
↳310/3/2023 CFT representation of FGA wave functions ⑱8
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All abelian states can be written as expectation values in a
2D CFT

↳

e. g . Laughlin Eme
i m 4(zi) e-(d'm g 4(21)I

areal charge
density

where P(z) is a compactified chiral boson inEspace (imag · time)

& - 4 +

2πVm (here I rescaled
Y by in and R = <)

: /Y(z) scaling dimen sin De
* electron operator Vere

: Y(z) / Im scaling dimension D9p =
1

* quari-hole (vortex) Vane
2m

* physical states must be local w .

r .
t .

the electron

Is only Van (1 = 1
,

.
.

.
m) are allowed

=>
The ideal bulk wave functions are correlators of an Euclidean CFT!

This is the same CFT of the edse but in imaginary
time

.

-



Non-Abelian States
:

Moore - Read (1991) ⑲
fian

ne
- ez ,

12i

Emp(til)-Pf)'(Ij( :
- zj)

zj - zje I

↑

Pfaftian : expectation value ofmiranafermions
* (2)

I

Propagator : (X(z) X(W))
=

z - W

P+ (2)zj) = (x(z , ) ... x(zn))

9(z) : chiral born
9(z)-Y(z) +

245 :
R = F

Embr (XCED ... x(zr) (IerYce) e-fas
. 42')

Filling Fraction
: =t

n

nevent fermions ; n odd > bosons ; E
. g .

V =

=
fermios

r = 1 bosons



Zoo of FQH States ⑳

me
T~ 85mK

Jain ↳ d

A geng
⑧go

/
*

Willett and Eisenstein ~1987 even denominator
!

Fibonacci ?
Moore - Read state ?⑧

most observed states are abelian (Jain)
W

.

Pan et al 2008

First observation of I state (even denominator)

( =
2 + E)



Edge Structure of the
MR states ⑳

The structure of the vene function implig that the edge

is a CFT with a charged mode and an edge mode .

Central

dmode : 2 =

i P042 ,
4 -

~
,
2

,
4) charge

c = 1

compactification radius
R = Un

V
P
=elpY/ : scaling dimensions : Ap= In

Newid : Chinal Majorana fermion Y
I = "I c = 2

2 = xi 0
,

X - m xi0 ,

X
,

Comment : this edge theory is supersymmetric 2 = 2
-

- "O
A whatare

the allowed observablemeasured by
thermal conductivity



22
Observables of the MR Edge states ⑧

Naively one would expect to be the tentor product .

NO
-

-

: Y

Operator : New e

↑
Be =I P = e

A
↓ = Y2

A = E never
, Isodd

-

I -= -

Propagator <Ye(z) Me(2)) ~
-x

z -z(z -z)
n + 1

(z = x
,
+ iyz) (2 - zi) "

A Vp(z) = e
"44(z)/r has dimension

&= R = 2 ; p =

0
, ... -

* Majorana
X()

,

(X(z) x (t)7 =
1

,

<b =
z - z

*
This is known as the Ising x

UIK
n
chiral CAT

Q : Are These all the anyons of there states ?
A : No !



The Ising anyon ⑬

CFT has another primary field ,

the Ing field &
The In

-

* o
has dimensio I

16

* o is a "twist field" :

changes & from PBC's to APBC's

*
The charge sector has a "half Vortex" V

,
) ~e

: Y(z) /2

Y
-

is doubly-valued and it is mm-lical w . r .
t

. Ye

bet 4q ~ 5(z) e
i4(z)/25n

is local w
. r -

t . Ye !

p
This is the Emanym
a
= W = 1

+ En16



The Ising Anyon has non-ablian
statistics 24

* Back to basics
:

the 2D Ising Model

& At To the 2D Isng Model
(and the ID Quantum Long model at

Y
. )

is at a
critical point ->

Scale invariana

scale invariance
-

Conformal in variance

* In 20

factorization
[01z ,

E) W(w , w)) -

E )

0 = 0 = to
For us we will only need the chiral (analyticl part

30(2 wIwK -Ew"
Thus expression enters in the ware function of two fundamental

quasi hole,



For two quarrihole, at
v

,
and Un ⑮

=S
,

zi e
in Y(z
, I (wi ei

(wil

7x exp · factor xPfaffian

This requires changing the Pfaftian factor (Nayak & Wilezek)

Pf(+ ) - 4f(( : - v
,
)(tj- - x) + (j - n

, )(zi
- 2) C-

zi-zj zi - zj

x How about four quasiboles at is Un ,
Y

, My ?

8
, v2

x
There are two linearly 8

, v2
& O

independent wave functions
,

Green

I I
11) and (1) ·

a
r - 1 ⑧

me
25

x For0 qh's there are 2

V3 vx V3 vx

e.

: . states with the swords. !
1E7 II]

x
The pairings are branch cuts .



x
Another

way
to understand this follows from the ⑬

Emiruls of
the Ining CAT

* Each Pairing is the fuxion of two spin fields &

A (Chiral) Izing Fusion rules :

- x 8 = I +x x * X =

I
,

0xX =

x

*
The first fusion rule->2channel : I

,
4

=> The 49h wave function is not uniquely determind by the

locations of thugh's but can be written as e . c . of two pairings

* Under a braiding (mmodromy(
these states transform under a

-

unitary transf I Eu = ei * (t) = nonabelian
fractice e



Non-Abelian Fractional Statistics and Chern-Simms Theory ⑰

* To understand non-abelian fractional statistic we need

a clurn-simous ory with a nonblian gange group

* The gauge group is some non-ablian group
G

,
such as

SU(2)

* The veator potentials Ou are matrices
that can be written as

linear combinations of the generatos of G =

SVIN)

Pali
I

For SUCI) the matric are the Pauli matrices qu(x) = a(x) 5
e I

S -Si Itr (EuxlanovaD+
aaa)] SU(2k

1 This is the SUC Chern-Simms theory (SU(2)k)
* The observable are Wilswloop

with reps .

J = 0
, c:

* Witten (1989) showed that
the exp .

value of a set of
knotted Witom loops
--

is given by a topological invariant
known as the Jones polynomial
-



If the geometry is a disk DX ⑳
- the edge theory is a chiral CFT in 2D known as

the chinal (levelle) Wess-Zumino-Witten theory

S
waw

= is dx tr(8n96rg1)+)* str(gnggug glog
"

s
,
x

=
,
gaSVIM

This CFT was
solved by Knighnik & Zamolodchibor

(1985)

The fusion culs are :

It has a finite # of Primaries Pp :

For SU(2)m Pj
,

* Pj= Pij alt .. - + D
R/2

x SU(2)1i = 0
, (m(y) (i) * [ ) = 20]

* SUC2 I = 0
, Es and (E) * (I] = 10] + (1) ; (1)

* (1) = [0]

e
-

a

el
Ising fusion rules



To understand why this is the right theory we will ⑲

look at two examples : bosins at v = 1 and I

① Bosms at V =
2

# We saw that one description was in terms of W(I2
chern-simons

* It has two anyms :
I

c Vy= e
"Y

and the bosn is Yre"VY

* At the edge ,

the bosm e
IiV Y

have scaling dimesin Ay I

1 The current ~Ox4 also has A=1

* It can be shown that they form an algebra J
,

~24
, 5 Iwetil

and that Js
,

J satisfy the algebra of SVII)
With k = 1

I

-> This edge is
that of SUI) NEW theory

* UII)
,

is duch to SW(2)1



2 The case of MR for bos at Let
⑩

~ PAlt ( Ii-zj) x exp . factors
↑

Zi-zj is

i Y
Y with

R = 5

[Chiral) Majorana X I i Y
* Three currents j'0x4 and J =

=
X 2

satisfy the algebra of SOCI ,

I wei4/2 eiY X x et
: 4

-

( , m) C0 , 0 E :
I ! ) D , I1) (1

, 0) current

-

④ ⑧ 3/16 12 42 1
-

Q 0 "2 0 I 0
-

!

-e"* - & E ~I + R NM-abelian
-

> bulk theory should be <S SU12e



FQH Quantum Interferometers (Chamon et al
, 1997) ⑬

-a-> L (Fabry -
Perot)

B - XI S X2 <e r = Laughlin State
/ / Ngh S 11//
·
I

FQH 11 in · 14 11 I I Iz= z
e it do P = E

/ 11 ↳ / /
-

A >E 7 Iz
7 u Voltage

- / w= e
*

V /7

I
constrictions iXY(t

, xj)
(point contacts)

2
=

+
(804)

-

-- .
4) - =1 s e wo

*

x
q(x -xj) e

20-1

th . c

⑧

Total tunneling current : I = I
, +Iz= e

* /Neffl
y

** ) squ(
*
)

a
-leffl /E + /Ye+ (4

,

*
+

*

in) Fr(wo
*

- Nan))
↑*

2
=
F

,

*

4 exp)- :2π)r Tr
fractional

Aharmor - Bohn + statistics



The non-ablian F&H Interferomete ⑫

(Fradlin , Nayak , Wilczek ,
Tsvelik

,
1998)

· Bondense ,
Kitaur

,
Shtengel ,

2000
;
Stern

,
Halperin ,

2006)

same geometry but now we consider tunneling of anyons

-anyo quasitole : ~exp (3)
(MR ev

= x)
-

* Inject a gh at A (lower edge) -> tunnels ex ,
- arrives &B an 14)

* Injecta 2nd gh at A -> tunnel exc -> arrives ot Bas e "9BNa
e

* 2 : AB phase ; Bign's the brioperator for the 2nd

to encircle the Ngy trapped inside the interferometer

= Wxxw 14
,
+ /PaR+ Re (P

*Ned StIBNan'Y
2

Wilso loop operators
<4/ Bign'4)

:

exp . value of Nan

= Uran(e") :
Jones Polynomial (Witten ,

1989)



The r = MR state involves a deformation of SUI)2 ⑬
Even-odd effect (Stern & Halperin ; Bandnam

,

Kitaere & Shtengel)

Nahodd =>0xxw 14 ,
+ 1412 (i . e . S41BYgn14

= 03

Nqueven=> &x x
~ 14, + /Te + 2 15 , 114) (-1)

**
cos(a+ arg( ) +Nau)

Ny
= 1 if Nah M into 14 I follows from

the

Ny
= 0 otherwise fusich

rul
.

Problem : the Laughliap spoils
the even-odd

effect -

The linearly indep
.
States are topological qubits
-

=>
Platform for TQFT (Freedman ,

Kitaer, Larson ,

2002 ;
Kitaer 1997)

=> Not universal : need
Fibanc (i)



Pairing and non-abelian states 84

Q
:

What is the physical meaning of the Pfaffian
factor ?

*
It means that electrons can be closer to each other than in a

Laughlin state .

* This suggests that there is an effective attractive
interaction

* PfCt ) is the ware function of a pytity superconductor
zirzj

in the weak-pairing (BCS) regime
(Read

and Green)

*
This state arises in the N=S Landau level due to the

structure of
the one-particle Landan states

* Pairing of composite fermions

*
But

,

this is Not a supercuduator :

x
The
PxtiPySC

has a fortex5) Ising
anyon

* This is an example of a cluster state
e



Generalization : Read-Rejayi states (RR) (1998) ⑬
Based on 4 Parafermious (and SU(2a)

(2- zi)
Unttm-Dnfm

Ya
,

m(') + ... Fradkin & Kadanoff
Yn(z) *4m(z) (1980) ( !)

&
y

=

x(k - n)
,

n
, m = 1

,...,
k - 1

k

RR states use
the Parafermion CFT (Zamolodchikor

& rateer , 1985)
Gepher & Qin

,
1987

↓ me
ne

Em(stis) - (4
,
(2) ... +(zw) j(z :

- zj)M
+

Ex gaussians) in articler
come together

M27 divisible by M ;
Meven

:

bosms
,

Modd : fermions ; v
=

k 11 clusteringMk + 2

The most interesting case is b = 3((y) (r = 2(B) ,z(F)
In addition to the L ,

Parafermion ,
it has a Fibmaci anyon

I

SU(z)

Fusio rule : +
i => its unitary braiding matrices

cover

->
universal quantum imputer

(Fibonacci Sequences
-



iveField Theory Approaches (Fradhi ,
Nayak ,

Schoutens
, 1999

③6C Goldman
,
Sohal

,
EF

,
2019)2

We will discuss borns for simplicity ,
v= -

2

0 Laughlin state
Consider& layers of bosons in a v =

+

2

E

(v
= 12 ②

~ zi-zj) x Gaussians
- U(1)2icj

"I For eachlager 2= ux

aroat ...

⑧=ada+A dat ...

y .... U(12
symmetry name

↳ factors

Chere-Simons W(IIe 5- SUII group is non-abelian

level - rank the braids are ablian

duality I
, e

"* j = 0,



Q : how to get to a state with non-ablian statistics
? ③7

⑥Hint : somehow we need a theory on SVIm

⑧ S
P

You need WII
,

X ... xU(I
=

-> SUC2m

-Pr

⑰①use
the Chern-Sincous lvelorank duality

-P3
SUCK

-
Y ... x SUC21 etc

& construct a condensate ->
SO12) m

<Pj+ Fo

The 1999 paper
did this by condering pairs

of excitations on two layers at a
time

=> Higgs (Meissner) mechanism projects
into

a state with symmetry SU/2)R (clustering)

1999 was basically right (but not completely)
=>
Dualities solve the problem



Web of Dualities ③

⑦ Particle-Vortex duality (Peskin ,

1978
; Dasgupta & Halperin ,

1981)
I
dynamica

-> ID
-
E- m lIlulEl" - /Dyel + m2 14 -ul44+ Adb+ Maxwell

↑
external

ThEnuxaub vortices particles
2

② Bosonization (Fradkin & Schaposnik ,
1994 : Seiberg ,

Senthil
,Wang & Witten

,
2016)

↑(iYA-M) 4- AdA
IDa PP-mlDY-ulPl"+ tada+ adA

4π

-

= mmopole . FUR4 => 1 [Nx8 - ax
Dirac fermion S

2

0 Fermion Particle-Vortex duality (Son ,
1015

;

Metlitski & Vishwanath
,
2016)3

↑(A- M)4- AdA > ( : Da + M) X +ada - 1adb+2bdb-= bdA
2π 4π 2π

"RED
,

"



⑧ ↳W(z)a ⑲Back to bosons at v = I :

4

=Da 181-n) + ada + LadA
2π

A 4π

(8) = 0
= Zeff= -& AdA => wxy

= = (2) - Plateom

<8) =0 = (a) = 0 = Jeffr Maxwell I> no
Halleffect

transition

& Use the fermionization duality

2 2 = Fist - bab - bdA -
AdA

OSUC2)1S

~ is an SVIL field
& Aharony :

21 =2
,

= 1D
~- A l PP-IP1"+ i+ Tr(vdo-izvY

-

AdA

=> ↳A 5> 2. and W(1)
,

SU(2)
1

but I represents particles
--

↓ represents monopoles



Non-Abelian States from Clustering ⑩
e . g .

Moore-Read state

k
=

2 layers of V =Yz (w ame for the other cases

I = ElDanEn-sn") + and ant i Adlastan
( XU)

2B =
I (Den-A1 PuY-1Pal") + in Tr(undun-ina) -

AdA

n = 1
,
2

x "pairing"
"Gaining"

2 = 2018 4mm -:ummn+inhn+VIN] -En
im Pu

<D
,

= <b
-
) = 0 but (d, b) 0 = SU(2)

_

x SUR1 -
SOL

-

P
,

and Pu have charge R = and j=Y under Suc
,

=
nus-abelian statistics

-

x
=
P
.
t P, > Majorana fermions
u



Construction of a
Fibonacci FGH State /Goldman ,

sond
,

EF
,
2020 ⑭

xWant a FGH state with only Fibonacci anyons
-

- * T = 11 + t (and no other anyons)

=> universal quartam computing (3 e's form a qubit)

* Topological &FT ?

(2)
,

U12
, 1

=

SUI
,

> Ulla

Iz

&
Fib

= 1 Tr(ada - ia] -

,

r[9) dTr[a] + 1 AdToCaS

4 I
4 ↑

background
su") gange field u(1)2

= U = 2 (oxy =
ze" S

k



A Start with 3

layers ocriae transit may
sam ⑫

IQH V = 2

IGH V Da =
2 -

:A
↑
parity

IQH anomaly

Dudity :

Free Dirac
P

5)
Wilsm-Fisherbor p+W (N)1

Ok enice WIN)_> Reff=- M AdA Striviall

* Set N = 2

2 = I (IDan PP-r
IP-1P1"+ 2cs[an]] + AdTr[a , -azta]

* Clustering : (imn) = <P. Pr) FO (m+n)
,
<Pn) = 0

=> Pins a
,

= 9
= az = a =>2,

AdTr(a , - a+ a) =

2+
Adir(a]



* The physical densities
are pinned 11 =

-32 = 3
, ⑬

-> layer exchange symmetry is broken

=> Luc, [cs(aS+ ,

A dTr[a]

I
To Set Fibonacci E) attach a

unit of flux to
the fermions

=>
fermions -> bosons

flux attachment :

32
,
(a) +

=

bdT r(a) + , (
+ A)d(b + A)

2π4
fluctuating
UIIl gange field

* Integrating out by => obtain
&
rib !

O
=> interpret#* as the Fibonacci anyon

I


