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Automorphic form notation

Let F be a family of automorphic forms. For f € F, write the
associated L-function as

L(f,s) = i Arln)

nS

n=1



Problems on families

Given a family F, we would want to know:
» What is the size of F (Weyl's law).
> Low-lying zero statistics.

> Asymptotics or bounds on the moments of the L-functions
L(f,1/2).

P Large sieve inequality.



Large sieve inequalities

A large sieve inequality for the family F takes the form

Z‘ > a,,)\f(n)ng(]—",N) PEN

feF N/2<n<N N/2<n<N

valid for all choices of coefficients a, € R.

Ideally we want to prove this with A as small as possible.



Large sieve inequalities

A large sieve inequality for the family F takes the form

Z‘ > a,,)\f(n)ng(]—",N) PEN

feF N/2<n<N N/2<n<N

valid for all choices of coefficients a, € R.

Ideally we want to prove this with A as small as possible.

A good bound gives quantitatively strong orthogonality of the
coefficients in the family.



The duality principle says that

equals




In our context, this means

Z‘ > a,,)\f(n)rgA(}",N) ST Janl,

feF N/2<n<N N/2<n<N

valid for all a, € R is equivalent to

> ‘ > bf)\f(n)r < A(F,N)> b,

N/2<n<N feF f

valid for all bf € R.



GL, examples

Theorem

Z Z* ZanX ‘ Q2+N)Z\an|2.

q<Qx(mod q) n<N n<N




GL, examples

Theorem
> YT e <@+ MY a2
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Applications include: Bombieri-Vinogradov, bounds on moments of
twists of L-functions, etc.
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The large sieve inequality implies that primes are well-distributed in
arithmetic progressions (similar in strength to GRH) “on average”.



GL, examples

Theorem
> YT e <@+ MY a2
g<Qx(mod q) n<N n<N

Applications include: Bombieri-Vinogradov, bounds on moments of
twists of L-functions, etc.

The large sieve inequality implies that primes are well-distributed in
arithmetic progressions (similar in strength to GRH) “on average”.

Some more advanced methods for studying moments of
L-functions transform the original moment problem into one
involving a completely different family, and finish by using a large
sieve inequality to bound the ‘dual’ moment.



GL, examples, continued

Theorem (Heath-Brown)

Z*‘Z* an<2)‘2 < (Q+M(QN) Y Janl.

g<Q n<N n<N



GL, examples, continued

Theorem (Heath-Brown)

Z*‘Z* aﬂ(:)F < (Q+M(QN) Y Janl.

G<Q n<N n<N

Applications include: Improved bounds on nonvanishing of
quadratic twists of L-functions, ...



GL, examples

Theorem (Deshouillers-lwaniec)

2
Z Wf_l‘ Z a,,)\f(n)‘ < (qT? + N)(qTN)® Z |an|?,
f level q n<N n<N
te<T

where: f is a Maass form with spectral parameter tf, and

wr = Ress—1L(f ® f,s).



Optimality

The previous GL; and GL; large sieve inequalities took the form
A(F, N) < (|F]+ N)(|FIN)".

This cannot be improved.



A cautionary tale

One might be tempted to conjecture that A(F, N) =~ |F|+ N
holds for any reasonable family. However, H. lwaniec and Xiaoqing
Li (Compositio, 2007) showed that the family of Hecke cusp forms
on '1(q) (with g prime, and with fixed weight) does NOT satisfy
this optimistic conjecture.



More reasons for caution

Making life exciting, there are a variety of different reasons that a
family may not satisfy the optimistic bound:

> A family F may have cusp forms and Eisenstein series
together, and the Eisenstein series may be problematic.

Blomer and Buttcane showed this for the family SL,(Z),
n>3.



More reasons for caution

Making life exciting, there are a variety of different reasons that a
family may not satisfy the optimistic bound:

> A family F may have cusp forms and Eisenstein series
together, and the Eisenstein series may be problematic.

Blomer and Buttcane showed this for the family SL,(Z),
n> 3.

> A family may have a large biased set, that is, a set
N C [N,2N] so that

DDAl = |F- N,

feF neN

Example: If F is the set of primitive quadratic characters, and
N is the set of squares, then || = v/N is a large biased set.



More reasons for caution

There is recent work of Dunn-Radziwitt exhibiting subtle bias for
families of cubic characters.



An Eisenstein series family

The newform Eisenstein series of level Q and trivial central
character occur when Q = q2, and are induced by a primitive
Dirichlet character x (mod q).

The n-th Fourier coefficient (or Hecke eigenvalue) of such an
Eisenstein series is of the form

Ait(n) = Y x(a)x(b)(a/b)". (1)

ab=n



Large sieve

Define

A(Q, N)—max Z Z ‘ Z anAy,0(n)

N Q/2<q<Qx(mod q) N/2<n<N

2

The classical large sieve inequality implies

A(Q,N) < Q*V'N + Nlog N.



Large sieve

Define

A(Q, N)—max Z Z ‘ Z anAy,0(n)

N Q/2<q<Qx(mod q) N/2<n<N

2

The classical large sieve inequality implies
A(Q,N) < Q*V'N + Nlog N.

To see this, use duality and apply Dirichlet’s hyperbola method.



This is best possible: Ay 0(p?) =1+ x?(p) + X>(p), which shows
the squares of primes form a biased set.



This is best possible: Ay 0(p?) =1+ x?(p) + X>(p), which shows
the squares of primes form a biased set.

Recall that this means
JP
2 Aol?)l =~ o
p2~P

on average over x.



Fixed definition

Trying again, define:

2

A(Q, N)—max Z Z ‘ Z azpx(a)x(b)|

Q/2<q<QX (mod q) N/2<ab<N
(a,b)=1

Theorem (Y., 2022)

A(Q, N) < (@ + N) e,



Reinterpretation: Rational large sieve

> Let Qg = {x € Q: vp(x) >0 for all p|g}. (A ring)
» Let redg : Qq — Z/qZ. (A ring hom.)

» For x € Qq, define x(x) = x(redq(x)).

» For a/b € Qq, define ht(a/b) = |ab.



Reinterpretation: Rational large sieve

> Let Qg = {x € Q: vp(x) >0 for all p|g}. (A ring)
» Let redg : Qq — Z/qZ. (A ring hom.)
» For x € Qq, define x(x) = x(redq(x)).
» For a/b € Qq, define ht(a/b) = |ab.
Then

Z Z* ‘ Z anx(n)‘z <<(02+N)1+6|Oz|2.

4=Qx(mod ) neQq
ht(n)<N



Sieving application

Let N'={n € Q>0 : ht(n) < N}.
Let P be a finite set of primes.
For each p € P, let Q, C Z/pZ.

Let w(p) = |2p], and h(p) = #p()p), extended multiplicatively
to squarefrees.

> Let
SN, P,Q)={neN :forall p, redp(n) & Qp}

Then

N 2\1+¢
s p.a) <« WO o S i)
q<@Q



Take |Q,| = pT for all p < @, with Q = v/N. Then

S| <« NY/2te,



Overview of proof

The proof relies on three results, each with a very different proof.

The simplest of these three is monotonicity:

Proposition
If @ > Qlog QN then

A(Q,N) < A(Q', N).
If N> Qlog QN then

A(Q,N) < A(Q, N').



Monotonicity

Idea for N-monotonicity:

Z‘Zaab){a)x ’ P*ZZ’ZO‘“’X

q,Xx a,b p~P q,x a,b

~ % Z Z ‘ Zaa’bx(ap)y(b)‘z.

p~P q,x a,b

‘ 2

Now ap can be glued into a new variable, making the inner sum
have length PN.

This kind of idea was apparently first used in the context of the
large sieve in a paper of Forti and Viola (1973).



Functional equation

Trying the functional equation:

23 Botans)|”

(a,p)=1 a,x
ab RN
= Bube Y w( T )axa(a)xaxa(b)
q1,X1 (37[)):1
q2,X2
s L(s, x1X2)L(s, x2X1)
By B ds.
27” @) g;l oW ¢(2s)

q2,Xx2



Functional equation

Trying the functional equation:

2| S sex(axes)|

(a,b):]. X
ab RN
= Bube Y w(F)aleae(b)
g1,X1 (37[)):1
q2,X2
s L(s, x1X2)L(s, x2X1)
By B ds.
i | 3 Bl 2
q2,X2

The condition (a, b) = 1 is necessary to avoid the biased set, but it
leads to the highly problematic {(2s) in the denominator.



Functional equation

A compromise:

s= 3 w2 senta()]

(a,b)=1
< Y w(Z) S sodans)| = 5oy
ab -y q,X

(a,b)2

Here Y < N/100 is a parameter to be chosen later.



Functional equation

A compromise:

s= 3 w2 senta()]

(a,b)=1
< 3 w3 sextarn(o)

ab

2~

2
‘ = 5>Y

(a,b)

Here Y < N/100 is a parameter to be chosen later.

This type of upper bound sieve was used by Heath-Brown in his
proof of the quadratic large sieve.



Splitting

Inclusion-exclusion: S.y = S, — S<y.

‘2

sov= Y w(Z)] Y sda)x(s)
94X

e <Y
- N* 2 d
~ [ e X | YA o
() ab<y a q9,X g

(a,h)=1



Splitting

Inclusion-exclusion: S.y = S, — S<y.

b
sov= 3 w(Z)| T Ao
(a?:)zgy q,X
~ N* d
~ [ e X | YA o
() ab<Y ab) a.x g
(a,b)=1

Now shift contours to the line Re(s) = 0.



Good news/bad news

Bad news: We get a pole at s = 1/2 of shape

ole ~
SZY _% (1/2) 1/2‘25}()( ‘ )
ab<yY
(a,b)=1

which is not small on its own.

Good news: The contribution on the line 0 is at most
A(Q, Y)|BI%, and Y is small compared to N.



Functional equation

w( )!Zﬁxx(a %)

,b>1

5 s)N°L(s, x1x2)L(s, x2Xx1)ds.

4

3
N | =
\
m



Functional equation

a,b>1 q,X
27” Y BubraW(NL(s, xax2)L(s, x2Xa) ds.
) q1,X1
q2,X2

Problem: 1 and x> are primitive, but x1x2 may not be, which
affects the functional equation.



Functional equation

2

w(32)| S Brexta)(s)
a,b>1 X

27” Y BubraW(NL(s, xax2)L(s, x2Xa) ds.
) q1,X1

g2,X2
Problem: 1 and x> are primitive, but x1x2 may not be, which
affects the functional equation.
To make life easier, let's pretend either x1 = x2, or that
(g1,92) = 1. The diagonal x1 = x2 is easy to understand, and
gives O(N|3?).



Functional equation

Changing s to 1 — s, and then the functional equation gives:

~ _ o . ds
/ Z BXIBXZW(]‘ - S)Nl *L(1 - s, xax2)L(1 - 57X2X1)T
i
() g1.x1
q2,Xx2
Nl—s ds
~ By BoW(1l — s)————L(s, xax2) L(s, Xx2X1) 5
/(2) %1 po (q%qg)i_s 2mi
q2,X2
- N1—s X1 ab x2(ba) ds
%/ Z Z Brafew(l =) 2 \l-s ((a)b)s( )27ri'
) a,b>191,X1 (q1 %)2

g2,Xx2



Functional equation

Changing s to 1 — s, and then the functional equation gives:

~ _ _ _ . ds
/ Z BXIBXZW(]‘ - S)Nl *L(1 - s, xax2)L(1 - 57X2X1)T
2 i
(2 qrx1
q2,X2
- N1=s L . ds
< [ S B - ) s (s T s
() a1 xa (9743)>2 i
92,X2
- N1—s X1 ab x2(ba) ds
z/ Z Z Bralew(l =) ((a)b)s( )27ri'
) a,b>191,X1 (ql q2)2
g2,Xx2
Q4

The new sum can be truncated at ab <



Functional equation (cont.)

We need (a, b) = 1 again, so pull out the gcd here. This forms yet
another ((2s), giving rise to

l—s A =
x1(ab)x2(ba) ds

BraBrow(1 — 5)C(2s) —,

/ @ (o Z et (g2g3):—*  (ab)*  2mi
ab<<Q4/Nq2’X2



Functional equation (cont.)

We need (a, b) = 1 again, so pull out the gcd here. This forms yet
another ((2s), giving rise to

l—s A =
x1(ab)x2(ba) ds

BraBrow(1 — 5)C(2s) —,

/ @ (o Z et (g2g3):—*  (ab)*  2mi
ab<<Q4/Nq2’X2

We move the contour back to Re(s) = 0, crossing a pole at
s =1/2. If we take Y = @*/N, then this polar term cancels the
polar term Sp°e The new integral part is bounded by

N Q*



Theorem (Functional equation)

Q4

AQ.N) < N+ 5@, D).

Q2

This is good if N > Q2.



The dual side

The third main tool works on the dual side, gives:

Theorem (Family sum)
QZ
A(Q,N) < Q@+ - A(N/Q, N).

This is good if Q%> N.



The dual side

Trying orthogonality:

2
S wa/@) Y | Y ansx(@x)
q x(njoc_i _q) (a,b)=1
X primitive
Z Aay,by Xay by Z q/Q Z So(d):u(q/d)
(alvbl) 1 d|q
(a2,b2)=1 d|aiby—az by
1 w(s) ¢(d)
= % S Z Qay,by Xay by Z s ds.
(a1,b1)=1 d|aiby—axbr

(az,bz) 1



A compromise

S=Ywa/@ Y | Y assx@us)
q

x(mod q) = (a,b)=1
X primitive
* 2
<> w@/@) Y| Y casx(@x) = Say.
q

x (mod q) (a,b)=1
cond(x)>Y



A compromise

S=Ywa/@ Y | Y assx@us)
q

x(mod q) (a,b)=1
X primitive

<> w@/Q Y | Y aasx(ax(d)

x(mod q)  (a,b)=1
cond(x)>Y

2
‘ = 5>Y.

Next write Ssy = Soo — S<v.



Truncated part

For S<y, write x — xXo. ¢ — qqo Where X is trivial modulo qo,
X is primitive modulo g, and g < Y. The sum over gg forms a

zeta, giving
2

s<ny > Y ( )| 3 assx(a)x(b)

q<Yx (mod q) (a,b)=1



Truncated part

For S<y, write x — xXo. ¢ — qqo Where X is trivial modulo qo,
X is primitive modulo g, and g < Y. The sum over gg forms a

zeta, giving

s<ny O ¥ ()| X awntame)

q<Yx (mod q) (a,b)=1

2

Again, we want to shift contours to the line Re(s) = 0, but there
is a pole at s =1, giving

sme—wm Y. 39S (o (a)x(b)[

q<Yx (mod q) (a b)=



Truncated part

The part on the new line of integration is bounded by

A(Y, N).



Extended part

=Y wa/@) Y | Z aabx(a)X(b ’

X (mod q) (a,b)=

q
~ Q Z O‘{al,b]Oéag,bz Z Wl(q/Q)
( b1)= qlaiby—azby

)=1

.9'



Extended part

=Y w(g/Q) Y \ > oaa,bx(a)y(b))2

Y (mod q) (a,b)=1

~Q Z Qay,b;Xay by Z Wl(q/Q)'

(a1,b1)=1 qlaiby—azby
(ag,bg):l

Important point: The diagonal ajb, = axb; forces a; = a» and
by = by, using (a1, b1) = (a2, b2) = 1.



Extended part

=Y w(g/Q) Y \ > oza,bx(a)%(b))2

\(mod ) (a,b)=1

~Q Z Qay,b;Xay by Z Wl(q/Q)'

(a1,b1)=1 qlaiby—azby
(a2,b2)=1

Important point: The diagonal ajb, = axb; forces a; = a» and
by = by, using (a1, b1) = (a2, b2) = 1.

Now the idea is to use a divisor-switching trick and convert back
to Dirichlet characters. This idea was inspired by
Conrey-lwaniec-Soundararajan’s paper on the asymptotic large
sieve.



Write
aiby — axby = qr,

where now 0 < |r| < %



Write
aiby —axby = gr,

where now 0 < |r| < %

This move is directly analogous to the functional equation of the
L-functions on the dual side.



Write
aiby — ax2by = gqr,
where now 0 < |r| < %

This move is directly analogous to the functional equation of the
L-functions on the dual side.

Seo is roughly

Z Z r1 Z aal,blaa2,b2x(alb232b1)wl<31b2(;r32b1).

r<N/Q x (mod r) (a1,b1)=1
(aQ,bz):l



Final steps

To complete the circuit, we need to get back to primitive
characters. Write x — xXxo0, r — rro. The rg-sum creates another
zeta:

/2)W1( s)C(1+s) Z Z

r<N/Qx (mod r)

—saiby —axb1\ s
Z aal’blaazybzx(albgazbl)(%) ds

(al,bl):l

(ag,bg):l



Final steps

To complete the circuit, we need to get back to primitive
characters. Write x — xXxo0, r — rro. The rg-sum creates another
zeta:

/2)W1( s)C(1+s) Z Z

r<N/Qx (mod r)

—saiby —axb1\ s
Z aal’blaazybzx(albgazbl)(%) ds

(al,bl):l
(ag,bg):l

Shifting contours to Re(s) = —1 passes a pole at s = 0. If
Y = N/Q, it cancels with Sp°|e The new line gives %A(N/Q, N).



Thank you for listening!



