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Beyond Homogenization



Model example: conductivity equations

Equivalently
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W (V ) =
R
⌦ �|rV |2
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with V = V on @⌦

Dirichlet Variational Principle: solution for      minimizes
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V
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fW (j) =
R
⌦ |j|2/�

Thompson Variational Principle: solution for      minimizes
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j
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with j · n = j · n on @⌦ and r · j = 0 in ⌦



The response of bodies with special boundary conditions:

With affine Dirichlet boundary conditions

Defines

Measure



The response of bodies with special boundary conditions:

With special Neumann boundary conditions

Defines

Measure



The standard Dirichlet-Thompson variational principles imply
the bounds of Nemat-Nasser and Hori (1993):

In a two-phase body these can be used to estimate the volume fraction  
occupied by phase 1:



Murat-Tartar-Lurie-Cherkaev Bounds:

imply:

For this periodic assemblage 
the Dirichlet variational principle implies:

while the Neumann variational principle implies: 

G.W.M. J.Mech.Phys.Sol. 60 139-155, (2012)



What is the extension of the Dirichlet and Thompson 
variational principles, as minimization principles

•To Acoustics?
•To Elastodynamics?
•To Electromagnetism?

The medium has to be lossy (absorbs energy)  or the frequency       
has positive imaginary part (growing fields)

Variational Principles for inhomogeneous bodies:

G.W.M, P. Seppecher, and G. Bouchitte, Proc. R. Soc. A.465 367–396 (2009)
G.W.M and J.R. Willis, Proc. R. Soc. A.466 3013–3032 (2010)



The quasistatic case was treated by Gibiansky and Cherkaev (1994).  
Same as conductivity equations  but all quantities complex.

<latexit sha1_base64="airkKbH6UT25ew+L3kxxR7shSa4="></latexit>

D(x) = "(x)E(x), r ·D = 0, E = �rV

Separate into real and imaginary parts:

Saddle shaped 
quadratic form 



Partial Legendre transforms convert saddle-shaped quadratic functions 
into convex quadratic functions.

Equivalent to rewriting constitutive law:

Positive Definite!

Lie in orthogonal
subspaces!



Cherkaev-Gibiansky minimization variational principles:

on
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⌦
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@⌦,



Bergman-Milton bounds:

<latexit sha1_base64="mbZMFh5MVn0HHKYP89ZCyx4xVcY="></latexit>

Based on the
analytic properties of
"⇤("1, "2)



Recent work with C.Kern and O.D.Miller

𝜀∗"seems to be at least almost optimal!

C. Kern, O. D. Miller, and G. W. Milton, Phys. Rev. Applied 14, 054068 (2020)



Improved bound using the 
Cherkaev-Gibiansky transformation

G.W.M (1980): “We suspect that Ω’’ 
for d = 3 is not attainable […]”
G.W.M, Appl. Phys. Lett. 37, 300 (1980)

What about the second arc, 𝜀∗#?

C. Kern, O.D. Miller, and G.W.M., Phys. Rev. Applied 14, 054068 (2020)



Key observation: the equations can be written in a similar form to 
the quasistatic dielectric ones: 

Acoustics:

Elastodynamics:

Maxwell:

Lie in orthogonal
subspaces!



Variational principles for electromagnetism

Maxwell’s equations:



Minimization variational principle:
Define the positive definite matrices



Then:

and                 have the same tangential components at  
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@⌦
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⌦

Other boundary conditions can be accommodated



When      is real :

The infimum is over fields with prescribed tangential  components of

and at
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⌦
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Abstract Theory of Composites
Hilbert Space

L : H ! HOperator

For all

Solve

With

Then defines : U ! U
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H ! H
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U ! U

Can we understand things in a broader framework?



Example: Periodic Conducting Composites
- Periodic fields that are square integrable over 

the unit cell

- Constant vector fields

- Gradients of periodic potentials

- Fields with zero divergence and zero 
average value

- Total electric field 
- Total current field

L = - Local conductivity
- Effective conductivity
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e(x)
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j(x)





Electrical Impedance Tomography: Cheney et. al. (1999)
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consist of those fields j = e = rV
<latexit sha1_base64="GW4C42ftOmyMz75Ez8x/8mbzj4s="></latexit>

where V (x) is harmonic, r2V = 0 inside ⌦

The abstract theory of composites extends to this too 
(Grabovsky, 2016; Cassier, G.W.M, Welters, 2016) 

LLet



<latexit sha1_base64="LMcVfP4g6Ypi4wxVZtQXuDXu5ao="></latexit>

Note that those fields in U may
either be identified by the boundary
value of V (x) or by the boundary
value of the flux n ·rV



The abstract problem in composites consists in
finding for a given field             in  
(with associated boundary potential            ) the 
fields which solve:

with 

which is exactly the conductivity problem we would
solve for the Dirichlet problem.

V0(x)

<latexit sha1_base64="AztVWXHKyWSwnTopwFV9ImQbUSE=">AAACL3icbZDLSsNAFIYn9VbrLerSzWAruJCSFESXRalIVxXsBZpSJtNJO3YyCTMToYS8kRtfpRsRRdz6Fk7aLGrrgYGf7z+HM+d3Q0alsqx3I7e2vrG5ld8u7Ozu7R+Yh0ctGUQCkyYOWCA6LpKEUU6aiipGOqEgyHcZabvj29RvPxMhacAf1SQkPR8NOfUoRkqjvnlXih3Xg0+JQ3nsYMRgMyldwDmtpxTOcT3FiA8yq7Zg1ZJS3yxaZWtWcFXYmSiCrBp9c+oMAhz5hCvMkJRd2wpVL0ZCUcxIUnAiSUKEx2hIulpy5BPZi2f3JvBMkwH0AqEfV3BGFydi5Es58V3d6SM1ksteCv/zupHyrnsx5WGkCMfzRV7EoApgGh4cUEGwYhMtEBZU/xXiERIIKx1xQYdgL5+8KlqVsn1Zth4qxepNFkcenIBTcA5scAWq4B40QBNg8AKm4AN8Gq/Gm/FlfM9bc0Y2cwz+lPHzC+C2poI=</latexit>

j 2 U , J 2 J , and E 2 E

<latexit sha1_base64="agWDtb7EaEVlkhbo+dU5p/pb5iM="></latexit>

J0(x) + J(x)| {z }
j(x)

= �(x) [E0(x) +E(x)]| {z }
e(x)
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E0(x)

<latexit sha1_base64="4XHITlhDKiCB6dYSCGzGPbGBrY4=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FL+Kpgq2FtJTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+D8c3Mf3zi2ohYPeAk4b2IDpUIBaNoJb+adYOQ3E37brVfrrg1dw6ySrycVCBHs1/+6g5ilkZcIZPUGN9zE+xlVKNgkk9L3dTwhLIxHXLfUkUjbnrZ/OQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//P8FMOrXiZUkiJXbLEoTCXBmMz+JwOhOUM5sYQyLeythI2opgxtSiUbgrf88ipp12veRc29r1ca13kcRTiBUzgHDy6hAbfQhBYwiOEZXuHNQefFeXc+Fq0FJ585hj9wPn8AzXWQRw==</latexit>

J0



Furthermore if we knew the effective operator
: U ! U

Then we have 

and the boundary values of                            allow us to determine 
the Dirichlet-to-Neumann map:

is equivalent to the Dirichlet-to-Neumann map. 

• Variational principles in the abstract theory of
composites correspond to the Dirichlet and Thompson ones.

• Analytic properties extend to the DtN map 

<latexit sha1_base64="ZvFtbgJZe3khtP+3X4zZW0VRL70=">AAACB3icbZDLSsNAFIYn9VbrLepSkMFWEBclKYhuhKIIIi4q2Au0IUymk3boZBJmJkIJ2bnxVdy4UMStr+DOt3GaZqGtPwx8/OcczpzfixiVyrK+jcLC4tLySnG1tLa+sbllbu+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NLif19gMRkob8Xo0j4gRowKlPMVLacs39StLzfHiTutZ5Rrepe5zBlbYqrlm2qlYmOA92DmWQq+GaX71+iOOAcIUZkrJrW5FyEiQUxYykpV4sSYTwCA1IVyNHAZFOkt2RwkPt9KEfCv24gpn7eyJBgZTjwNOdAVJDOVubmP/VurHyz5yE8ihWhOPpIj9mUIVwEgrsU0GwYmMNCAuq/wrxEAmElY6upEOwZ0+eh1atap9UrbtauX6Rx1EEe+AAHAEbnII6uAYN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/ZHz+ACwwl5Q=</latexit>

J0 = L⇤E0
<latexit sha1_base64="fZuchq4CIavdL5Q98utmW8dJyVY=">AAACFHicbVBNS8MwGE7n15xfVY9egpsgCKMdiF6EoRfxNMF9wFpKmqVbXJqWJBVG6Y/w4l/x4kERrx68+W/Muh7m9IGQJ8/zvrx5Hz9mVCrL+jZKS8srq2vl9crG5tb2jrm715FRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP76a+t0HIiSN+J2axMQN0ZDTgGKktOSZJ7XU8QN4k3mWgweRyl88u8jv+2xeq3lm1apbOeBfYhekCgq0PPPLGUQ4CQlXmCEp+7YVKzdFQlHMSFZxEklihMdoSPqachQS6ab5Uhk80soABpHQhyuYq/MdKQqlnIS+rgyRGslFbyr+5/UTFZy7KeVxogjHs0FBwqCK4DQhOKCCYMUmmiAsqP4rxCMkEFY6x4oOwV5c+S/pNOr2ad26bVSbl0UcZXAADsExsMEZaIJr0AJtgMEjeAav4M14Ml6Md+NjVloyip598AvG5w+0FZ37</latexit>

J0 · n = j · n

<latexit sha1_base64="J9t0OEAYYuV/ril7bDsvDjrVYxk=">AAAB+nicbZDLSsNAFIYnXmu8pbp0M1gEVyURRDdi0Y3LCqYtNKVMppN26GQSZk6UEvsobhQUces7uHcjvo3Ty0Jbfxj4+M85nDN/mAquwXW/rYXFpeWV1cKavb6xubXtFHdqOskUZT5NRKIaIdFMcMl84CBYI1WMxKFg9bB/OarXb5nSPJE3MEhZKyZdySNOCRir7RQDSkTuDwNIptR2Sm7ZHQvPgzeF0vmHfZY+fdnVtvMZdBKaxUwCFUTrpuem0MqJAk4FG9pBpllKaJ90WdOgJDHTrXx8+hAfGKeDo0SZJwGP3d8TOYm1HsSh6YwJ9PRsbWT+V2tmEJ22ci7TDJikk0VRJjAkeJQD7nDFKIiBAUIVN7di2iOKUDBp2SYEb/bL81A7KnvHZffaLVUu0EQFtIf20SHy0AmqoCtURT6i6A49oGf0Yt1bj9ar9TZpXbCmM7voj6z3HxUel4c=</latexit>

U ! U

We formulated everything for conductivity but one may apply a similar procedure 
to many linear equations of physics



Classic example of an exact relation: Keller-Mendelson-Dykhne
relation for 2-dimensional conductivity

Picture courtesy of Y. Grabovsky

Goal of the theory of exact relations:
identify manifolds of tensors,        that are
Stable under homogenization-space 

Extension of the theory of exact relations to inhomogeneous bodies



Benveniste (Piezoelectricity) 
Bergman (Hall-effect)
Berryman (Poroelasticity)
Chen (Coupled equations, Elasticity)
Cherkaev (Plate equations)
Cribb (Thermoelasticity)
Dvorak (Piezoelectricity)
Dykhne (Conductivity, Hall Effect)
Gassman (Poroelasticity)
Hashin (Elasticity)
He (Elasticity)
Helsing (Elasticity)
Hill (Elasticity)
Keller (Conductivity)

Levin (Thermoelasticity)
Lurie (Plate equations, Elasticity)
Matheron (Conductivity)
Milgrom (Coupled equations)
Milton (Complex conductivity, Hall effect, elasticity)
Movchan (elasticity)
Murat (Null-Lagrangians)
Shklovskii (Hall effect)
Shtrikman (Coupled equations)
Straley (Coupled Equations)
Strelniker (Hall effect)
Rosen (Thermoelasticity)
Schulgasser (Piezoelectricity)
Tartar (Null-Lagrangians)

Many Scientists discovered exact relations one at a time:

Yury Grabovsky and coworkers discovered hundreds, 
(many intersections of more fundamental ones)



Milton 2002

3.
4.
5.
6.
9.

12.
14.
17.

Grabovsky 2016

Relevant Chapters:

Theory of exact relations for composites reviewed in the books:



Nonlinear!

-space 

-space -space 

The transformation (G.W.M, 1990; Zhikov 1991)

converts lamination in direction     to a linear average:
Therefore in     - -space an exact relation must be a linear relation,                , when

where      is a subspace. 

First major breakthrough: Grabovsky (1998)
As an exact relation holds for all geometries it must certainly hold for laminate geometries



Expansion of the non-linear transformation.  Set  

So       independent of       and

The search for candidate exact relations becomes a search 
for subspaces       satisfying this algebraic constraint.

(Necessary Condition)

Then all terms in the series lie in



Example: Two-dimensional conductivity



Second major breakthrough: (Grabovsky, G.W.M, Sage 2000) 
The transformation                 and series expansions of myself and Golden (1990) [that formed 
the basis of the rapidly converging FFT approach of Eyre and myself (1999)] provided the 
essential clues for a condition that guarantees a candidate exact relation holds for all 
geometries not just laminate ones.

(Sufficient Condition)

Series expansion: let                                           define     (acts locally in Fourier space)  

If the series does not converge, use analytic continuation

Appropriately defined “polarization fields” within the material also are constrained to take values in 

can be taken to consist of all symmetric matrices in 



Third Major Breakthrough (G.W.M and Onofrei, Res Math Sci 6, 19(2019))
Suppose we have a periodic composite
for which an exact relation holds, 
And hence the “polarization field” takes 
values in      at each      in        

The region       marked by the “dashed lines” does not know it is in a periodic medium, 
but the boundary conditions on the potentials or fluxes on this dashed boundary must be such 
to force the “polarization field” inside       to take values in       and this gives us additional
Information about the boundary fields. 

Aim: identify these boundary conditions, and find the associated exact identities 
(boundary field equalities)  satisfied by the “Dirichlet-to-Neumann map”.



Key point: 
These new boundary field equalities that in some sense generalize the 
divergence theorem, do not result from “integration by parts” but rather from 
algebraic properties tied with the operator        that is associated with the 
differential constraints satisfied by the fields on the left and right of the 
constitutive law.

There are “hidden identities” that go beyond integration 
by parts and still allow one to deduce exact identities
satisfied by the fields at the boundary of a region 







Formulation

Rewrite as

with
Can extend the formulation to plate equations,
wave equations at constant frequency in lossy media, etc.



Exact relations for Green’s Functions 



Modified Green’s function:

As before



Expand:

Upshot :

In the same way that one gets links between effective tensors so too can one get links 
between Green’s functions of different physical problems (in inhomogeneous media) 



I did not discuss how to get the “boundary field equalities” 
satisfied by the “Dirichlet to Neumann Map”.

The basic idea here (following Thaler and myself, 2014, where for 
a body       containing 2-phases sharing the same shear modulus, the
boundary field equalities give the volume fraction occupied by one 
phase in the body) is to choose nonlocal boundary conditions that 
mimic the body      embedded in an infinite medium with appropriate 
sources outside that ensure the appropriately defined polarization field 
takes values in the subspace 

For more details see : G.W.M and Onofrei Res. Math Sci. 6, 19 (2019)

Also, generally, to reveal the exact relations satisfied by the DtN map 
one applies not just one boundary condition but a succession of them.



Thank you!
Thank you!

Thank you!

Thank you!
Thank you!


