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Chiral transport 
phenomena



Transport phenomena

• Classical and familiar examples:

• Ohm’s law: 

• Fourier’s law:

je = �E

jQ = (�rT )



Chiral magnetic effect (CME)

Vilenkin (1980); Nielsen, Ninomiya (1983); Fukushima, Kharzeev, Warringa (2008), …

jV =
µR � µL

4⇡2
eB ⌘ µA

2⇡2
eB

jA =
µR + µL

4⇡2
eB ⌘ µV

2⇡2
eB



Nielsen, Ninomiya (1983) 

From chiral anomaly to CME

Right-handed fermions Left-handed fermions
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�QA =
e2
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Nielsen, Ninomiya (1983) 

From chiral anomaly to CME

Right-handed fermions Left-handed fermions

�QA =
e2

2⇡2
E ·B

Energy cost: µA�QA



Right-handed fermions Left-handed fermions

Energy conservation: 

Chiral magnetic effect: 

Nielsen, Ninomiya (1983) 

From chiral anomaly to CME

�QA =
e2

2⇡2
E ·B

j =
µA

2⇡2
eB

µA�QA = ej ·E



Anomalies in effective theories

• QCD → Chiral perturbation theory + WZW term

•

anomalies anomalies

Anomalies are independent of the energy scale



Anomalies in effective theories

• QCD → Chiral perturbation theory + WZW term

• QFT  →  Kinetic theory  →  Hydrodynamics

anomalies anomalies

anomalies anomalies? anomalies?

Anomalies are independent of the energy scale

Erdmenger et al. (2009); 
Banerjee et al. (2009);      
Son-Surowka (2009), … 

Son, Yamamoto (2012); 
Stephanov, Yin (2012);  
Chen et al. (2013), …



Chiral Matter
• Electroweak plasma in early Universe

• Quark-gluon plasma in RHIC/LHC

• Weyl semimetals (“3D graphene”)

• Neutrino matter in supernovae

Nielsen, Ninomiya (1983), …

Fukushima, Kharzeev, Warringa (2008), …

Joyce, Shaposhnikov (1997), …

Yamamoto (2016), …

Electromagnetic Response of Weyl Semimetals

M.M. Vazifeh and M. Franz
Department of Physics and Astronomy, University of British Columbia, Vancouver, BC, Canada V6T 1Z1

(Dated: March 26, 2013)

It has been suggested recently, based on subtle field-theoretical considerations, that the electro-

magnetic response of Weyl semimetals and the closely related Weyl insulators can be characterized

by an axion term ✓E · B with space and time dependent axion angle ✓(r, t). Here we construct a

minimal lattice model of the Weyl medium and study its electromagnetic response by a combina-

tion of analytical and numerical techniques. We confirm the existence of the anomalous Hall e↵ect

expected on the basis of the field theory treatment. We find, contrary to the latter, that chiral mag-

netic e↵ect (that is, ground-state charge current induced by the applied magnetic field) is absent in

both the semimetal and the insulator phase. We elucidate the reasons for this discrepancy.

When a three-dimensional topological insulator (TI)
[1–3] undergoes a phase transition into an ordinary band
insulator, its low-energy electronic spectrum at the crit-
ical point consists of an odd number of 3D massless
Dirac points. Such 3D Dirac points have been experi-
mentally observed in TlBi(S1�xSex)2 crystals [4] and in
(Bi1�xInx)2Se2 films [5]. In the presence of the time re-
versal (T ) and inversion (P) symmetries the Dirac points
are doubly degenerate and occur at high-symmetry po-
sitions in the Brillouin zone. When T or P is broken,
however, each Dirac point can split into a pair of ‘Weyl
points’ separated from one another in momentum k or
energy E, as illustrated in Fig. 1. The resulting Weyl
semimetal constitutes a new phase of topological quan-
tum matter [6–14] with a number of fascinating physical
properties including protected surface states and unusual
electromagnetic response.

The low energy theory of an isolated Weyl point is
given by the Hamiltonian

hW (k) = b0 + v� · (k � b), (1)

where v is the characteristic velocity, � a vector of the
Pauli matrices, b0 and b denote the shift in energy and
momentum, respectively. Because all three Pauli matri-
ces are used up in hW (k), small perturbations can renor-
malize the parameters, b0, b and v, but cannot open a
gap. This explains why Weyl semimetal forms a stable
phase [6]. Although the phase has yet to be experimen-
tally observed there are a number of proposed candidate
systems, including pyrochlore iridates [7, 8], TI multilay-
ers [9–12], and magnetically doped TIs [13, 14].

The purpose of this Letter is to address the remarkable
electromagnetic properties of Weyl semimetals. Accord-
ing to the recent theoretical work [15–18], the universal
part of their EM response is described by the topological
✓-term,

S✓ =
e
2

8⇡2

Z
dtdr✓(r, t)E ·B, (2)

(using ~ = c = 1 units) with the ‘axion’ angle given by

✓(r, t) = 2(b · r � b0t). (3)

� � � �

�

�

FIG. 1: Low energy spectra in Dirac and Weyl semimetals.

a) Doubly degenerate massless Dirac cone at the transition

from a TI to a band insulator. Weyl semimetals with the

individual cones shifted in b) momenta and c) energy. Panel

d) illustrates the Weyl insulator which can arise when the

excitonic instability gaps out the spectrum indicated in c). In

all panels two components of the 3D crystal momentum k are

shown.

This unusual response is a consequence of the chiral
anomaly [19–21], well known in the quantum field the-
ory of Dirac fermions. The physical manifestations of the
✓-term can be best understood from the associated equa-
tions of motion, which give rise to the following charge
density and current response,

⇢ =
e
2

2⇡2
b ·B, (4)

j =
e
2

2⇡2
(b⇥E � b0B). (5)

Eq. (4) and the first term in Eq. (5) encode the anoma-
lous Hall e↵ect that is expected to occur in a Weyl
semimetal with broken T [7–10]. The second term in Eq.
(5) describes the ‘chiral magnetic e↵ect’ [22], whereby a
ground-state dissipationless current proportional to the
applied magnetic field B is generated in the bulk of a
Weyl semimetal with broken P.
The anomalous Hall e↵ect is known to commonly oc-

cur in solids with broken time-reversal symmetry. In the
present case of the Weyl semimetal its origin and magni-
tude can be understood from simple physical arguments
[7–10] applied to the bulk system as well as in the limit
of decoupled 2D layers [18]. Understanding the chiral
magnetic e↵ect (CME) in a system with non-zero en-
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Chiral kinetic theory



Kinetic theory
Description of the statistical behavior in and out of equilibrium

@np

@t
+ v · @np

@x
+ e(E + v ⇥B) · @np

@p
= C[np]



• Formulated w.r.t. the distribution function 

• First ignore collisions; Liouville’s theorem dictates

Boltzmann equation
np(t,x)

dnp

dt
=

@np

@t
+ ẋ · @np

@x
+ ṗ · @np

@p
= 0



Lorentz force

• Formulated w.r.t. the distribution function 

• First ignore collisions; Liouville’s theorem dictates

Boltzmann equation
np(t,x)

dnp

dt
=

@np

@t
+ v · @np

@x
+ e(E + v ⇥B) · @np

@p
= 0



Boltzmann equation
• Formulated w.r.t. the distribution function 

• Add collisions:

• Ohm’s law:

jnoneq =

Z
dp v�np = �E

np(t,x)

@np

@t
+ v · @np

@x
+ e(E + v ⇥B) · @np

@p
= C[np]



Boltzmann equation
• Formulated w.r.t. the distribution function 

• Add collisions:

• Ohm’s law:

• Chiral anomaly? CME? No distinction between R & L

jnoneq =

Z
dp v�np = �E

np(t,x)

@np

@t
+ v · @np

@x
+ e(E + v ⇥B) · @np

@p
= C[np]



Chirality and topology

momentum space spin space

p s

Right-handed fermions

Mapping: S2 (p-space) → S2 (spin space)  winding number +1



Chirality and topology

momentum space spin space

s

Left-handed fermions

p

Chirality = Topological invariant

Mapping: S2 (p-space) → S2 (spin space)  winding number -1



Topology and Berry curvature

• More generically,                     → Monopole at p=0

• “Magnetic field” of monopole = Berry curvature              

Berry monopole charge      
(±1 for chiral fermions)

⌦p = K
p̂

2|p|2

1

2⇡

Z
⌦p · dS = K

⇡2(S
2) = Z

• Ωp modifies the equation of motion & kinetic theory   



Equations of motion

ẋ = v + ṗ⇥⌦p =
1p
!
[v + eE ⇥⌦p + (v ·⌦p)eB]

ṗ = e(E + ẋ⇥B) =
1p
!
[e(E + v ⇥B) + e2(E ·B)⌦p]

Lorentz force in x-space



ẋ = v + ṗ⇥⌦p =
1p
!
[v + eE ⇥⌦p + (v ·⌦p)eB]

ṗ = e(E + ẋ⇥B) =
1p
!
[e(E + v ⇥B) + e2(E ·B)⌦p]

“Lorentz force” in p-space

Lorentz force in x-space

Sundaram, Niu (1999)

Equations of motion



Equations of motion

@np

@t
+ ẋ · @np

@x
+ ṗ · @np

@p
= C[np]

p
! = 1 + eB ·⌦p

ẋ = v + ṗ⇥⌦p =
1p
!
[v + eE ⇥⌦p + (v ·⌦p)eB]

ṗ = e(E + ẋ⇥B) =
1p
!
[e(E + v ⇥B) + e2(E ·B)⌦p]



Chiral kinetic theory

Son, Yamamoto (2012); Stephanov, Yin (2012); Chen et al. (2013).

p
!
@np

@t
+ [v + eE ⇥⌦p + (v ·⌦p)eB] · @np

@x

+
⇥
eE + v ⇥ eB + e2(E ·B)⌦p

⇤
· @np

@p
=

p
!C[np]



Son, Yamamoto (2013); Chen, Son, Stephanov, Yee, Yin (2014); Hidaka, Pu, Yang (2017)

Corrections due to the magnetic moment

Full chiral kinetic theory

p
!
@np

@t
+
h
ṽ + eẼ ⇥⌦p + (ṽ ·⌦p)eB

i
· @np

@x

+
h
eẼ + ṽ ⇥ eB + e2(Ẽ ·B)⌦p

i
· @np

@p
=

p
!C[np]



Chiral kinetic theory

Son, Yamamoto (2012); Stephanov, Yin (2012); Chen et al. (2013).

p
!
@np

@t
+ [v + eE ⇥⌦p + (v ·⌦p)eB] · @np

@x

+
⇥
eE + v ⇥ eB + e2(E ·B)⌦p

⇤
· @np

@p
=

p
!C[np]



Chiral kinetic theory

Son, Yamamoto (2012); Stephanov, Yin (2012); Chen et al. (2013).

p
!
@np

@t
+ [v + eE ⇥⌦p + (v ·⌦p)eB] · @np

@x

+
⇥
eE + v ⇥ eB + e2(E ·B)⌦p

⇤
· @np

@p
=

p
!C[np]

spherical Fermi distribution



Chiral kinetic theory

spherical Fermi distribution

Son, Yamamoto (2012); Stephanov, Yin (2012); Chen et al. (2013).

p
!
@np

@t
+ [v + eE ⇥⌦p + (v ·⌦p)eB] · @np

@x

+
⇥
eE + v ⇥ eB + e2(E ·B)⌦p

⇤
· @np

@p
=

p
!C[np]

j ⌘
Z

p

p
!ẋnp =

Z

p
[v + eE ⇥⌦p + (v ·⌦p)eB]np =

Kµ

4⇡2
eB



Chiral plasma instability
Electroweak theory  Redlich, Wijewardhana (1985); Rubakov (1986); Laine (2005)

Early Universe  Joyce, Shaposhnikov (1997); Boyarsky et al. (2012); Tashiro et al. (2012) 

Quark-gluon plasma  Akamatsu, Yamamoto (2013); Manuel, Torres-Rincon (2015), …

Neutron stars  Ohnishi, Yamamoto (2014), …



Polarization tensor with µ5

•          can be decomposed by the tensors (           ):⇧ij(k) A0 = 0

k̂ik̂j , �ij � k̂ik̂j , i✏ijkk̂k

⇧ij
�(k) =

µ

4⇡2
i✏ijk

✓
1� !2

|k|2

◆✓
1� !

2|k| ln
! + |k|
! � |k|

◆

T=0 [Son, Yamamoto (2013)]  T≠0 [Manuel, Torres-Rincon (2014)]

kk

T, µ, µ5

e2µ5

4⇡2
i✏ijk

⇧µ⌫(k) =



Collective modes with µ5
• Maxwell equation: 

• Linear response:

@⌫F
⌫µ = jµ

[k2�ij � kikj +⇧ij(k)]Aj = 0
jµ(k) = ⇧µ⌫(k)A⌫(k) A0 = 0

<latexit sha1_base64="mjaasHUCRt7tUsCFPuYo82ndW2c="></latexit>

(            gauge)



Collective modes with µ5
• Maxwell equation: 

• Linear response:

@⌫F
⌫µ = jµ

[k2�ij � kikj +⇧ij(k)]Aj = 0

! = � 4ik3

⇡m2
D

e�i!t ⇠ e��(k)t Landau damping

jµ(k) = ⇧µ⌫(k)A⌫(k)

• For μ5=0,                    →

Focus on transverse gauge fields:

A0 = 0
<latexit sha1_base64="mjaasHUCRt7tUsCFPuYo82ndW2c="></latexit>

(            gauge)



Collective modes with µ5
• Maxwell equation: 

• Linear response:

@⌫F
⌫µ = jµ

[k2�ij � kikj +⇧ij(k)]Aj = 0

! =
4ik2

⇡m2
D

✓
e2|µ5|
4⇡2

� k

◆

! = � 4ik3

⇡m2
D

e�i!t ⇠ e��(k)t

e�i!t ⇠ e�(k)t

Landau damping

Chiral plasma instability
Akamatsu, Yamamoto (2013)

jµ(k) = ⇧µ⌫(k)A⌫(k)

• For μ5=0,                    →

• For μ5≠0,                                    →                        for small k

Focus on transverse gauge fields:

A0 = 0
<latexit sha1_base64="mjaasHUCRt7tUsCFPuYo82ndW2c="></latexit>

(            gauge)



Non-Abelian Chiral Instability

• QGP has color charges → non-Abelian chiral instability  

• For μ5~T, non-Abelian CPI cannot be captured by hydro, but may 
be described by chiral kinetic theory or chiral Langevin theory

Akamatsu, Yamamoto (2013, 2014)

linst ⇠ (g2µ5)
�1 ⌧ (g4T )�1 ⇠ lmfp

⌧inst ⇠ [g4T ln(1/g)]�1 ⇠ ⌧mft



Core-collapse supernovae 
explosions



• One of the most energetic phenomena in the Universe

• Transition to neutron stars & origin of heavy elements

• But explosion is difficult in conventional 3D hydrodynamic theory

Core-collapse supernova 
explosions

One of the puzzles in astrophysics

http://www.riken.jp/pr/press/2009/20091211/

http://www.riken.jp/pr/press/2009/20091211/


Supernova = Giant Parity Breaker

p+ eL ! n+ ⌫Le

eLeReLeR

supernovae

νLνRνLνR

Ohnishi, Yamamoto (2014); Grabowska, Kaplan, Reddy (2015); Sigl, Leite (2016), …

supernovaeme



• At the core (ρN ~1015 g/cm3), neutrino mean free path ~ 1cm

• Neutrino matter = Chiral liquid (μν ~200 MeV ≫ T~10 MeV at core)

                         = 3D topological matter

Neutrino matter in supernovae

Chiral hydro

Chiral kinetic theory

νL

~ 100 km

Yamamoto (2016)



Chiral radiation transfer

r↵(T
↵�
hyd + T↵�

⌫ ) = 0

Stress tensor for νStress tensor for matter
(Hydrodynamics) (Chiral kinetic theory)

• Tν and collisions between ν and matter are corrected by chirality

• Hydrodynamics for ν is not applicable outside the core.

• Generally, 



Wigner function formalism

• Wigner function:

Hidaka, Pu, Yang (2017);  A. Huang et al. (2018); Liu et al. (2019)

S<(q, x) =

Z

y
e�iq·yh †(x+ y/2) (x� y/2)i ⌘ �µL<

µ
<latexit sha1_base64="2blCvUYuTsTNuVINlfYsWuN1u/Y="></latexit>



Wigner function formalism

• Wigner function:

Hidaka, Pu, Yang (2017);  A. Huang et al. (2018); Liu et al. (2019)

• Kadanoff-Baym eqs: D · L< = 0,

q · L< = 0, DµL<
⌫ �D⌫L<

µ = �2✏µ⌫⇢�q
⇢L<�

<latexit sha1_base64="lNOebwhWQSe0OeUxI4BKS5mjqkU="></latexit>

DµL<
⌫ ⌘ @µL<

⌫ � ⌃<
µL>

⌫ + ⌃>
µL<

⌫
<latexit sha1_base64="mcjJmKK8+ciG0TGtHxlTZalu5Aw="></latexit>

where

S<(q, x) =

Z

y
e�iq·yh †(x+ y/2) (x� y/2)i ⌘ �µL<

µ
<latexit sha1_base64="2blCvUYuTsTNuVINlfYsWuN1u/Y="></latexit>



Wigner function formalism

• Solution: 

• Wigner function:

frame vector

Hidaka, Pu, Yang (2017);  A. Huang et al. (2018); Liu et al. (2019)

Chen, Son, Stephanov (2015) 

• Kadanoff-Baym eqs: D · L< = 0,

q · L< = 0, DµL<
⌫ �D⌫L<

µ = �2✏µ⌫⇢�q
⇢L<�

<latexit sha1_base64="lNOebwhWQSe0OeUxI4BKS5mjqkU="></latexit>

DµL<
⌫ ⌘ @µL<

⌫ � ⌃<
µL>

⌫ + ⌃>
µL<

⌫
<latexit sha1_base64="mcjJmKK8+ciG0TGtHxlTZalu5Aw="></latexit>

where

where
side-jump

S<(q, x) =

Z

y
e�iq·yh †(x+ y/2) (x� y/2)i ⌘ �µL<

µ
<latexit sha1_base64="2blCvUYuTsTNuVINlfYsWuN1u/Y="></latexit>

L<µ = 2⇡�(q2)
�
qµ�Sµ⌫

(n)D⌫

�
f<

<latexit sha1_base64="gGZCFB/YCma8cRr/7HIX+wrQfQQ="></latexit>

Sµ⌫
(n) =

✏µ⌫↵�q↵n�

2q · n
<latexit sha1_base64="lO+Wlx6a7co/SUJv5XmfktWrvIk="></latexit>



ν chiral radiation transfer eq.

emission absorption

side-jump

where

�7
(n) =

⇣
q⌫�DµS

µ⌫
(n)

⌘
⌃7

⌫ =
⇣
q⌫�Sµ⌫

(n)Dµ

⌘
⌃7

⌫
<latexit sha1_base64="e95Xu1oaSKqt7AwLtPW3Me19HKE="></latexit>

Dµ = rµ � ��
µ⌫q

⌫@q�
<latexit sha1_base64="MjU9pMwJqWJayB1Kzbvqr5GJ1fg="></latexit>

h
qµ(@µ � ��

µ⇢q
⇢@q�)�(DµS

µ⌫
(n))@⌫ + Sµ⌫

(n)q
⇢R�

⇢µ⌫@q�
i
f = (1� f)�<

(n) � f�>
(n)

<latexit sha1_base64="iutvwErs4DN71Ur4ZUpOk9/0ATM="></latexit>

Yamamoto, Yang, arXiv:2020.11348



• We take                and                    . R�
⇢µ⌫ = 0

<latexit sha1_base64="SVTC9KSnZwcoiO8+GZNQ/gyoMxI="></latexit>

nµ = (1,0)
<latexit sha1_base64="F/XCpjoaVCEl1ojk3YMA0PfFX+0="></latexit>

side-jump

where

ν chiral radiation transfer eq.

�7
(n) =

⇣
q⌫�DµS

µ⌫
(n)

⌘
⌃7

⌫ =
⇣
q⌫�Sµ⌫

(n)Dµ

⌘
⌃7

⌫
<latexit sha1_base64="e95Xu1oaSKqt7AwLtPW3Me19HKE="></latexit>

Dµ = rµ � ��
µ⌫q

⌫@q�
<latexit sha1_base64="MjU9pMwJqWJayB1Kzbvqr5GJ1fg="></latexit>

emission absorption

h
qµ(@µ � ��

µ⇢q
⇢@q�)�(DµS

µ⌫
(n))@⌫ + Sµ⌫

(n)q
⇢R�

⇢µ⌫@q�
i
f = (1� f)�<

(n) � f�>
(n)

<latexit sha1_base64="iutvwErs4DN71Ur4ZUpOk9/0ATM="></latexit>

Yamamoto, Yang, arXiv:2020.11348



Yamamoto, Yang, arXiv:2020.11348

Collision term

• Assume that matter (except for ν) is in local thermal equilibrium. 

• By symmetry, 

• We will be particularly interested in the process:

�7
q ⇡ �(0)7

q + �(!)7
q (q · !) + �(B)7

q (q ·B)
<latexit sha1_base64="dmaOd9IGB5hKtJwY42TdEaCbAJY="></latexit>

⌫eL(q) + n(k) ⌦ eL(q
0) + p(k0)

<latexit sha1_base64="UzVcDS6Yaue96epXSzbatTgh494="></latexit>

!µ =
1

2
✏µ⌫↵�u⌫@↵u� , Bµ =

1

2
✏µ⌫↵�u⌫F↵�

<latexit sha1_base64="GqV0Y99hHNoaeHNecUm+ePxjQCc="></latexit>

where



Yamamoto, Yang, arXiv:2020.11348

Absorption and emission rates

• Based on the 4-Fermi theory of weak interaction,

Γ(0) was previously computed in Reddy, Prakash, Lattimer (1998)

�7
q ⇡ �(0)7

q + �(!)7
q (q · !) + �(B)7

q (q ·B)
<latexit sha1_base64="dmaOd9IGB5hKtJwY42TdEaCbAJY="></latexit>

�(0)>
q ⇡ G2

F

⇡

�
g2V + 3g2A

�
E3

⌫(1� f (e)
q )

✓
1� 3E⌫

MN

◆
np � nn

1� e�(µn�µp)

�(B)>
q ⇡ G2

F

2⇡MN

�
g2V + 3g2A

�
E⌫(1� f (e)

q )

✓
1� 8E⌫

3MN

◆
np � nn

1� e�(µn�µp)

�(!)>
q ⇡ G2

F

2⇡

�
g2V + 3g2A

�
E⌫(1� f (e)

q )
⇣
2 + �E⌫f

(e)
q

⌘ np � nn

1� e�(µn�µp)
<latexit sha1_base64="dHfU2YuzIjyx2i1mTmLnwbIZpyg="></latexit>



Yamamoto (2016); Yamamoto, Yang, arXiv:2020.11348

Physical consequences

• ν propagating collinear to the flow generates                        

fluid helicity           and cross helicity          .

• Fluid helicity gives an analogue of CME (helical magnetic effect):

j ⇠ (v · !)B
<latexit sha1_base64="yT8xqGcdGMp6qPZuJ1L0GOJMXx8="></latexit>

v · !
<latexit sha1_base64="XMU996bckzNJJgqNoFnP4LRsVY8="></latexit>

v ·B
<latexit sha1_base64="isBD5sikBoGa5eFvJGCyqmXjOok="></latexit>

�7
q ⇡ �(0)7

q + �(!)7
q (q · !) + �(B)7

q (q ·B)
<latexit sha1_base64="dmaOd9IGB5hKtJwY42TdEaCbAJY="></latexit>



Chiral MHD turbulence
in supernovae



Turbulence and cascade

https://doi.org/10.1515/htmp-2016-0043

• The structure becomes smaller, and eventually dissipates (direct cascade)

• Similar in magneto-hydrodynamics (MHD)

https://doi.org/10.1515/htmp-2016-0043


………………

Direct cascade
(3D usual matter)

Inverse cascade
(2D usual matter)

explosion difficult explosion easier

F. Hanke (2014) 2D3D

Cascade and explosion

What about 3D chiral matter?



Chiral MHD for supernovae

Proto-neutron star (PNS)

Masada, Kotake, Takiwaki, Yamamoto, arXiv:1805.10419



Chiral MHD for supernovae

CME or helical magnetic effect

chiral anomaly

• Chiral MHD w/o vorticity at the core (proton and electrons):

@tB = r⇥ (v ⇥B) + ⌘r2B + ⌘r⇥ (⇠BB)

• Setup for proto-neutron stars (100 MeV = 1):

@tn5 =
⌘

2⇡2
(r⇥B � ⇠BB) ·B

⇢0 = 5.0, P0 = 1.0, ⇠B0 = 4.2⇥ 10�3, ⌘ = 100.0

+(di↵usion)(dissipation)

Masada, Kotake, Takiwaki, Yamamoto, arXiv:1805.10419



Masada et al., arXiv:1805.10419; movie available at                          
http://www.kusastro.kyoto-u.ac.jp/~masada/movie.mp4

http://www.kusastro.kyoto-u.ac.jp/~masada/movie.mp4


Energy spectra

Chiral effects lead to the inverse cascade, which may be favorable for explosions

Masada et al., arXiv:1805.10419; see also Brandenburg et al., arXiv:1707.03385; 
Mace et al., arXiv:1910.01654

εM

εK



Summary and outlook

• Chirality = topology in relativistic many-body systems.

• Non-Abelian chiral plasma instability in QGP.

• Relevance of chiral transport of neutrinos in supernovae.

• Chiral kinetic theory can be generalized to photons.      
Yamamoto (2017); Huang, Mitkin, Sadofyev, Speranza, arXiv:2006.03591;       
Hattori, Hidaka, Yamamoto, Yang, in preparation

• Further applications of chiral kinetic theory to cond-mat, 
nuclear, and astro physics, and cosmology.



Backup slides



δB 

Assume nonvanishing                       or fluid helicity

Chiral plasma instability

µ5 ⌘ µR � µL



δj ~ µ5δB  
Chiral magnetic effect

Chiral plasma instability



δj 
δBind 

r⇥B = j

Ampere’s law

Chiral plasma instability



δj 
δjind ~ µ5δBind 

Chiral magnetic effect

Chiral plasma instability



δjind 
δB + δB’ind r⇥B = j

Ampere’s law

Positive feedback: instability

Chiral plasma instability



δEind δBind 

δB + δB’ind 

Chiral anomaly tends to reduce μ5

r⇥E = �@tB

Faraday’s law

Chiral anomaly

�n5 = CE ·B < 0

Chiral plasma instability



Chirality imbalance → Helical magnetic field

Chiral plasma instability

B

B


