
Math Circles Modular Forms

Problem sheet 3 (28.08.2026)

1. Ramanujan’s Discriminant Modular Form continued

We continue our discussion with Ramanujan’s modular form, and finally introduce the general
theory of modular forms for SL2(Z).

1.1. Ramanujan’s Tau Function. Recall that for any z ∈ H, the Ramanujan’s Discriminant
Modular Form is given by the formula

∆(z) = q
∞∏
n=1

(1− q(z)n)24 =
∞∑
n=1

τ(n)q(z)n,

where the coefficients {τ(n)}n≥1 are given by the famous Ramanujan Tau function

τ :N −→ Z
n 7→ τ(n).

denote the upper half plane. and let q(z) = e2πiz. As we will see in the next section, the
coefficients {τ(n)}n∈N are known as the Fourier coefficients of ∆.

In 1916, Ramanujan famously conjectured the following three properties:

(i) If (m,n) = 1 we have the following multiplicative property

τ(mn) = τ(m)τ(n).(1)

(ii) For p a pime, and any r ≥ 1, we have

τ(pr+1) = τ(p)τ(pr)− p11τ(pr−1).

(iii) For any prime p, we have the estimate

|τ(p)| ≤ 2p11/2.(2)

The first two properties of τ were proved by Mordell in 1917. However, the third property led to
great advancements in modern mathematics, and was eventually realized by Grothendieck and
Delgine in 1974, as a consequence of thier proof of the Weil conjectures.

We prove the multiplicative property (1) of the Ramanujan Tau function in this problem sheet.

1.2. Proof of Multiplicative property. For n ≥ 1, define

(3) F (n) =
∑
d|n

d11τ
(n
d

)
τ(d).

Problems.

(i) Compute d log∆(q)
dq , and show that where σ1(N) =

∑
d|N d. Hence

∞∑
n=1

nτ(n)qn = ∆(q)

(
1− 24

∞∑
N=1

σ1(N)qN

)
,(4)

where σ1(N) =
∑

d|N d.

(ii) Define the operator θ = q d
dq . Applying θ to equation (4), derive

∞∑
n=1

F (n)qn =

( ∞∑
n=1

τ(n)qn

)( ∞∑
n=1

n11τ(n)qn

)
.
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(iii) For any m,n ∈ N, show that F (mn) = F (m)F (n).

(iv) For any m ≥ 1, and a prime p ̸ |m, using induction or otherwise, show that

τ(mpk) = τ(m)τ(pk),

for all k ≥ 0. Hence, for any (m,n) = 1, from fundamental theorem of arithmetic, we
arrive at following inequality

τ(mn) = τ(m)τ(n)

which completes the proof of multiplicative property of τ (equation (1))

(v) For any q ∈ C with |q| < 1, recalling Jacobi product formula, derive

(5) ∆(q) = q

( ∞∏
n=1

(1− qn)3
)8

= q

( ∞∑
n=0

(−1)n(2n+ 1)qn(n+1)/2

)8

.

(vi) Compute τ(4), τ(8), and in general τ(2r) (r ≥ 1), using identity (5).

(vi) Assuming estimate (2), prove that the series

∆(z) =
∞∑
n=1

τ(n)q(z)n(6)

is absolutely convergent, and derive an upper bound for ∆(z) for any z ∈ H.

2. Modular forms for SL2(Z)

We now discuss general theory of modular forms of weight-k, with respect to SL2(Z).

2.1. Basic Definitions. For any k ∈ N, a function f : H 7→ C is called a modular form of
weight-k with respect to SL2(Z), if it satisfies:

(i) f is holomorphic on H.

(ii) For any γ ∈ SL2(Z), and z ∈ H, f satisfies the following transformation formula

f(γz) = f

(
az + b

cz + d

)
= (cz + d)kf(z), where γ =

(
a b
c d

)
∈ SL2(Z).

(iii) A modular form f is called a cusp form, if it satisfies the following extra condition:
f(i∞) = 0.

For a given k ∈ N, let Mk(SL2(Z)) (Sk(SL2(Z))) denote the set of modular forms (cusp forms),
of weight-k, with respect to SL2(Z). Let f1, f2 ∈ Mk(SL2(Z)) (or Sk(SL2(Z))), we have the
following:

(i) Clearly Sk(SL2(Z)) ⊂ Mk(SL2(Z)).

(ii) Constant function 0 ∈ Sk(SL2(Z)).

(iii) The function f := λ1f1 + λ2f2 ∈ Mk(SL2(Z)) (or Sk(SL2(Z))), and for any λ1, λ2 ∈ C.

The set of functions Mk(SL2(Z)) and Sk(SL2(Z)) are known as complex vector spaces. Further-
more, Sk(SL2(Z)) is a complex vector subspace of Mk(SL2(Z)).
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Problems.

(i) Show that Mk(SL2(Z)) = ∅, for k = 2n+ 1, for n ≥ 0.

(iii) For any k ≥ 2, and f ∈ Mk(SL2(Z)) with τ ∈ H, show that

f(τ + 1) = f(τ).

(iii) Show that the q-function

q : H −→ D∗ :=
{
z ∈ C\{0}

∣∣ |z| < 1
}

is a surjective map. Using which

g :D∗ −→ C
g(q) 7→ f(log(q)/2πi).

Show that g is analytic.

(iv) Given that any analytic function g : D∗ −→ C can be expressed as

g(q) =

∞∑
n=0

anq
n,

using which show that

f(z) =
∞∑
n=0

anq
n.(7)

(iv) For any n ≥ 1, show that

an = e2π
∫ 1

0
f(x+ i/n)e−2πinxdx.

Using which show that
|an| ≤ cnk/2,

for some constant c > 0, independent of n and k.

Remark 2.1. We have just proved that, given any f ∈ Mk(SL2(Z)), it admits a q-series
expansion of the form described in equation (7), which is called the Fourier expansion of f .
Furthermore, the constants an’s are called the Fourier coefficients of f . Fourier coefficients of
modular forms carry a lot of arithmetic information, and play a fundamental role in modern
number theory.
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