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1. Introduction and motivation

» Topologial (higher-order) systems and non-Hermitian topology

» Periodic dynamics and its consequences

2. Question and its answer

» Exceptional topological superconductors and their Floquet
analog (PRB 106, L140303 (2022))

3. Conclusions and experimental relevance
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Understanding the basic band structure i s pus o5, 263 (2001)
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1 exam ple Of SS H Chain Lecture Notes in Physics, 919 (2016)

SSH Hamiltonian
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Topological superconductor in 1D: p-wave spinless

Majorana chain Physics-Uspekhi 44, 131 (2001)
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Proximity induced topological superconductor ee. 100, 09407 (2008)

PRL 104, 040502 (2010), PRB 88, 155420 (2013)

» p-wave Kitaev chain

> Rashba nanowire (k2 + kxoy) + s-wave proximed SC + magnetic field (E;o)
= emergent p-wave TSC in 1D

> Surface of Tl + proximity induced s-wave SC + magnetic field = chiral TSC in
2D

» Helical spin chain + proximity induced s-wave SC = emergent p-wave TSC
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What is a higher-order topological (HOT) phase? scexe 37, o1

(2017); PRB 96, 245115 (2017)

/ Symmetry restored
Lower order ‘ Higher order

topological phase topological phase.

Symmetry broken

> nth_order topological phase in d dimensions is characterized by the existence of
ne = (d — n)-dimensional boundary modes

»  Mutually anticommuting matrices with discrete Wilson-Dirac masses
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Let’s start with a 2D Hamiltonian ere 100, 115403 2019

HOTI Hamiltonian: QSHI and perturbation

HQSHI = tlzr sin k — t0F3 Zcosk
Jj=1

V = A(cos ke — cosk,), Huorr = HQSHI + VI,

with 1 = 0371, [ = o072, I'3 = 0073, [, = 0171 and (T,O‘) S
(sublattice, spin)

» Connecting to construction method: t; Zle [jsin k; in Hoswr
represent m = 2 terms — tol'3[m — Y7 ; cosk;] is p = 1 term as
first-order mass yielding n = 1-order regular topological phase —

VI, is p =2 term as Wilson-Dirac mass yielding
n = 2-order HOT phase
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First-order topological phases ers 100, 115403 (2019)
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» Gap vanishes at k = (0,0), (7, 7) when m = £2 and k = (7,0),
(0,7) when m = 0.
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SOTl in 2D ere 100, 115403 (2019)
HOTI Hamiltonian: QSHI and perturbation

Hqsur = t1 Z [jsinkj — tol'3[m Zcosk
Jj=1

V = A(cos ke — cosk,), Huorr = HQSHI + VI,

with 'y = o371, I = 0972, '3 = 0973, [4 = 0171 and (T,O’) S
(sublattice, spin)
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Higher-order topological superconductor (HOTSC) ere os. 16514

(2018), PRL 124, 227001 (2020), PRB 104, 134508 (2021), PRB 104, L180503 (2021)

i Z » QSHI with SOC + proximity induced
H.g..nsnm.ﬁm y s-wave SC + uniaxial magnetic field =
corner modes in 2D (TRS broken)

> QSHI with SOC + proximity induced
d-wave SC = Corner modes in 2D (TRS
preserved)

» Hopping 4+ p + id-wave SC = Corner
modes in 2D (C4T preserved)

» 3D TI + proximity induced s-wave SC +
magnetic field + Wilson-Dirac mass
terms = hinge and corner modes in 3D

> Hopping + SOC+ dy + id>-wave SC =
Corner modes in 3D
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Example: static HOTSC PRB 104, 134508 (2021)
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» Second-order Wilsonian mass term:
dy2_,» SC gap term
Aq(cos k, — cos k, )7 (8 MHMs)
or Aq(cos ky — cos ky ) oy, (16
MHMs) in the Tl + s-wave
proximed SC

» Third-order Wilsonian mass term:
32,2 SC gap term
A5(2cos k, — cos k, — cos k)T, (8
MCMs) or
A1(2 cos k, — cos ky — cos k)1,
(16 MCMs) in the Tl + s-wave
proximed SC
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Microscopics to an effective non-Hermitian model

» Explicit presence of gain and loss terms (optical meta-materials)

» Interacting systems (electron-electron, electron-phonon) leading to
quasiparticles of finite lifetime i.e., H — H + ¥ where self-energy ¥
is complex

» Quantum systems in contact with reservoir (Lindblad master
equation):

Dep(t) = Lep(t) = —ilH, p(O)] + Si(Lip(O)L] = S{LiL], p(t)})
Redefining the Hamiltonian H, = H — /'ZjLJTLJ- leads to

Dep(t) = Lep(t) = —ilHep(t) — p(t)HI] + 3, Lip(e)L! | where
> LJ-,o(t')LJJ-r is the jump term
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Non-Hermitian Ham

iltonian: H # HT

HWR) = E[FR), (whH = E(] = Hiwk) = E*juh)
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Non-Hermitian degeneracies rup o3, 15005 (2001)
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Two-level Hamiltonian
H(k) = d(k).o + do(k)oo with
d =dgr +id,

Hermitian case with d; = 0:

Ei = +,/d2 + d2 + d2 vanishes for
dx =0,dy =0,d> =0 — three
constraints for a two band crossing

Non-Hermitian case with d; # 0:
Complex-energy spectrum

Er =dy+ /d2 — d? +2idg - d

Degeneracies occur more frequently when
di —d?=0and dg-d; =0 — two
constraints for a two band crossing
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Non-Hermitian topology and skin modes frnt. phys. 11 1123506 (2023)

Modified SSH model:

H o 0 t1 + tae
~  \mty + ntre
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» Can we engineer non-Hermitian exceptional HOTSC phase using
d-wave paring?

» How is the bulk boundary correspondence modified? How to
characterize the MZMs?

» How can one engineer the anomalous Floquet HOTSC phase for the
NH case?
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Hermitian HOTSC model PRB 105, 155406 (2022)

Underlying model for our problem

_ (HiP (k) —p A
HdD(k) - < A* ,u—T_lH%]ID(—k)T

where Pauli matrices (o, s, T) operate on the (sublattice/orbital, spin, particle-hole)
degrees of freedom

» For 2D: H%]ID = (m — cos kyx — cos ky)o; + sin kyoxs; + sin kyo, preserving TRS
T =isyIC, Mx = ogsx and M, = o,sx and A = A(cos kx — cos ky,)ogso, PHS:
P = 1y0xs:K, CS: C = 1y0xsy

» For 3D:
H%]ID = (m — cos kx — cos k, — cos k;)o; + sin kxoxSx + sin kyoxs, + sin kzoxs;
preserving TRS T = isy K, Mx = 02:5x, My = 0,5y, M; = 05, and
A = Aq(cos kx — cos ky)ogsp + iA2(2 cos k; — cos kx — cos ky)ogsp, PHS:
P =1y0ys5K, CS: C = 704
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Hermitian SOTSC model ere 105, 155406 (2022)

Underlying model for our problem

H(k) = Hrr(k) — p A(cos ky — cos ky,)agso
~ \A(cos ky — cosky)aoso  p— Ur"Hi(=k)Ur )~

> Ingredients: Hrpi(k)=
(Ax sin kx + ivx)oxsz + (Ay sin ky + iy )oyso + (mg — tx cos kx — t, cos ky )ozsq =
HEL () + ivxoxsz + ivyoyso

»> (k) preserves ramified (time-reversal symmetry) TRS:
UrHi (k) U = Hri(—k) with Ur = aos,

> (k) preserves ramified (particle-hole symmetry) PHST:
UcHi(k) U51 = —Hri(—k) with Ue = oxso

> HI (k) preserves TRS T = iUrK and PHS C = UcK
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The model and crystalline symmetries

The compact form H(k) = N - T'; where, N =

{Axsin keFiyy, Ay sin ky,+i7,, mo—t, cos ky—t, cos k,, A(cos ky—cos k) },
I' = {r,04s;, 720,50, 20,5, Tx00S0 } With the Pauli matrices 7, o, and s
act on PH (e, h), orbital («, 3), and spin (1,{) degrees of freedom,
respectively.

» For t, =t,, A\x = Ay, and |y«| = |7y | # 0, H(k) breaks the
following crystalline symmetries four-fold rotation with respect to z,
Cy = 1,7 % %% mirror-reflection along x, My = 7404Sp and
mirror-reflection along y, M, = 70,50 while 1" (k) respects the

above symmetries

> (k) and H" (k) both preserve mirror-rotation | M,, = G M,, for
Yo =y # 0 [MyyH(ky, ky )M} = H(ky, k)], and mirror-rotation
Il Myy = GM, for v, = Fy, #0
(Mg H (K, ky)./\/l;yl = H(—ky, —ky)], sublattice/ chiral symmetry
S= Ty00S0 [SH(k)S_l = —H(k)]
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Energy spectrum with PBC and OBC

Im(E] g

o

Im[EF

—0.5

The EPs my™ = s(ty + ty) £ (/72 + 2 for (k, ky) = (0,0) and (7, 7) with s = =+

are marked by black lines within which Re[E (k)] associated with H(k) remains
gapless as designated by yellow-shaded region
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Gap cIosing lines rre 123, 066404 (2019)

How is the bulk boundary correspondence modified?

(@) Open chain (b) Generalized Bloch
ReE, A
nf =
<> Continuum
bands
—————— L Hp) peCy

, trivial phase

> Hermitian H(k): topologial phase appears mg < |t« + t,
appears mg > |tx + ty |

» Non-Hermitian H(k): mé’i = s(tx + ty) = /72 +vZ — topogical gapped
phase from PBC mo_’+ < mp < m0+’_

» Non-Bloch momentum k — k/ + i3 with 8; = ~;/\; (i = x, y) to get satisfy
bulk-boundary correspondence for small ~

» Topological gapped phase from OBC sustains for m > mS”i and m < mg’Jr
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Breaking and recovery of bulk-boundary correspondence

Can we engineer non-Hermitian exceptional HOTSC phase?

» The topologial phase (PBC and OBC) boundary with Non-Bloch momentum
k— k' +iBis m=£(tx + 1, +72/2X2 +72/2)2)

> Non-Hermiticity induced topological phase that exists beyond m = +(t« + ty).
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Another consequence of non-Bloch momentum: Skin

modes

3 1.0
05 @PBCYPBC || 7| [ ol 20 -
’ 20BCYPBC || — [ s (b) (©)
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E CE ."I;“T 1604 i ! Il i ! 12
00 ol ™\ y ! 05
1 1
1 x 20 1 I
=0.5 v
9 ‘. " 1 0
0 Re[E] 3 0 1600 m 300 1 x 2

» Non-Bloch form of momentum in non-Hermitian system leads to skin modes
which are otherwise Bloch band for Hermitian system
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Disorder stability

»> The onsite disorder potential of the form V/(i,j) = Z,j Vj;T'3 that preserves the
chiral and mirror-rotation | symmetry. Here, Vj; is randomly distributed in the

range\/,JG[ 2,2]
w = 0.2 w=1.0 w = 2.0
(c)
: - -3 - -3 - -3 ~
0 1600 m 3200 0 1600 m 3200 0 1600  m 3200 0 1600 m 3200
20 o] 20 <] 20 <l 20 N
(e) () () (h)
Y Y Y Yy 05
1 1 1 1 o
1 z 20 1 7 20 1 7 20 1 x 20
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Breaking of mirror-rotation symmetries and localization at

multiple corners

Y =03, y,=-03 Yo =—03, v, =03 Ve =—03, 7, =-03 Y =0.0, v, =0.3 Y =03, 3, =05
20 20 2 2 * 20 of
(a) (b) (©) (@ ()
y y y y y 0
1 o 1 11 1 LI o Uy
1 x 20 1 a 20 1 x 20 1 T 20 1 T 20

»  Mirror rotation | with My, = C4 M, constraints single corner localization:
Moy H( ke, ky )Mt = H(ky, k), if 7% = vy # 0 while tx = t, and A = Ay

»  Mirror rotation Il with M,y = C4 M constraints single corner localization:
MugH ke, k)M = H(—ky, —ks), if 29 = Fyy # 0 while t. = t, and
Ax = Ay,

» Sublattice/ chiral symmetry with S = 1,00sp is preserved:
SH(k)S™! = —H(k).
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s-wave NH HOTSC

» The Hamiltonian is given by #(k) = N - IT'; where, N =
{Ax sin ky 4+ ivx, Ay sin ky + iy, mo — tx cos kx — t, cos ky, As, A(cos kx —cos ky )},

T = {170x5;, 720,50, 2025, Tx0050, T00xSx }. | he last term proportional to A
represents C4 symmetry breaking Wilson-Dirac mass term.

= 3 1.0
0.5 tPBCyPBC 201 °
0 2OBCYPBC || — = ™ o (b) (©)
=) 2OBCyOBC || [ R
E ; & | S £ Tn #F "
0.0 0 \H Yy Y 0.5
) |
T 7 w1 T »
0.5 1 J U,
-3
-3 0 0 1600 m 3200 1 x 20
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Topologial invariant: bi-orthogolalized nested polarization

How to characterize the MZMs?

0.5 0.5
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Wannier center, polarization and Wilson loop ere a7, 1s51() (1903)

PRB 26, 4269 (2016)

> Projection of the position operator in the occupied subspace = Polarization
Py = ezy71<W,,(j)\x\W,7(j)> corresponds to sum of the Wannier centers of the
occupied bands where W,(r — R;) denotes the Wannier functions =

= —ImInM = un (k)| un (k1)) /(2m) +J

> Wo = Feinak, - Fate With [Falmn = <u{g+Aka‘ u£>, Wilson loop is
unitary, eigenstates depend on the base point k, eigenvalues do not

> Projected position operator using the Bloch functions (eigenvalues) =

Polarization (Wannier center), Polarization (Berry phase in the occupied
!

sub-space) px = —iLog Det [Wii2r k]

» Polarization > Wannier center <+ Wilson loop <+ Berry phase

> Example of FOT phase: px = 1/2 (mod 1) for 1D SSH model
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Construction of static nth-order/ (nested)” Wilson loops

PRB 96, 245115 (2017)

Equlibrium or Floquet strobescopic and insensitive to gap

The position operator 7 is projected onto occupied subspace — first-order Wilson
loop (Wannier bands and values) and first-order polarization

I

The position operator 3 is projected onto subspace associated with first-order
Wannier bands — second-order Wilson loop and second-order polarization

4

The position operator Z is projected onto subspace associated with second-order
Wannier bands —> third-order Wilson loop and third-order polarization

» FSOTSC in 2D: p;“’x = N% Dok, I/yil’x(kx) = 1/2(mod 1) while
first-order is gapped

iyyiux :tuil’x

» FTOTSC in 3D: p; = ﬁ ka,ky vy =1/2(mod 1) while
first-order and second-order are gapped out
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Comparison with first-order ers o6, 245115 017)

Second-order Wilson loop: SOT First-order Wilson loop: FOT
unit cell
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ogonalized version

> The bi-orthogonalization guarantees 3, [WE(k’)) (WL (k’)| =1 and
(WL ()| WE (k")) = 6mn; where, n runs over all the energy levels irrespective of
their occupations.

» The non-Bloch form of the momentum k/ — k’ in H(k) i.e., H(k) — H'(k’).

> Polarization along x — first-order Wilson loop — Wannier Hamiltonian
logW, ,.» — Wannier spectrum £vy and Wannier functions |v&, (k’)) and

X1
]

» Polarization along the perpendicular y-direction by projecting onto each fvx
branch — nested Wilson loop W ;,X = F}fky’X-F(Ly—l)Ayey e F;,[l:’x-FAyey Fj,[IZ’X

where [Fiux

yyk']muz = 2mn [th(k' + Ayey)}; [Fy’k,]mn [V’E*‘?(k,)}n with

[Frae] = (WhG< + Aye)WEG)

» Nested Wannier Hamiltonian logWyilZ,X — Wannier spectrum l/;t;)f(k;() —

. . - +v 1 +v
nested bi-orthogonalized polarization <1/y,j> =i Zk; Re [Vy,“)f(k;):l
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Consistency check: Bi-orthogonalized first-order
polarization

> My vx(ky) = —vx(ky), and 1> (k) — vy " (—kx); Msx causes the first-order
branches to appear in pairs

> My: vx(ky) = vx(—ky), and vy (k) — —1vy* (kc); M, defines the shape of the
first-order branches

» The four-fold rotation C4 and mirror rotations My, Myy interchange the
branches, Ca: vx(ky) = —vy(k«), and v} (k) — vx Y (—ky), Myy:
ux(ky) = vy (ke), and vy (ke) = v (ky) Muy: vel(ky) = —vy(—kx), and
vy (ke) = —vx 7 (—ky).
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Floquet exceptional HOTSC

How can one engineer the anomalous Floquet HOTSC phase for
the NH case?
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In FIOC] uet phySiCS Scientific reports 8, 2243 (2018)
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How do we treat? Floquet theory er1ss soro (1065)

» Temporal analog of Bloch theorem for a time periodic Hamiltonian:
H(t)=H(t+T)

> Wave functiqn can be written in the Floquet basis:
V(1)) = e | ®;(t)), with [®;(t + T)) = |®;(t))

» Wave-function of_Schrédinger equation at the stroboscopic instant:
(W(T)) = Xjre™iT|®;(0)) with r; = ($;(0)|W;(0))

» Time evolution operator: Floquet operator
U(T) = Te o HOM = 5 6= 0T |0(0)) (,(0)| = exp(—iHF T)
where Hr is the Floquet Hamiltonian with eigenstates |®;(0)) and
eigenvalue p;
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Dynamic generation of second-order TI (SOTI): Floquet

SOTI PRB 103, 115308 (2021), PRB 106, L140303 (2022)

Periodically kick in the FOT mass term

[ee]
V(t) = m1r3z §(t—rT) with 3 =rT,0,%
r=1

U(k, T) = exp [—iHo(k) T] exp [—im; T3]

0 1 2 3 4 > Hifdhoo = Hifdirge + mils exhibit

trivial gapped phase as
vV V. V. Vv Bapped a2
mo > [t + b, + /72 + 72
> Hqu(k) ~
Ho(k) + 5+ my Y7 4, NjTjn and
Hy | Hy | Hy | Hy renormalized mass term_ .
0 ' T ' m{):mo_tx_ty_zwfg_zi\%*'%
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Floquet NH HOTSC
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Tuning the MCMs dynamically

] 02 i 1
P (b) £ (c)
=16 modes A
ot £ .
1588 1604 [} :
m g ;,
0 H
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- :
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Conclusion

» Considering 2D NH TI, proximized with d-wave
superconductivity, we show the emergence of NH SOTSC
phase

» Breakdown of bulk-boundary correspondence for Bloch momenta —
recovery of bulk-boundary correspondence with non-Bloch
momenta

» MZMs are topologically characterized by the bi-orthogonal nested
polarization

» Floquet anomalous m-mode following the mass kick
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Experimental connections: NH topology ert 123, 165701 (201)
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» Non-Hermitian SSH model using a finite silicon waveguide lattice leading to
topological phase — finite size effect of Hermitian system is overcome by the
PT symmetric non-Hermitian terms such that topologial edge modes sustain
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Experimental connections: Floquet HOT in acoustic

System arXiv:2012.08847
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