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i NS-R WZW model

The perturbatively solvable world-sheet theory for
AdS3 is formulated in terms of a WZW model based
on the Lie algebra sl(2,R). For the case with
supersymmetry the relevant algebra is

[Maldacena, (Son), Ooguri ‘00 & ‘01]

s[(2, R),(fl) >~ 5[(2,R)g12 @ 3 free fermions
/ AN

bosonic: J3,JF decoupled

The free fermions sit in the usual NS/R representations.



i Representations

The highest weight representations of the sl(2,R); affine
algebra are of the form

J ngnl ‘Ja m>

N

characterised by rep of
the sl(2,R) zero mode algebra

Geometric considerations (large level) suggest that
the relevant representations should be of two kinds:



i NS-R WZW model

Discrete series lowest weight reps:

Continuous series reps:
ClL: C=—jj—-1)=1+p*, |j,m)withmea+Z

(j =1 +ip)

[Maldacena, Ooguri '00]



i No-ghost theorem

Because of the Maldacena-Ooguri (unitarity) bound,

[Petropoulos "90]

1 ) kE+1 [Hwang '91]
MO-bound : 9 <J< 9 [Evans, MRG, Perry 98]

[Maldacena, Ooguri '00]

the (discrete) spectrum is bounded from above. Additional
states are spectrally flowed images of these two classes
of representations

They are not Virasoro highest weight, and are
therefore best described in terms of the specitral

flow w. [Maldacena, Ooguri ’00]
see also [Henningson et.al. '91]



* Spectral flow automorphism

Basic idea: work with original highest weight rep. space,
but define on it a new action (by automorphism):

J3 =T34+ B8 0

+ Tt
J JmIFw

Here the tilde modes act as in the original highest weight
representation, but we think of action in terms of
new un-tilde modes.



Spectral flow

In order to get a sense of what this means, let’s
concentrate on a continuous series rep for the
case k=w=1:
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Spectral flow

In order to get a sense of what this means, let’s
concentrate on a continuous series rep for the
case k=w=1:

__________________________________________________



Spectral flow

__________________________________________________

Thus the spectrally flowed representation is not Virasoro
highest weight, i.e. the L spectrum is unbounded from
below — analogous to string theory on flat Minkowski
space.



i Physical states

This description is covariant, i.e. we need to impose
the physical state condition, e.g. in NS sector

G'd =0 (r>0)

(L' —3)2=0.

The second condition (mass-shell condition) implies that
e.g. in sector without spectral flow

1
/ % +ho+ N = 5 (N'S-sector)

. World-sheet conformal
Casimir of sl(2,R) dim. of internal CFT



i Dual CFT

The dual (‘spacetime’) CFT lives on the boundary
of AdS3, and we have the identifications

LgFT — Jg ) L1CFT =Jy L(—H;T — J(Si_ y
with a similar relation for the right-movers.
We are interested in the tensionless’ regime of this
theory. Since the level k is proportional to the size of the

AdS3 space in string units, this should correspond to
smallest (non-trivial) value of k: k=1.



* Dual CFT

Thus we are led to study the physical spectrum of the
(spacetime) theory for k=1 systematically.

As we shall see, the interesting part of the spectrum
comes from the spectrally flowed continuous series
reps.



i Continuous reps

For the spectrally flowed continuous series reps, the
mass-shell condition (in the NS sector) is at k=1

(L, =L, — wj,?; — §w25n,0]

[ioz%—f—ho—i—N]

1 1
C’—wm—zw2+N:§ Whe]feC':i—l-p2
Here m is the J; eigenvalue (i.e. before spectral flow),

and we have set hy = 0 (for simplicity).

For the continuous series rep we can simply solve
this equation for m. For the case of p=0 we then get



* Continuous reps

1
C—wm—jw +N=_  withC =]

1
2




* Continuous reps

1 1
C—wm—ju?+N=7  withC=1
1 2
Wu:—[Nﬁ—w +1}
W 4

Then observing that the actual .J; eigenvalue is

[T = Ji + 5 0n 0]




Full spectrum

h=m+ — = —+ .
2 . 4w \
ground state energy in
w-twisted sector

w N w?-1
w

w-twisted modes

Symmetric orbifold formula for cycle length w!

[IMRG, Gopakumar ’18]
[Giribet, Hull, Kleban, Porrati, Rabinovici ’18]
see also [Giveon, Kutasov, Rabinovici, Sever '05].

Note that for w=1 and N=0, this includes in particular

chiral states (h=0) that correspond to massless higher

spin fields! [MRG, Gopakumar, Hull *17]
[Ferreira, MRG, Jottar '17]



i Symmetric orbifold basics

Recall basic structure of symmetric orbifold
(TN /S

untwisted sector: permutation invariant combinations

twisted sectors: associated to conjugacy classes of Sy

labelled by cycle shapes, i.e. partitions of N

analogue of

concentrate on single cycle sectors single trace



Single cycle twisted sector

Consider bosons in w-cycle twisted sector:



i Full symmetric orbifold

For AdS; x S® x T* at k=1, criticality implies that

the bosonic su(2) factor appears at level -1, and thus
the analysis in the NS-R sector is a bit formal — in the
hybrid formalism this will be cleaner (see below).

In order to get a sense of what will happen, we can use

that
su(2)_1 @ u(l) = 4 symplectic bosons

[Goddard, Olive, Waterson ’87]
The 4 symplectic bosons behave as ghosts (on the
level of the partition function) and remove 4 of the
8 fermions.



i Which orbifold

Counting: L(2®) 3 e w3

sw () = Y 5:]\._?(“}‘«0 Losous  + 3 [),uuimu

_ (242) = A bos« | ?_,_r

Y

l = Y lo e U for

This therefore suggests that we end up with 4+4 free
bosons and fermions, i.e. with the spectrum of

symmetric orbifold of T4

[MRG, Gopakumar ’18]



i Continuum of states

However, the spectrum still seems to have a continuum
(we earlier set p=0 by hand), which is not present in
the symmetric orbifold theory.

There are also some discrete series rep states that do
not fit into the above.

Thus we have not quite managed yet to identify the
world-sheet theory that corresponds to the symmetric
orbifold.
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i Hybrid formalism

[Berkovits, Vafa, Witten '99]

In the hybrid formalism the world-sheet theory is
described (for pure NS-NS flux) by the WZW model

based on

psu(l, ]“2)16

together with the (topologically twisted) sigma model
for T4. For generic k, this description agrees with the
NS-R description a la Maldacena Ooguri.

[Troost ’11], [MRG, Gerigk '11]
[Gerigk "12]



i Supergroup

The supergroup PSU(1,1|2) has the basic form

(B wE) menswen

Corresponding Lie algebra generators

sl(2,R) : J¢
su(2) : K?

ferm gen. : SaPy



Supergroup

The super Lie algebra psu(1,1|2)p)is

J3 3 —
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i Hybrid formalism

For the following it will be important to understand
the representation theory of

psu(l, 1 | 2) 1
The bosonic subalgebra of this superaffine algebra is

s[(2)1 @ su(2);
/

Thus only n=1 and n=2 are allowed for the highest
weight states.



i Short representations

A generic representation of the zero mode algebra
psu(1,1|2) has the form

rep of
/ sl(2,R)
(CJ,n)
Ca+1)  (Cia-1) (C©in+1n) (CLin-1)
(Cimn)  (Ci,n+2)  2-(C4n) (Cyn-—

its i—3
a+§’n+1) (C’a+%,n 1) (C’a

(CY,n) rep of su(2) of
dim = n+1.



Short representations

A generic representation of the zero mode algebra
psu(1,1|2) has the form

rep of

/ sl(2,R)

(€Y, )

)

J+3 Jt+3 i—3 i—3
1 1 1 _1 19 ]- C 19 _1
(Clim+1)  (Cin-1)  (Cin+1)  (CLin-1)

ctm (L@ 2-(Ciw (Cln-2) (@)

J+3s J+3 i—3 i=3
(Ca+%,n—|—1) (C’a+%,n—1) (Ca+%,n—|—1) (C’a+%,n—1)
(CJ . ) Thus for k=1 need

a short rep!



i Short representations

In fact, the only representations that are allowed are

- (ci2)
(C73,1) (¢’ 3

1
2
1

71)

and the shortening condition actually implies that this
IS only possible provided that

J=75 —p NO CONTINUUM!

[Eberhardt, MRG, Gopakumar 18]



i Free field realisation

For the following it will be useful to describe psu(1,1]2),
iIn terms of free fields. [Eberhardt, MRG, Gopakumar 18]

The relevant free fields are

4 symplectic bosons, i.e. 2 spin-% (37 systems

€1 =€ 05 (a,Be (%))
4 free fermions

{2, x2} = e*P 65, _, (o, B € {£})



i Free field realisation

. o« Bl _ B
In terms of these free fields €5 m5] = €7 or s
the current generators are: {Yxs} =€ 6, s

Jrjrtz = (77 gi)m ; Kr% ==+ Xi¢i)m )
Sfrébﬁ—i_ — (Xﬁga m S%B_ - _(nawﬁ)m 9
Un = _%(77+ “)m t %(77_€+)m ; Vin = _%(X+¢_)m + %(X_@Wr)m

In order to obtain actually psu(1,1]2); need to gauge by

L =Up + Vi, =0



R sector representation

The ground states of the R-sector representation
transform under the zero modes as

55’\m1,m2> = |m1,m2—|—%> 3 77(J)r|m1,m2> = 2my \m1+%,m2> 3
& Imi,me) = —|my— 5, ma) , Mo [mi,ma) = —2mg|mi,ms — 3) ,
Xd mi,me) = 0, Y lmi,me) = 0.

The relevant charges are then

J3 |m1, mo) = (my + my) |my, mo)

K§ |m1,ma) = 1 Imq1, mo) Ly |mqy, ma)

0
Uy |m1,ma) = (m1 —ma — 3) |my, ma) Vo lm1,ma) =0



R sector representation

The relevant charges are then

Jg Imi, ma) = (my +my) |my, ms)
K§ |ma,ma) = 3 |my, mo) Lo my,mz) =0
Uo |m1,ma) = (mq — mg — %) Imy, ma) Vo [mi,me) =0
C = :l{ ’UoZ = —-;) QA) J: \kkAr—UJ\L A= M A+,
Ou 8-\'00-‘:l &%QJW '\\M,\\\ML7 E Ua’\' \}D': Q= W‘A'“L"'\i d"-: W‘A"\Mz_:-i
2

1

(Co i 2)

K= wotw, (wed 4)



Spectral flow

The full worldsheet spectrum consists of this R-sector
representation, together with its spectrally flowed images.

Here spectral flow comes from [Henningson et.al. '91]
[Maldacena, Ooguri '00]

-+ + ~+ + == + ~+ +
fn — fni% ) 77n — nnj:% ) 1% — wnq:% ) Xn — Xn:F% 9
consider above interpret in terms
R sector rep. for — of "untilde’
tilde modes modes

As before, for w>1 not highest weight representation
any longer.



Spectral flow

Under spectral flow the different generators transform as

3 73 |k
I = I+ 5 0mo0

+ _ 7* W
Jm _ ‘]m:Fw ) «
K’;?I)’L - K??;’I, _|_ kTwam,O 3 = Z K 3:—* '\_’L %1-4--& \db - = j:;«w
K;/t@ — K;tz:i:w )
afy _ Gaby 3 . ¢
S’m m+sw(B—a) ’ 0w O w-w
Ly = Ly +w(K3 — J3) |
Zm — ~m
Mass-shell condition: Lop =20

Constraint equation: Znd=0 (n>0)



i Physical states (bosons)

Bosonic oscillators:

T4 : 4 bosons

u(1,1]2); : 4 symplectic bosons
Physical state conditions:

Z, =0 — removes 2 bosons

L, =0 — removes 2 bosons

Thus only the 4 torus bosons, say, survive.



i Physical states (bosons)

1

Consider thus the state ", ---a”, |m1,m2)

Zero mode conditions:

Z():O — ml—mgz%

Lo=0 - N+wK—J)=N+wi—-J5)=0

Thus spacetime conformal dimension is

3 73 w __ N w1
‘]O_J()_|_§_'zuI 2




i Physical states (bosons)

3 _ 713 w _ N | w+l
JO_JO+§_w' 2

Thus we have the correspondence

a’, ---o/_lm Imy,mo) —— ai_lm et \BPS}h:wTH
w w

Analysis for fermions is similar, and we thus get exactly
the (single-particle) spectrum of

Sy (T4)

In the large N limit. [Eberhardt, MRG, Gopakumar '18]



