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Ground state is chiral soliton lattice (CSL) 
for B>Bcrit or Ω>Ωcrit.
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QCD phase diagram

 
Flaser

Ground state is chiral soliton lattice (CSL) 
in a circularly polarized laser for F>Fcrit.

https://physics.aps.org/articles/v3/44
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Chiral Soliton Lattice

CSL is realized as the QCD ground state at finite μ and B/Ω
or under a polarized laser field.

• Violates continuous translational symmetry

• Carries topological charge

• Violates parity

CSL known to appear in chiral magnets and liquid crystals

Y.  Togawa, et al., PRL (2012)



Low-energy effective 
theory of QCD matter



Chiral symmetry breaking

V(σ)

σ~qq

πa~qiγ5τaq

~ Nambu-Goldstone (NG) modes

2-flavor QCD:  SU(2)L × SU(2)R → SU(2)V

(a=1,2,3)



Chiral Perturbation Theory 
(ChPT)

• Low-energy effective theory for NG modes in QCD


• NG modes parametrized by SU(2)L×SU(2)R/SU(2)V :


• Systematic expansion in derivatives and quark masses

• Lagrangian at the leading order:

L =
f2
⇡

4

⇥
Tr(@µ⌃

†@µ⌃) +m2
⇡(⌃+ ⌃†)

⇤

⌃ ⇠ ei⇡a⌧a



Chiral anomaly

UV (quark)

j5a=3

�

�

isospin

axial vector

• Chiral anomaly is energy independent (anomaly matching)


@µj
µ5
3 =

1

2⇡2
E ·Bjµ53 = q̄�µ�5⌧3q,

�

�

⇡0

=

IR (hadron)

L⇡0�� =
1

4⇡2
⇡0E ·B



• Anomalous term in the vacuum: 


• Anomalous term at finite μB and B:


This can also be understood as UV-IR matching of CME.

scalar potential

Son, Zhitnitsky; PRD (2004); Son, Stephanov, PRD (2008)

Lanom = C⇡0E ·B, C =
1

4⇡2

∵

Wess-Zumino-Witten term

Lanom = CµBr⇡0 ·B

Sanom = C

Z
d4x ⇡0(�r�) ·B ⇠ C

Z
d4x �r⇡0 ·B



Chiral magnetic effect

• CME for a single chiral fermion:


• CME for generic charges in QCD: 

j = ± µ

4⇡2
B

μb

Bc

j5a

j5a = Ncdabc
µb

2⇡2
Bc, dabc =

1

2
Tr [⌧a{⌧b, ⌧c}]

τb

τc

τa

see, e.g., Landsteiner, arXiv:1610.04413



UV-IR matching of CME

• Nonzero CME at finite μB and B:


• Consider a local axial rotation:


• Matching of action due to CME between UV and IR:


• This leads to the anomalous term:

j5a=3 =
µB

2⇡2
B

Lanom =
µB

4⇡2
r⇡0 ·B

q ! e�i✓a�5⌧aq, ⇡a ! ⇡a + 2✓a

�SQCD =

Z
d4xr✓3 · j53  ! �SEFT =

Z
d4xr

⇣⇡0

2

⌘
· j53



Chiral vortical effect

• CVE for a single fermion:


• CVE for generic charges in QCD: see, e.g., Landsteiner, arXiv:1610.04413

j = ±
✓

µ2

4⇡2
+

T 2

12

◆
⌦

j5a = Nc

✓
dabc

µbµc

2⇡2
+ ba

T 2

6

◆
⌦

dabc =
1

2
Tr [⌧a{⌧b, ⌧c}] , ba = Tr(⌧a)



UV-IR matching of CVE

• Postulate the CVE matching between UV and IR:


• This leads to the anomalous term under rotation: 

Huang, Nishimura, Yamamoto, JHEP (2018)

�SQCD =

Z
d4xr✓3 · j53  ! �SEFT =

Z
d4xr

⇣⇡0

2

⌘
· j53

Lanom = Nc

✓
dabc

µbµc

4⇡2
+ ba

T 2

12

◆
r⇡a ·⌦

• Anomalous term in QCD w/ Ω at finite μB, μI (T=0):

Lanom =
µBµI

2⇡2
r⇡0 ·⌦ (Nf=3) Lanom =

µ2
B

4⇡2

r
2

3
r⌘0 ·⌦
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Chiral Soliton Lattice 

in QCD matter



Brief summary

• QCD at finite μ and B (            ):  


anomalous mass

H =
f2
⇡

2
(@z⇡0)

2
� CµBB̃@z⇡0 �m2

⇡f
2
⇡ cos⇡0 + const.

B̃ = B̃ẑ



QCD vs. chiral magnet

• QCD at finite μ and B (            ):  


• Chiral magnets:

Two Hamiltonians are mathematically equivalent.

Kishine, Ovchinnikov, Solid State Phys. 66 (2015)

H = JS2a


1

2
(@z�)

2
� q0@z��m2 cos�

�
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Dzyaloshinskii-
Moriya

Zeeman

anomalous mass

H =
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2
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2
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B̃ = B̃ẑ



• QCD at finite μ and B (            ):  


• Chiral magnets:

QCD vs. chiral magnet

Two Hamiltonians are mathematically equivalent.

Kishine, Ovchinnikov, Solid State Phys. 66 (2015)

H = JS2a


1

2
(@z�)

2
� q0@z��m2 cos�

�
+ const.

Dzyaloshinskii-
Moriya

Zeeman

anomalous mass

H =
f2
⇡

2
(@z⇡0)

2
� CµBB̃@z⇡0 �m2

⇡f
2
⇡ cos⇡0 + const.

Hj = �JSj · Sj+1
<latexit sha1_base64="LGU2B8wO9aVd2nOjTFcg8k15Ri0="></latexit>

H
DM
j = D · (Sj ⇥ Sj+1)

<latexit sha1_base64="5W3GgXF+aV3ncL8JunlVK6/mydI="></latexit>

H
Z
j = �H · Sj

<latexit sha1_base64="Cj04pfLRyerJj5MQIZC9NRa1/aA="></latexit>
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⇡
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⇡f
2
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Chiral Soliton Lattice (CSL)

Jacobi elliptic function elliptic modulus

1D lattice of topological solitons w/ parity and translational symm. breaking

Y.  Togawa, et al., PRL (2012)

cf) chiral magnet

@2
z⇡0 = m2

⇡ sin⇡0
<latexit sha1_base64="J3+U/tSkSWJnq5jh5dx/kuyM14k="></latexit>

cos
⇡0(z̄)

2
= sn(z̄, k) , z̄ ⌘ zm⇡

k
<latexit sha1_base64="WKKWaMqHIHU6G1TtRHiuzhFTLps="></latexit>

• Equation of motion:

• Solution:



Rough picture

• 2nd term ≫ 3rd term: 

H =
f2
⇡

2
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2
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⇡f
2
⇡ cos⇡0 + const.

h⇡0i =
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⇡

z + const.



Rough picture

• 2nd term ≫ 3rd term: 

• 2nd term ≪ 3rd term: 
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⇡
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Rough picture

• 2nd term ≫ 3rd term: 

• 2nd term ≪ 3rd term: 

H =
f2
⇡

2
(@z⇡0)

2
� CµBB̃@z⇡0 �m2

⇡f
2
⇡ cos⇡0 + const.

h⇡0i = 2⇡n

h⇡0i =
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⇡
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2
= sn(z̄, k) , z̄ ⌘ zm⇡

k
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Topological charges

• CSL carries topological charge densities:


• Baryon number:


• Magnetization:


• Angular momentum: 

Son, Stephanov, PRD (2008); Huang, Nishimura, Yamamoto, JHEP (2018)

H =
f2
⇡

2
(@z⇡0)

2
� CµBB̃@z⇡0 �m2

⇡f
2
⇡ cos⇡0 + const.

nB(z) = �
@H

@µB
= CB̃@z⇡0(z)

m(z) = �
@H

@B
= CµB@z⇡0(z)

j(z) = �
@H

@⌦
= 2CµBµI@z⇡0(z)



• Each lattice has baryon charge:

2⇡ 0

• Baryon number, magnetization, 
angular momentum

independent of the detailed config. of π0

⇡0

@z⇡
0

z

z

5⇡

3⇡

⇡

�⇡

�3⇡

�L L

Topological charges

Z L
2

�L
2

nB(z)dz = CB̃


⇡0

✓
L

2

◆
� ⇡0

✓
�L

2

◆�
=

B̃

2⇡

NB

S
=

B̃

2⇡
,

M

S
=

µB

2⇡
,

J

S
=

µBµI

⇡



Ground state

• CSL is favored than vacuum for B>BCSL (Ω=0) or Ω>ΩCSL (B=0) 

: complete elliptic integral of the 2nd kind

Brauner, Yamamoto, JHEP (2017); Huang, Nishimura, Yamamoto, JHEP (2018)

∴E(k)

k
=

µBB̃

16⇡m⇡f2
⇡

BCSL =
16⇡m⇡f2

⇡

µB
, ⌦CSL =

8⇡m⇡f2
⇡

µB|µI|

cos
⇡0(z̄)

2
= sn(z̄, k) , z̄ =

zm⇡

k

• Analytic solution for CSL: 

E(k) =

Z ⇡/2

0
d�

q
1� k2 sin2 �

<latexit sha1_base64="20xPw3f19AwRdxEdWNRIFNNP/Mw="></latexit>



Phase diagram (T=0, Ω=0)

Vacuum

CSL

π+BEC?

Brauner, Yamamoto, JHEP (2017)



Thermal fluctuations
• 1D lattice is typically destabilized by thermal fluctuations.

Baym, Friman, Grinstein, NPB (1982); Hidaka, Kamikado, Kanazawa, Noumi, PRD (2015)

• Dispersion of phonons:

• Thermal fluctuations 

!2 = Ap2z +Bp4?
<latexit sha1_base64="VjhRJjye6y3FUACQ6pKEsvq4j9M="></latexit>

⇠
Z

⇤IR

p?dp?

Z
dpz

1

Ap2z +Bp4?
⇠ ln⇤IR
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Thermal fluctuations
• 1D lattice is typically destabilized by thermal fluctuations.

• With B, explicit breaking of the rotational symmetry changes it to

Baym, Friman, Grinstein, NPB (1982); Hidaka, Kamikado, Kanazawa, Noumi, PRD (2015)

• Dispersion of phonons:

• Thermal fluctuations 

!2 = Ap2z +Bp4?
<latexit sha1_base64="VjhRJjye6y3FUACQ6pKEsvq4j9M="></latexit>

⇠
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dpz
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Ap2z +Bp4?
⇠ ln⇤IR
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⇠
Z

p?dp?

Z
dpz

1

A0p2z +B0p2?
= IR finite
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Thermal fluctuations
• 1D lattice is typically destabilized by thermal fluctuations.

• With B, explicit breaking of the rotational symmetry changes it to 

Baym, Friman, Grinstein, NPB (1982); Hidaka, Kamikado, Kanazawa, Noumi, PRD (2015)

• Dispersion of phonons:

• Thermal fluctuations 

!2 = Ap2z +Bp4?
<latexit sha1_base64="VjhRJjye6y3FUACQ6pKEsvq4j9M="></latexit>

⇠
Z

⇤IR

p?dp?

Z
dpz

1

Ap2z +Bp4?
⇠ ln⇤IR
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⇠
Z

p?dp?

Z
dpz

1

A0p2z +B0p2?
= IR finite

<latexit sha1_base64="KCU16Hv6VMje3IwDv1MCOqrZyjA="></latexit>

Brauner, Kolešová, Yamamoto, arXiv:2108.10044

• CSL is favored over the normal phase by thermal fluct. of phonons.



Floquet vacuum engineering



Question

QCD vacuum

What happens to the QCD vacuum under a time-periodic circularly 
polarized laser with a sufficiently large intensity & frequency? 

driving

D. Leinweber



Floquet theory

• Time-dep. H is mapped to a time-indep. H with infinite # of states 
(~Kaluza-Klein reduction for the S1 time direction)

• Floquet theorem: temporal version of Bloch theorem for crystals

For a Hamiltonian H with  

• Discrete Fourier transform (               ): 

Shirley, PRB (1965); Sambe, PRA (1973)

X

m

(Hm�n �m⌦�mn)|�ni = ✏|�ni
<latexit sha1_base64="HTACy9ylU9lcH6czrtZnIGmaB1g="></latexit>

|�(t)i =
X

n

e�in⌦t|�ni
<latexit sha1_base64="8BlRgSADhJ685tpJv8OCkdEHkf8="></latexit>



Floquet Hamiltonian
• High-frequency expansion: 

e.g, Goldman, Dalibard, PRX (2014)



Floquet Hamiltonian
• High-frequency expansion: 

• Right-handed laser field: A(t,x) =
F

⌦
(cos⌦(t� z), sin⌦(t� z), 0)

<latexit sha1_base64="Z8WKPKbHVv/ZS/2JHgiPX59KZ68="></latexit>

e.g, Goldman, Dalibard, PRX (2014)

E

B

k



Floquet Hamiltonian

• For two-flavor QCD, 

• High-frequency expansion: 

• Right-handed laser field: A(t,x) =
F

⌦
(cos⌦(t� z), sin⌦(t� z), 0)

<latexit sha1_base64="Z8WKPKbHVv/ZS/2JHgiPX59KZ68="></latexit>

HFloquet = �
1

⌦3

X

f=u,d

(eQfF )2j5zf = �
e2F 2

⌦3

✓
1

3
j5z3 +

5

18
j5z

◆

<latexit sha1_base64="qL/EBr1eqDd8B7JTm5rFRT5Rb48="></latexit>

j5z3 = f2
⇡@z⇡0

<latexit sha1_base64="7k0eskaEhUbu6EMWf/BxcKmRhT0="></latexit>

e.g, Goldman, Dalibard, PRX (2014)

at IR

E

B

k



Laser-driven CSL

• Total effective Hamiltonian (in z direction):

• Ground state becomes CSL when 

H
z
total =

f2
⇡

2
(@z⇡0)

2
�

e2F 2f2
⇡

3⌦3
@z⇡0 �m2

⇡f
2
⇡ cos⇡0 + const.

<latexit sha1_base64="Kz01txdMzArK5G0pYURPslay+js="></latexit>

QCD vacuum can be altered to CSL by a strong polarized laser

(Floquet vacuum engineering)

(For Ω~1 GeV, FCSL~1 GeV2)

Yamada, Yamamoto, arXiv:2107.07074



Summary

• Chiral soliton lattice (CSL) is a novel state of matter that 
appears universally in cond-mat physics and QCD.

• QCD CSL has close a connection to anomaly & CME/CVE.


• 3-flavor QCD under rotation: η’ CSL  Nishimura, Yamamoto, JHEP (2020)

• Possible observations? Application to Weyl/Dirac semimetals
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Chiral magnets
• Heisenberg Hamiltonian:


• Dzyaloshinskii-Moriya (DM) interaction:

Kishine, Ovchinnikov, Solid State Phys. 66 (2015)

z = ja

Hj = �JSj · Sj+1 �H · Sj '
1

2
JS

2
a
2(@z�)

2 �HS cos�+ const.

H
DM
j = D · (Sj ⇥ Sj+1) ' �DS

2
a@z�

z

x

y

φ
Sj Sj+1

D

H

a



Nonrelativistic photons

in the QCD CSL



Electro-magnetism in CSL
• Effective theory for electromagnetic fields:

L =
"

2
E2 � 1

2µ
B2 + Ch⇡0iE ·B � jµAµ

CSL solution



Axion electrodynamics

• Modified Maxwell’s equations:

Dispersion relations of photons are modified

Anomalous Hall effect



Non-relativistic photons

• For helicity +1,                       : non-relativistic gapless photon 


• For helicity -1,                        : gapped photon 

Yamamoto, PRD (2016); Ozaki, Yamamoto, JHEP (2017); 
Qiu, Cao, Huang, PRD (2017); Brauner, Kadam, JHEP (2017)

Non-relativistic photon = type-B NG mode of 1-form symmetry

see also Sogabe, Yamamoto, PRD (2019); Hidaka, Yokokura, Hirono, PRL (2021)
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