QCD Workflow

Using Monte Carlo methods 

generate a set of gauge ensembles 

representing QCD dynamics, 

on Euclidean space-time lattices

with varying quark masses, 

varying lattice sizes and 

varying lattice spacings

Compute Euclidean correlation functions

corresponding to desired observables 

on those lattice ensembles

Analyse correlation functions, and 

finally take chiral, continuum and 

finite volume limits (also 

renormalization of lattice to 

physical results)



Lattice QCD Workflow

Using Monte Carlo methods 

generate a set of gauge ensembles 

representing QCD dynamics, 

on Euclidean space-time lattices

with varying quark masses, 

varying lattice sizes and 

varying lattice spacings

Compute Euclidean correlation functions

corresponding to desired observables 

on those lattice ensembles

Analyse correlation functions, and 

finally take chiral, continuum and 

finite volume limits (also 

renormalization of lattice to 

physical results)

Angular momentum of proton:

Need appropriate operators and then 

to compute their correlation functions



𝑻𝝁𝝂 =  ഥ𝑻𝝁𝝂 + ෡𝑻𝝁𝝂

ഥ𝑻𝝁𝝂 =  ഥ𝑻𝒒
𝝁𝝂

+ഥ𝑻𝒈
𝝁𝝂

 

ഥ𝑻𝒒
𝝁𝝂

=  ഥ𝒒𝒊𝜸𝑫 𝝁𝝂 𝒒 ഥ𝑻𝒈
𝝁𝝂

=  𝑭{𝝁𝝆𝑭𝝆
𝝂}

𝑫 =
𝟏

𝟐
𝑫 + 𝑫  ⇒ 𝐬𝐲𝐦𝐞𝐭𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧

▪ Energy momentum tensor (Belinfante):

Ԧ𝑱𝒈 =  න 𝒅𝟑𝒙 𝒙 × 𝑬 × 𝑩

𝑴𝜶𝝁𝝂 =  ഥ𝑻𝜶𝝂𝒙𝝁  − ഥ𝑻𝜶𝝁𝒙𝝂

𝑱𝒊 =
𝟏

𝟐
 𝝐𝒊𝒋𝒌 න 𝒅𝟑𝒙 𝑴𝟎𝒋𝒌(𝒙)

▪ Angular momentum density:

▪ Angular momentum:

Operators for Angular momentum and spin sum rules



𝑴𝜶𝝁𝝂 =  ഥ𝑻𝜶𝝂𝒙𝝁  − ഥ𝑻𝜶𝝁𝒙𝝂

𝑱𝒊 =
𝟏

𝟐
 𝝐𝒊𝒋𝒌 න 𝒅𝟑𝒙 𝑴𝟎𝒋𝒌(𝒙)

▪ Angular momentum density:

▪ Angular momentum of quarks:

=
𝟏

𝟐
 𝜮𝒒(𝝁) + 𝑳𝒒(𝝁)

Ԧ𝑱𝒒(𝝁) =  න 𝒅𝟑𝒙 ഥ𝒒
𝜸𝜸𝟓

𝟐
𝒒 + ഥ𝒒 𝒙 × 𝒊𝑫 𝒒



Proton spin decomposition

Frame Independent (Ji)

Phys. Rev. Lett., 78:610–613, 1997

𝐽𝑃= 𝐽𝑞 +𝐽𝑔

= ෍

𝑞=𝑢,𝑑,𝑠,𝑐

 + +
𝟏

𝟐
𝜮𝒒 𝑳𝒒 𝑱𝒈

Quark spin Quark 
orbital 
angular 
momentum

Total gluon 
angular 
momentum

Each term is gauge invariant. 

Expt: JLab, COMPASS, HERMES, J-PARC, EIC 



Proton spin decomposition

Frame Independent (Ji)

Phys. Rev. Lett., 78:610–613, 1997

𝐽𝑃= 𝐽𝑞 +𝐽𝑔

Infinite momentum frame 
(Jaffe-Manohar) Nucl. Phys., B337:509–546, 1990

𝐽𝑃 =

= ෍

𝑞=𝑢,𝑑,𝑠,𝑐

 + +
𝟏

𝟐
𝜮𝒒 𝑳𝒒 𝑱𝒈

Quark spin Quark 
orbital 
angular 
momentum

Total gluon 
angular 
momentum

= ෍

 𝑞=𝑢,𝑑,𝑠,𝑐

 +  +  + 𝟏

𝟐
𝜮𝒒 𝚫𝑮 ℒ𝑞 ℒ𝑔

Gluon 
helicity

Quark spin Quark 
orbital 
angular 
momentum
ഥ𝒒 𝒙 × 𝒊𝝏 𝝍

Gluon 
orbital 
angular 
momentum
𝑭 𝒙 × 𝝏 𝑨

~ 𝝐𝒊𝒋𝑭+𝒊𝑨𝒋

Not gauge invariant. Use light-cone 
gauge. Also from GPDs, GTMD

Each term is gauge invariant. 

These decompositions are not unique. There are many ways, and each can have their legitimate meanings

Expt: JLab, COMPASS, HERMES, J-PARC, EIC 
Expt: PHENIX, STAR, COMPASS, HERMES, EIC
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{𝜇𝜈}

𝑁(𝑝, 𝑠) =
1

2
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𝒒,𝒈
𝑞2 𝛾𝜇 ҧ𝑝𝜈 + 𝛾𝜈 ҧ𝑝𝜇

                                                                                +
1

2𝑚𝑁
𝑻𝟐

𝒒,𝒈
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                                                                                + 𝑫𝒒,𝒈 𝑞2 𝑞𝜇𝑞𝜈 − 𝑔𝜇𝜈𝑞2

𝑚𝑁
+  ഥ𝑪𝒒,𝒈(𝑞2)𝑚𝑁𝑔𝜇𝜈] 𝑢𝑁(𝑝, 𝑠)

𝑞 =  𝑝′ − 𝑝 ∶ momentum transfer ҧ𝑝 = 𝑝 +  𝑝′ /2

𝑻𝟏, 𝑻𝟐, 𝑫, ഥ𝑪 ∶ Gravitational form factors
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Trace anomalyPressure

𝑞 =  𝑝′ − 𝑝 ∶ momentum transfer ҧ𝑝 = 𝑝 +  𝑝′ /2

𝑻𝟏, 𝑻𝟐, 𝑫, ഥ𝑪 ∶ Gravitational form factors
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2𝑚𝑁
𝑻𝟐

𝒒,𝒈
𝑞2 𝑖𝑞𝛼 ҧ𝑝𝜇𝜎𝜈𝛼 + ҧ𝑝𝜈𝜎𝜇𝛼

                                                                                + 𝑫𝒒,𝒈 𝑞2 𝑞𝜇𝑞𝜈 − 𝑔𝜇𝜈𝑞2
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+  ഥ𝑪𝒒,𝒈(𝑞2)𝑚𝑁𝑔𝜇𝜈] 𝑢𝑁(𝑝, 𝑠)

Anomalous gravitomagntic 

moment

Trace anomalyPressure

Momentum fraction (second moment of the PDF)
𝑱𝒒,𝒈 =

𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒒,𝒈At 𝑞2  → 0 𝒙 𝒒,𝒈 =  𝑻𝟏(𝟎)𝒒,𝒈

Sum rule: 𝒙 𝒒 + 𝒙 𝒈 = 𝑻𝟏(𝟎)𝒒+𝑻𝟏(𝟎)𝒈 = 𝟏

𝑱𝒒 + 𝑱𝒈 =
𝟏

𝟐
=

𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒒 +

𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒈 
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𝑻𝟏, 𝑻𝟐, 𝑫, ഥ𝑪 ∶ Gravitational form factors
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Sum rule: 𝒙 𝒒 + 𝒙 𝒈 = 𝑻𝟏(𝟎)𝒒+𝑻𝟏(𝟎)𝒈 = 𝟏

𝑱𝒒 + 𝑱𝒈 =
𝟏

𝟐
=

𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒒 +

𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒈 

𝑞 =  𝑝′ − 𝑝 ∶ momentum transfer ҧ𝑝 = 𝑝 +  𝑝′ /2

𝑻𝟏, 𝑻𝟐, 𝑫, ഥ𝑪 ∶ Gravitational form factors

𝑻𝟐(𝟎)𝒒+𝑻𝟐(𝟎)𝒈 = 𝟎



▪ Angular momentum :

𝑵(𝒑′, 𝒔) 𝓞𝑨
𝝁

𝑵(𝒑, 𝒔)  ; 𝓞𝑨
𝝁

=  ഥ𝒒𝜸𝝁𝜸𝟓𝒒

𝑵(𝒑′, 𝒔) 𝓞𝑱𝒒

𝝁𝝂
𝑵(𝒑, 𝒔)  ; 𝓞𝑱𝒒

𝝁𝝂
=  ഥ𝒒 𝜸{𝝁𝑫𝝂}𝒒

𝑵(𝒑′, 𝒔) 𝓞𝑱𝒈

𝝁𝝂
𝑵(𝒑, 𝒔)  ; 𝓞𝑱𝒈

𝝁𝝂
=  𝟐 𝐓𝐫 [ 𝑮𝝁𝝈𝑮𝝂𝝈]

=
𝟏

𝟐
 𝜮𝒒(𝝁) + 𝑳𝒒(𝝁)

Ԧ𝑱𝒒(𝝁) =  න 𝒅𝟑𝒙 ഥ𝒒
𝜸𝜸𝟓

𝟐
𝒒 + ഥ𝒒 𝒙 × 𝒊𝑫 𝒒

Ԧ𝑱𝒈 =  න 𝒅𝟑𝒙 𝒙 × 𝑬 × 𝑩

▪ Operators:



gq
x

,

gq
x

,

2

Agdu =−

dudu ,=+

Tgdu =−

Momentum fraction

Second moment

Axial charge

Spin content

Tensor charge

Physical observables

 D


 DD


 5

 5

 5
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quark propagators :

Inverse of very large 

matrix of space-time, 

spin and color

Quark
(on Lattice 

sites)

Gluon
(on 

Links)

Quark
Jungle
 Gym
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Determines how effectively this operator 

interpolates states ‘n’ from the vacuum
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quark propagators :

Inverse of very large 

matrix of space-time, 

spin and color

Quark
(on Lattice 

sites)

Gluon
(on 

Links)

Quark
Jungle
 Gym



Connected insertion Disconnected insertion
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Three Point Correlation Function









=













+
−

+
⎯⎯⎯⎯ →⎯



−−−−−−



00

0
        ;    )()(||  

)(  )((    ),,,,(   

2
22)()(2,1   ,

0

,

0

00 i

q

i
AA

ttEttm

q

qtttt

if

xx

xqi

fNNA

mE

q
qhqge

E

mE

xAxTeqptttG

qff

f

i




 









Operator

0t ft



)(tAi

EIC@ICTS, TIFR



Form Factors

The combined ratios leads to the form factors
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Quark spin contribution 𝜟𝜮

𝑵(𝒑, 𝒔) 𝑨𝝁
𝟎 𝑵(𝒑, 𝒔) =  𝒔𝝁𝒈𝑨

𝟎

𝑨𝝁
𝟎 =  ෍

𝒇=𝒖,𝒅,𝒔,𝒄

ഥ𝒒𝒇𝒊𝜸𝝁𝜸𝟓𝒒𝒇

𝒈𝑨
𝟎 =  𝜟𝜮 =  𝜟𝒖 +  𝜟𝒅 +  𝜟𝒔 +  𝜟𝒄

▪ Flavor-singlet axial vector current

Quark spin contribution of the u,d,s and c 

          quarks

𝒔𝝁 Polarization vector

=  𝜟(𝒖 + 𝒅)𝐂𝐈 + 𝜟(𝒖 + 𝒅)𝐃𝐈 +𝜟𝒔𝐃𝑰 +𝜟𝒄𝐃𝑰 

▪ On the lattice we need to compute the matrix element of the flavor-singlet axial vector current



∆𝒔

∆𝜮

∆𝒅∆𝒖

∆(𝒖/𝒅)(𝐃𝐈)∆(𝒖/𝒅)(𝐂𝐈)

ETMC (2020)

𝜒𝑄𝐶𝐷 (2018)

PNDME (2018)

De Florian et al (2009)

COMPASS (2016)

NNPDFpol1.1 (2014)

De Florian et al (2009): 

Phys. Rev., D80:034030, 2009 

NNPDFpol1.1 (2014):

Nucl. Phys. B, 887:276–308, 2014 

COMPASS (2016)

Phys. Lett. B, 753:18–28, 2016

Quark spin contribution

𝑔𝐴
3

Summary from: K. F. Liu :arXiv 2112.08416





Nucleon matrix element of this is satisfied by CI and DI separately

Topological charge contribution is part of the quark spin.

𝝌𝑸𝑪𝑫 (2017-24)

Pseudoscalar density Topological charge

Axial ward identity

From the review by K. F. Liu :
arXiv 2112.08416



𝑁(𝑝′, 𝑠′) 𝒯𝑞,𝑔
{𝜇𝜈}

𝑁(𝑝, 𝑠) =
1

2
ത𝑢𝑁 𝑝′, 𝑠′ ൣ𝑇1

𝑞,𝑔
𝑞2 𝛾𝜇 ҧ𝑝𝜈 + 𝛾𝜈 ҧ𝑝𝜇

                                                                                +
1

2𝑚𝑁
𝑇2

𝑞,𝑔
𝑞2 𝑖𝑞𝛼 ҧ𝑝𝜇𝜎𝜈𝛼 + ҧ𝑝𝜈𝜎𝜇𝛼

                                                                                + 𝐷𝑞,𝑔 𝑞2 𝑞𝜇𝑞𝜈 − 𝑔𝜇𝜈𝑞2

𝑚𝑁
+ ҧ𝐶𝑞,𝑔(𝑞2)𝑚𝑁𝑔𝜇𝜈] 𝑢𝑁(𝑝, 𝑠)

Anomalous gravitomagntic 

moment

Trace anomalyPressure

𝑱𝒒,𝒈 =
𝟏

𝟐
𝑻𝟏 𝟎 + 𝑻𝟐 𝟎 𝒒,𝒈

𝑞 =  𝑝′ − 𝑝 ∶ momentum transfer ҧ𝑝 = 𝑝 +  𝑝′ /2

𝑻𝟏, 𝑻𝟐, 𝑫, ഥ𝑪 ∶ Gravitational form factors





On an Euclidean space-time lattice, 



▪ Time ordered two-point correlation function of nucleon: Nucleon interpolating field:

▪ Matrix element of tensor current can be obtained using three-point correlation functions:

▪ With a definition of 

Required ratios

Correlation functions for OAM



1.

2.

3.

4.



𝝌𝑸𝑪𝑫: Phys. Rev. D 106, 014512 (2022)



𝝌𝑸𝑪𝑫: Phys. Rev. D 106, 014512 (2022)



𝝌𝑸𝑪𝑫: Phys. Rev. D 106, 014512 (2022)



Renormalization

For example: 



ETMC: Phys. Rev. D 101, 094513 (2020)



𝜒𝑄𝐶𝐷 (2022) 

PRD 106, 014512 (2022)

ETMC (2020) 

PRD 101, 094513 (2020)

𝑳𝒒 𝑱𝒒 𝑱𝒈

Angular momentum components from LQCD calculations



𝝌𝐐𝐂𝐃 (𝟐𝟎𝟐𝟐) ETMC (2020)

Phys. Rev. D 101, 094513 (2020)Phys. Rev. D 106, 014512 (2022)



Longitudinal quark OAM in z-dir

n : number of valence quarks

: Unit vector in the transverse direction

: Momentum transfer

: Operator separation

: Wilson line between       and  

𝒆𝒊

: Unit vector in the longitudinal direction𝒆𝟑

𝚫𝐓

𝒛𝑻

U 𝜓 ത𝜓

𝑈 −
𝑧

2
,
𝑧

2
 → Ji OAM▪ Straight         

▪ Staple-shaped

▪ Torque accumulation due to final state interaction
 causes the difference

𝑈 −
𝑧

2
,
𝑧

2
 → JM OAM

OAM from GTMD

C. Lorcé and B. Pasquini, 
Phys. Rev. D 84, 014015 (2011).

M. Engelhardt, PRD 95, 094505 (2017)

M. Burkardt, Phys. Rev. D 88, 014014 (2013)



M. Engelhardt, PRD 95, 094505 (2017)

OAM from GTMD

Phys. Rev. D, 102(7) 074505, 2020



Quark OAM can also be calculated using the second Mellin moment of the 
twist-3 generalized parton distribution in the forward limit

Engelhardt@SPIN 2023

OAM from GTMD



▪ 𝜟𝑮: High energy PP collision

𝓛𝒒, 𝓛𝒈 : Generalized parton distributions (GPDs)

 Wigner distributions (GTMD)

▪ Matrix elements of appropriate equal-time local operator operators 

 → boost to the infinite momentum frame

 ~  non-local gauge invariant from light-cone

 Lattice + LMET

▪ 𝜟𝑮 ~ 𝑬 × 𝑨𝒑𝒉𝒚𝒔

𝑨𝒊 = 𝑨𝒑𝒉𝒚𝒔
𝒊 +  𝑨𝒏𝒈𝒊

𝒊

𝓓𝒊𝑨𝒑𝒉𝒚𝒔
𝒊 ≡  𝝏𝒊𝑨𝒑𝒉𝒚𝒔

𝒊 − 𝒊𝒈 𝑨𝒊, 𝑨𝒑𝒉𝒚𝒔
𝒊 = 𝟎

𝑨𝒑𝒉𝒚𝒔
𝒊 : similar to the transverse gauge-invariant part of the gauge potential 𝑨⊥in QED

Phys. Rev. Lett., 91:062001, 2003

Phys. Rev. D, 69:074014, 2004

JHEP, 08:056, 2009, JHEP, 05:041, 2011

Phys. Rev. Lett., 111:112002, 2013

Phys. Rev., D93(5):054006, 2016

Phys. Rev. D, 89(8):085030, 2014

Phys. Lett., B743:180–183, 2015

Gluon helicity from Lattice QCD



▪ First moment of the gluon helicity distribution:

A. Manohar, Phys. Lett. B 255, 579 (1991)

▪ A gauge-invariant gluon helicity operator
     in a nonlocal form

Y. Hatta, Phys. Rev. D 84, 041701 (2011).
X. Ji, J.-H. Zhang, and Y. Zhao, 
Phys. Rev. Lett. 111,
112002 (2013)

Light-front coordinates

Light-cone gauge link

𝑬 × 𝑨

𝝏 ∙ 𝑨 = 𝟎Coulomb gauge:

S. Chen, X.-F. Lu, W.-M. Sun, F. Wang, and T. Goldman,
Phys. Rev. Lett. 100, 232002 (2008).
X.-S. Chen, W.-M. Sun, X.-F. Lu, F. Wang, and T. Goldman,
Phys. Rev. Lett. 103, 062001 (2009).
C. Lorce, Phys. Rev. D 87, 034031 (2013).
Y. Zhao, K.-F. Liu, and Y. B. Yang, Phys. Rev. D 93, 054006
(2016).

𝑺𝒈: not Lorentz invariant, frame dependent

       Needs to calculate in rest and moving frames

       and needs to be matched after renormalization. 

 Also calculations have to be in Coulomb gauge

∆𝑮 𝐅𝐫𝐨𝐦 𝐋𝐚𝐭𝐭𝐢𝐜𝐞 𝐐𝐂𝐃



▪ Gauge fixed potential:

▪ Coulomb gauge:

▪ Chromoelectric field: 

∆𝑮 𝝁𝟐 = 𝟏𝟎 𝐆𝐞𝐕𝟐 ≈  𝑺𝑮 ∞, 𝝁𝟐 = 𝟏𝟎 𝐆𝐞𝑽𝟐

                                                  = 𝟎. 𝟐𝟓𝟏(𝟒𝟕)(𝟏𝟔)
 → 𝟓𝟎 𝟗 𝟑 % 𝐨𝐟 𝐩𝐫𝐨𝐭𝐨𝐧 𝐬𝐩𝐢𝐧

PRL 118, 102001 (2017)𝝌𝐐𝐂𝐃:
Lattice QCD calculation for 𝜟𝑮 

Caveat: convergence problem for perturbative series in LMET

             systematics is not under control and more work is necessary. 
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Connected insertion: Systematics are within control. 

Further improvement requires better ground state overlap 

without excited state contamination, more statistics

Need: better operator set up with many sources,  

bigger size lattices with large number of configurations

Disconnected insertion: Systematics need to be improved. 

Further improvement requires better sources, ground state 

overlap without excited state contamination, more 

measurements, more statistics

Need: better operator set up with many sources (distillation),  

bigger size lattices with large number of configurations

Large momentum: Systematics are not within control. 

Further improvement requires. 

Need: Improved method for correlators with large momenta, 

lattices with smaller spacings with large number of 

configurations, better operator set up for momentum projection.

Renormalization: Systematics can be controlled. 

Further improvement requires 

Need: Mixing between operators needs to be computed 

properly. Different action set up may need different 

renormalization procedures.

Gluon operators: Systematics are not within control. 

Need: improved operator set up (multigrid?), better 

smearing procedure, lattices with smaller lattice spacings 

with large number of configurations

Looking forward

Extending these calculations for nuclei? 

Need: Bigger volume lattices and new 

methodologies for controlling systematics



Conclusions

Lattice calculations can provide first-principles non-perturbative quantitative results 
with controlled precision for the helicity and orbital angular momentum content, 
structure functions, PDFs, GPDss, TMDs, DA, wave-functions, etc. of hadrons.

These observables are necessary to understand the non-perturbative structure of 
hadrons. 

Lattice calculations are playing important roles in studying the spin content and the 
emergence of mass of a proton. These calculations are showing a substantial 
contribution from gluon angular momentum and also from quark orbital angular 
momentum.

In the ongoing exascale era or supercomputing it is envisaged that the results from 
these calculations will be more precise. 

Similar to one nucleon case, these calculations may possibly be performend for low 
lying nuclei too!

These calculations will be very important for achieving EIC science goals
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For g2,   an
f : twist 2

               dn
f : twist 3            Wandzura-Wilczek contribution

are the quark distribution function with spin parallel 

or antiparallel to the direction of motion

_

In partonic interpretation, vn
f is the (n-1)th moment of the 

momentum fraction carried by quarks with flavor f at scaleμ

i.e.,





−

−−

=

=−+=

1

0

1

1

1

0

1

)()(

)]()1()([)(

xgdxxv

xxfxfdxxv

ng

n

f

nnnf

n





+

where, Δf is the fraction quark spin carried by quarks with flavor f.
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