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Theme

The subject mathematics is really diverse, and in this 21st century it has evolved into an
extremely complicated living being. It is composed of many sub-areas which interact with
one another in an organic way. But, one should always keep in mind the origin of this
subject. It is a subject invented by human beings. The need of this invention came when
human beings wanted to describe what they were observing in the world around them. That
is why we say that mathematics is the language of the Universe. We use mathematics to
express our understanding of the Universe. With the passage of time, new discoveries kept
coming together and made mathematics the subject it is today. In school, we are often
taught this subject without being given any motivation on why we are doing it. One should
spend sometime appreciating how mathematics translates our physical world onto a piece
of paper. The theme of this MCI session is to provoke your thinking and convince you that
mathematics appears naturally when you want to express your thoughts.



Geodesic

Problem 1. In the following diagram, how would you find the point P on the line segment
AB so that PR+ PS is as small as possible? You can imagine that AR and BS are two
vertical poles and signal transmitters are placed at R and S. The cost of sending a signal
is directly proportional to the distance the signal has to travel. A person wants to place a
receiver on the ground to receive signals from both the transmitters. Where should he/she
place the receiver so that his total cost is as small as possible?

Figure 1: Figure shows the locations of two transmitters at R and S. P is the location of
the receiver. The problem is to determine the optimum location of the receiver.

Think in terms of a Graph

Problem 2 (Friendship Paradox). Consider a statement:

In any world, where friendship is mutual, the average number of friends peo-
ple have is at most the average number of friends their friends have!

Just to elaborate, imagine any world with some number of people living in it. In this world,
any two people are either friends or not friends, and the friendship is always mutual. The
God goes to each person one by one and asks him/her how many friends he/she has. The
God then computes the average of collected numbers. The average comes out to be some
number Ly. The God again goes to each person one by one and asks him/her what is the
average number of friends his/her friends have. The God then again computes the average
of collected numbers. This time the average comes out to be some number Ly. Consider the



statement
Ly < Ls.

What do you think about this statement? Is it correct or incorrect? Firstly, try to under-
stand this statement intuitively or by feeling/instinct. What does your intuition/feeling/instinct
tell you? Try to convince yourself why you feel the way you do. Can you try to write your
thoughts on a piece of paper? Try to construct a mathematical language to express it. Can
you try to prove your claim about this statement?

Problem 3 (Logic). A couple (let’s call them Sharmila and Prakash) invite five couples over
for dinner. When they meet, there are introductions and some of the people shake hands.
Of course, one does not shakes one’s own hand and that of his/her spouse. Sharmila notices
that of the other people (excluding herself) in the gathering, no two people shake the same
number of hands. How many hands does Prakash shake?

Hungry Spider

Problem 4. A spider is very hungry. The spider will get his meal if it is close enough to
the fly. Can you see to it that it doesn’t go hungry in each of the following situations?

(a) A spider built a circular web and a fly gets stuck somewhere on it. The spider starts
at the centre. At the first step the spider jumps half the radius of the web. After
each jump the spider loses its energy and jumps half the distance it could jump earlier.
Where can the fly be so that the spider will be able to reach it?

(b) Suppose this spider does not have a web (Yes! There are many such spiders) and
suddenly spots a fly far away. Its steps are of lengths 1,Y2,%s,.... (You may find it
useful to know that even though the step sizes 1, Yo, ¥s,...are decreasing, their sum
becomes arbitrarily large as the number of steps grows).

(c) The last spider built a square web (I know! This is a very strange spider) and a fly
got stuck somewhere on the web. The spider starts anywhere on the web and can jump
half the distance to any corner.

Problem 5. Imagine that 4 spiders are sitting on corners of a square of side length d all
facing the centre of the square. Each spider wants to eat the spider to its right and moves
towards it with uniform velocity v. Will the spiders be able to catch their prey? If yes, how
long will it take for them to meet? What will be the trajectory of each spider?

Can you generalise this problem by replacing the square with a regular polygon? What
happens as the number of sides gets larger without limit?

Butterfly effect /Chaotic system

Problem 6. A frog is sitting at the 0 location on the number line. Imagine that the part of
the number line after 1 is inside water. The frog wants to reach the water pond by jumping
forward. The frog’s jumping step size is some number a > 0. The only problem is that the
number line is cursed by the Square root curse: Fvery time the frog lands on the ground,
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say at location x, it gets immediately transported through an imaginary bridge to the location
Vx. Show that no matter how small the frog’s jumping step size is, it will always reach the
pond. Therefore, even if the frog’s jumping step size is say 107190900 (which is even smaller
than the size of an atom), it will reach the pond. On the other hand, if its jumping step size
s zero, which means it does not jump at all, it will of course not reach the pond. Do you
see the butterfly effect?

Equivalently, for a > 0, find the value of

What value do you get when you put a = 07 What value do you get for a > 07 If a

is very very small, are these two values close to each other? What did you learn from this
investigation?



