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Founded in 1361, it is one of the oldest universities in the world

24000 students, 18 departments,
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and 18 colleges
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Plan of lectures

0. Brief introduction

1. Partonic interpretation of Generalized Parton Distributions (GPDs)
2. Multidimensional picture of the proton in the 1+2D

3. Sum rule for Angular Momentum

4. Form Factors of Energy Momentum Tensor

5. Observables for GPDs

6. Wigner distributions: maps in 3+2D
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Parton Distribution Functions (PDFs)
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Parton Distribution Functions (PDFs)
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Parton Distribution Functions:
1D+0D map

Longitudinal momentum

kt = zP*




Generalized Parton Distributions (GPDs)
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Generalized Parton Distributions (GPDs)
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Generalized Parton Distributions (GPDs)
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Generalized Parton Distributions (GPDs)
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How to access GPDs
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How to access GPDs
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How to access GPDs

€ 7*(Q?) el
7*(Q?) " e T
HH ff > | |
@ /®\
N(p) N(p)

N(p) N(p')
factorization for large Q2, |t|<< Q2?, s M =[parton Ampl.] ® [GPDs]
Q%) VoY T Py PP -
L s

N(p) /®\ N@)

universality: the same GPDs enter a variety of exclusive reactions




Leading-Twist GPDs
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Need of a gauge link
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Need of a gauge link
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Wilson line definition for GPDs

olf(z,¢,1) = (p’,A’I./ U{f—w_eﬁpu_@( 5) Tsar (5) P A,

0+ + B

exchange of more than 2 partons
between hard scattering process (H) and soft amplitude (A)
is suppressed except for gluons with polarization A+

U-zz) =Pexp [-7:9 f_%% dn~ A+(77)]
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for convenience, choose light-cone gauge: A*=0 in which U =1



Partonic interpretation
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Good and bad components

® Decompose the four-component fermion field in bad (-) and good (+) components

b=9¢t+9~  withyt =Piypandy™ =Py
® Properties of projector operators: P, = 1y~y+ P_ = jyty
Pi+P.=1 (P)?=P, (P.))=P. P,P.=P P, =0

® Projecting the Dirac equation and using the light-cone gauge A+ =0

v B;z;— ——p_ = - Dy +myy iyt Dytpy = =41 - D1y +map_

constrained field independent dynamical degree of freedom

R. Jaffe, hep-ph/9602236



Partonic interpretation of GPDs

® Unpolarized GPDs
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Partonic interpretation of GPDs

® Unpolarized GPDs
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Partonic interpretation of GPDs

® Unpolarized GPDs
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Partonic interpretation of GPDs

® Unpolarized GPDs

211 (2,6,) = (P, | [ 457" (= 5) v $(3) P, A2+ 0,2, 0

= (=7 V) = (= () = ¥ (—5)V2P ()

— \/—¢T(——)P+P+1p (5) = \/—¢+(——)¢+( ) good components of the quark fields



Partonic interpretation of GPDs

® Unpolarized GPDs

1 1(z,€,t) = (P, N'| [ Gre™ " 9(=3) 7T $(3)|1P, A)a+=o,7. =0

= H(=)7VC) = (= v () = ¥ (- 5)V2P ()
= V2yi( ——)P+P+zp ) \/—z/)+(——)¢+( ) good components of the quark fields

= P1(27,21) = [ S5 @50(k™) 3, [bg (w)u (w) exp[—ik* 2™ + kL - Z1]

+d (w)v4 (w) explik T2~ — ik, - Z1] with w = (k*, k&, p)

bg; bl annihilation and creation operator of quark

dg,d!  annihilation and creation operator of antiquark



<*Homework: derive the operator structure in the different regions using positivity condition k*,k* > 0
and momentum conservation kt —k* =pt —p* =2&P*
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quark-momentum correlation
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“Homework: derive the operator structure in the different regions using positivity condition k*, k* > 0

and momentum conservation kt —k* =pt —p* =2&P*

b, b quarks
d, d' antiquarks

non-diagonal matrix elements of
momentum-density matrix

4

we loose the probabilistic
interpretation of the PDF

we gain information on the
quark-momentum correlation

Spin projection

helicity space transverse-spin space
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Quark polarization
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Light-cone Fock expansion

\P) = Wi4q999) + Y4449 19999) + Yqq9qql99999) + - -

' ~ 1 Fixed light-cone time x*=0
| ' .‘/ —L

T
f}
ﬂ
J

Brodsky, Pauli, Phys. Rept. 301 (1998) 299



Light-cone Fock expansion
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Light-cone Fock expansion
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Light-cone Fock expansion
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Light-front wave functions: Probability Amplitude for the N,B Fock state
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p+ N N
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Frame Independent

Eigenstates of parton light-front helicity

A A . . A
Siz ¥, an = AMYN A

Brodsky, Pauli, Phys. Rept. 301 (1998) 299



Light-cone Fock expansion

1P) = W44q999) + Yaqq019999) + Yagqael99939) + - -
n_° Fixed light-cone time x*=0
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N,B
Internal variables: z; = o Y zi=1 Y ki =0,
=1 =1

Frame Independent

Eigenstates of parton light-front helicity

A A . . A
S'izlp)\l...AN - Az\I’/\l...AN

Eigenstates of total OAM

f/z‘l’f\xl...AN =003 A AT =0 gauge

Brodsky, Pauli, Phys. Rept. 301 (1998) 299



Light-cone Fock expansion

1P) = W44q999) + Yaqq019999) + Yagqael99939) + - -
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(PT,P,),A) = Z[dz]N[dEL]N‘I’%;,,s(-’Ei, ki 3)|N,B; (z: P, 2Py +k1q), M)
N,B
Internal variables: z; = o Y zi=1 Y ki =0,
=1 =1

Frame Independent

Eigenstates of parton light-front helicity

R N
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Eigenstates of total OAM
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Brodsky, Pauli, Phys. Rept. 301 (1998) 299



Light-Front Wave Function Overlap Representation

DGLAP
region

ERBL
region

O'\
\\r ~(T+6) ~(F - )

DGLAP
region

GPDs ~ Z/[d%}N VN (kn)Un(kn)8(---) interference of probability amplitudes
N

PDFs ~ Z /[d3k]N |‘IJN(I€N)|25( .. ) probablllty density Diehl, Feldmann, Jakob, Kroll, NPB596, 2001
N Diehl, Hwang, Brodsky, NPB596, 2001
Boffi, Pasquini, NPB649, 2003



Properties of GPDs

e Forward limit: ordinary parton distributions
HY(z,£ =0,t=0) = q(x) unpolarized quark distributions
HY(z,& =0,t =0) = Ag(z) long. polarized quark distributions

Hj(z,§=0,t=0)=hi(z) transv. polarized quark distributions

ze[-1,1]: z>0:quarks 2z <O0:antiquarks

analogous relations for gluons, except for transversity distribution

e all the other GPDs do NOT appear in inclusive DIS= new information

e They all depend on the renormalisation scale ( u* = Q?)
with different evolution equations in the DGLAP and ERBL regions
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Properties of GPDs

.\

Tl

t=(p' —p)°

dz H(z,&,t) = FY(t)

dz 59(z,€,1) = G (t)

Dirac Form Factor

Pauli Form Factor

Axial Form Factor

- S FFs
p,A/\/X\’

o, — SN
ew:P 2" dr _

e matrix elements of local operators
—— can be calculated on the lattice

e renormalisation scale independent

¢ | orentz invariance
—— & independent

Pseudoscalar Form Factor



Impact Parameter Space

» average transverse position of the partons

B oFb
Rlzz:zp'—z_}_l (Z=q,q,g)
> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]

Isomorphism between Galilei and subgroup of Light-Front operators

Galilei transformation: Transverse boost:
m; — m; Di — Di — m;U p1;+ —>P;+ ﬁ_Li_)ﬁ_Li_p;*-ﬁ
Center of mass: Center of plus momentum:
- +1 )
7 = 2 mﬂ"i R’l _ 2. P iJ.z
2. mi 2P



Impact Parameter Space

» average transverse position of the partons

B oFb
Rlzz:zp.—z_ﬁ_l (z=q,6,g)

> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]




Impact Parameter Space

» average transverse position of the partons

B oFb
Rlzz:zp—z*_l (Z=q,q,g)
> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]

- Localized wave packet in the transverse plane

|P+,RL =6L, N/

2—0
|p DL, ) with |N|2‘/d$=1

(2)? (2m)2



Impact Parameter Space

» average transverse position of the partons

o oFb
R, = Z"é—’?f (i=4,q,9)
> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]

- Localized wave packet in the transverse plane

|P+,Rl =6L, N/

2—0
Sty wih WP [P

(2)? (2m)2

Impact parameter dependent GPD (IPD)

- — dz— . -, 2T = L _
H(z,0,b,) = (p*,R, =0,A| / 4—7r€m’+z zp(_?abl)7+¢(?:bl)lp+’Rl =0,A)



Impact Parameter Space

» average transverse position of the partons

o oFb
R, = Z"é—’f (i=4,q,9)
> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]

- Localized wave packet in the transverse plane

Ip+rﬁl==6l’ ij[

2—0
Sty wih WP [P

(2)? (2m)2

— number density of (anti)quark with longitudinal

Impact parameter dependent GPD (IPD) o
momentum x and transverse position b

- — dz— . R 27 o —
H@,0,5) = (0, Bu = 0,A] [ e §(= 2 By o Bu)lpt B = 0,8)
x>0 x<0

- - - 2 - t - - 2
H(z,0,6.) ~ Y ‘b,\(a:p+,bl)|p+,R_L = O,A)' >0 H(z,0,b.)~-Y ‘dA(xp+,bJ_)|p+, R.=0,A) <0
A A



Impact Parameter Space

» average transverse position of the partons

. P SV
R, = Z"?—’?f (i=4q,q,9)
> b, : transverse distance between the struck parton
and the centre of momentum of the hadron

[Burkardt, 2003]

- Localized wave packet in the transverse plane

|P+,Rl =6J_, N/

2=
= |p*, 5L, A) with |N|2/d$=1

(2)? (2m)2

number density of (anti)quark with longitudinal

Impact parameter dependent GPD (IPD) == o
momentum x and transverse position b

- — dz— . -, 2T = L _
H((E, 0) b_L) = <p+a RL = O,Al / 4_7remtp+z 1/)(—?, bl)7+¢(7’ bL)|p+7R_L = Oa A)
x>0 x<0

P + 7 + B 2 L tlwmt B + B 2
H((L‘,O, bl) ~ Z ‘b,\(.’lfp ab_L)|p aR_L - O,A>' Z 0 H((E,O, b_L) ~ = Z |d,\(xp 1b.L)|p ) R_L - 07 A) S 0
A A

~IPDs=Fourier transform of GPDs (homework)
d’A |

q —ig.L'E_L t = _A2
(27‘_)2 H (.’I), O’ t)e ( _L)

H"(a:,O,I-)‘L) -




Homework
H(z,0,b,) = (p*, R, =0,A|0,(z,b,)|p*,R. =0, A)

where éq (z, EL)=/dz e’ = 1,0(—— b1 )y

z_ -
Arr T)bl)



Homework

H(z,0,b,) = (p*, R, =0,A|0,(z,b,)|p*,R. =0, A)

A — dz yA g
where 0, (2,5,) = [ e = g(= - By o )
0 2
Insert the expression for the localized wave packet in the transverse plane
d*p
+ R N / *ELA) wi 2 / L

dsz_ d2
H(z,0,5,) = IV / o [ G T 7 MO Bl 7, )



Homework

H(z,0,b,) = (p*, R, =0,A|0,(z,b,)|p*,R. =0, A)

A — dz yA g
where 0, (2,5,) = [ Fe'* 3=, B o5 B)
0 2
Insert the expression for the localized wave packet in the transverse plane
d*p
R N/ , )A . 2/ = =1

deJ_ d2
(2m)? J (2m)?

H(z,0,b,) = |N)° / L (p", 5", A|Oy(z,b1)|pT, 7L, A)

Use translation invariance

(0,50, AlOg (&, ) |p™, i, A) = e TP (p+ 5 N[Oy (,00)|p*, 51, A)



Homework

H(z,0,b,) = (p*, R, =0,A|0,(z,b,)|p*,R. =0, A)

A — dz yA g
where O, (z,b]) —/ 1 eirP" 2 ¢(—— b )y (=,b,)
0 2
Insert the expression for the localized wave packet in the transverse plane
d*p
R N/ , )A . 2/ = =1

d2pJ_ d2
(2m)? J (2m)?

H(z,0,b,) = |N)° / L (p", 5", A|Oy(z,b1)|pT, 7L, A)

Use translation invariance

(0,50, AlOg (&, ) |p™, i, A) = e TP (p+ 5 N[Oy (,00)|p*, 51, A)

Change variables of integration:

/dzpl/dsz—/dzAL/dzPl where AL =p" —p. P, =7 +7.

— d2A _,i_' A - A — —
H(:B,O,lu):/(%r)ée by AL(p“L,p’l,A|Oq(x,0l)|p+,pl,A)



The unpolarized GPD H

d’A;
(2m)2

H%,0,b,) = H(z,0,t)e0+80 (4= _A2)

extrapolation from data

Jlab HallA  JLab CLAS HERMES
= x,=0.36 xg=0.25 xg=0.09

0 0.2 0.

. »0 0. 0
4—! (GeV7) g

4 -
1(GeVY)

ﬂat in t Steep in t

narrow in b, wide in b,

Guidal et al., Rep. Prog. Phys. 76 (2013) 066202



The unpolarized GPD H

d*A

q —iby A — A2
(2m)2 H(z,0,t)e (t = —A%)

HY(z,0,b,) =

extrapolation from data

~ [d%. b2 H(z,0,b,)
fdzE.LH(m) O)b.l.)

b, (fm)o.0

(b3 ()

0.5

0.0

0.5
X

1.0

As x— 1, the active parton carries all the momentum
and represents the centre of momentum

Dupré et al., PRD95(2017)011501



The unpolarized GPD H

Dupré-Guidal-Vanderhaeghen-PRD 95 011501 (R) (2017) CLAS12 projections E12-06-119 with DVCS A\, and A,
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Charge density of partons in the transverse plane

pq(bj_) =eq/d2A_LeiA_L-bJ_ /dxHQ(m’O,AQL) — /d2AleiAJ_~b_LF{7(A3_)

Infinite-Momentum-Frame Parton charge density in the transverse plane

b, [fm] proton
L5

0 ‘
-0.5

_105
—1.5-1-050 0.5 1 1.5 2= U™
o [1/£fm?]
2.0
b [£fm]

50 =05 0:0 05 T
Miller (2007); Burkardt (2007)

b, [fm] neutron

o [1/fm?]

by [fm]




Electromagnetic Form Factors

Transversely polarized proton

-

pr(b1) = p(by) + sin(dy — b5) %%Jl (QbL)F>(Q?%)

l l

monopole dipole

proton neutron
by (fm) [

15}

05}

-0.5 |

-15|

-15 =1 =05 0 05 I 15 bm (fm) o1 -1 -es 0 05 1 1S bx (fm)

nucleon polarized in the x direction
C. Carlson, and M. Vanderhaeghen, Phys. Rev. Lett. 100 (2008) 032004



Take-home message

Parton distribution functions H Generalized Parton distributions

enter at amplitude level

enter at cross section level . : .
in fully exclusive reactions

in fully inclusive reactions

squared wave functions correlate wave function with different

— probability density parton configurations

— quantum-mechanical interference
terms

provide a decomposition in x of
form factors

at £ = 0 and in impact parameter

space (b, < A ) we recover the
probabilistic interpretation for the
position of partons in the transverse

plane with longitudinal momentum x



