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PART A

1 A system in a weak field

H=Hy+V (1
Hj is the free Hamiltonian of a system (a particle or a many-particle system) and
V=-X-F(t) (2)

is the interaction of the system with the weak field F(¢) where X is an operator of the
system. For example, X may be an electric dipole or a magnetic dipole operator, and F(t)
may be an electromagnetic field.

1.1 Linear response theory

We work in the Interaction picture.
Uy(t) = e~ Hot/h 3)
is the free evolution operator. We define operators in the interaction picture
X () = Ug () XU(1) @)

where X and X(¢) denote operators in the Schroedinger and interaction picture, respec-
tively. Similarly, the density operator or density matrix p’(¢) in the interaction picture is
related to the density operator p°(t) in the Schroedinger picture by

pl(t) = Ug()p" ()Uo(1) (5)
Thus one can write the interaction Hamiltonian in the interaction picture by

VIt) = Ul VU(t) = =X (t) - F(t) (6)



Note that the field F'(¢) is treated classically. The density matrix equation in the interaction
picture is given by

dp'(t) i

dt h

[VI(), p" (1)) )

which can be expressed in an integral form

.ot
1
Py =p-y [ @] e ®
Note that here we have assumed that for time ¢ < 0, V() = 0 and the interaction starts
at t = 0. Here we have replaced p(—oc) by p for simplicity. p is the density matrix of an
equilibrium or stationary system. The density matrix of a stationary or equilibrium system
described by the Hamiltonian H|, satisfies the equation

) l

p=—7Hop]=0 ©)
implying that
UL () pUy(t) = Up(t)pU(t) = 0 (10)

Next, we use first order perturbation theory by replacing p’(#') in the commutator on
the RHS of by p

. t
?
pl(t) = —ﬁ/ [VI(#), p] at’ (11)
Let us calculate the expectation value of y-th component X, of the operator X, where p
denotes any component of a coordinate system (e.g., cartesian, spherical polar, etc). It is
given by

.t
i

C0) = () - 5 [ L0 [V (0. 0]) (12

where Tr|....] implies trace over the system’s eigenstates, that is, the eigenstates of H.

Here (X,,) = Tr[X,p|. An eigenstate | j) is given by H | j) = E; | j) where E; denotes
the corresponding eigen energy. All the eigenstates of H forms a complete orthonormal
basis by which one can construct the identity operator

1=> |n)n| (13)

where the sum spans all the eigenstates. The stationarity condition (9) implies that p =
> m |10 (M| 0nm, that is, p is a diagonal matrix in terms of the eigenstates of H,. Substitut-
ing

Vi) = =X(t)-F(t) =Y X, (t)F,(t) (14)

on the RHS of Eq.(12) and setting (X,) = 0 by the assumption that the operator X couples
only different eignstates, and using the property Tr[ABC| = Tr[BCA] = Tr[CAB], we
obtain

(Xu(t) = /_ t dt' R, (t,t")F,(t) (15)
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where

Rt 1) = 5 {[X,(0), X,(6)) 16)

is called linear response function. Equation (15) manifestly fulfills the causality condition.

Exercise-1

Show that R,,,(t,t') is a function of (t —t') = T only due to the stationary of p.

Stationarity of p gives

Ru(t.1) = (X, (), X, (0)] = - (X, (0)X, (7)) a7

where 7 = ¢ — ¢ > 0. This means R, (¢,t') = R, (7)

1.2 Susceptibility

Consider .
F,(t) = E(Fy(w)e_w + C.c.) (18)

that is, the field is harmonically oscillating with angular frequency w. Here C.c. stands for
complex conjugate of the previous quantity. Substituting (18) in (15), we obtain

1 .
(X,(t) = 3 Z [ (W) Fy (w)e ™" + C.c.] (19)
where
X (W) = / RW(T)erT (20)
0

is called susceptibility.

Let us now explicitly calculate R, (7) as defined by Eq.(17). It is written in terms of the
difference between the two temporal correlation functions (X, (7)X,(0)) and (X, (0) X, (7).
Note that operators at two times do not commute. For simplicity, we calculate the auto-
correlation for X, = X, = X. We have

(X(1)X(0)) = Tr[X(r)X(0)p]
= D (| UI(n)XUu(r) Y [ k)| Xp | n)

n k
- Z e—i(wk—wn)’r nk:an,Onn (21)
nk

In the above, we have used the fact that p is a diagonal matrix. Similarly, we get

(X(0)X (1)) = ) Xt Xy pom (22)

nk

Since n and k are dummy indices, we can exchange n <> k in the above expression (22)
for (X (0)X(7)). Substituting the above two equations in Eq.(20), we obtain

i > (w—wWgn )T
X((U) = 7_:L Z/ dT€Z(w kn) |Xnk|2(pnn - Pkk)
nk 0
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where wy, = wj, — w,. Multiplying e*“~“¥™7 by a damping factor e~™/? where v — 0,
we obtain

X,
hz il o = g o~ Pu) (23)

Wep — W —

It has pole at w = wy,, — i3, that is in the lower half of the complex plane. Note that here
we have introduced damping factor in a phenomenological or an ad hoc way. Later we will
derive damping of a system by quantum-mechanical methods.

1.3 Dissipation-susceptibility connection

The rate of change of energy of a system in a field is given by ) where the Hamiltonian
H is given by Eq.(1). The explicit time dependence of H arlses due to the field F(t), a
component of which is harmonically oscillating as given by Eq.(18). We get

aH 1 7’LUJ

Note that here the quantity (X u> is evaluated at time ¢, that is, after the field has acted upon
the system for the duration of ¢. So, we substitute this quantity by Eq.(19) and obtain

o(H 1 , 4
% = —zZ ; [w { X (W)F, (w)e ™" + C.c.} F(w)e ™" = C.c.] (25)
We now calculate the time-averaged value of the above quantity by averaging over the time
period 7' = 27 /w and thus obtain

OH) _ _Zi S [ (@) (@) Fu(w) — Cec] (26)

If we assume that the field components F|, (o« = pu, v) are either real or all the components
have the same phase, the quantity F;(w)F},(w) is real. So we can write the above equation
in the form

D e 2 Dowle) =@ Fi(F ) @)

which clearly implies

(H)
—:——Zlm Xpw] Fij(w)Fy(w) (28)

The above equation tells us that if Im [x,,,,] > 0, % is the amount of energy lost per unit
time, or energy dissipated per unit time. This is the connection between the dissipation and
the imaginary part of the susceptibility. Im [x,,| > 0 implies absorption of energy (by the
system) supplied by the field resulting in the attenuation of the field. On the other hand,
Im [x,,] < 0 means gain of energy (supplied by the system) by the field, or in other words,
amplification or lasing of the field. We will show later, after proving fluctuation-dissipation
theorem, that such gain or amplification in thermal equilibrium is not possible.



1.4 Spectrum

Spectrum is defined defined as the Fourier transform of two-time correlation function of
the operator X of a system. If the system is in a stationary state, then the spectrum is
time-independent and given by

S(w) = % X (1) X (0))dr (29)

— 0o
which can also be expressed as

Sw) = - [ / DX ()X () dr + /O Ooeiw<X<T)X<0)>dT]

2r [ o

_ ! [ /Ome_i“T<X(—T)X(O)>dT+ /Oooei“’T(X(T)X(O»dT} (30)

o
By the property of stationary, (X (—7)X (0)) = (X (0)X(7)). So

5@ = o | [ XX+ [T ixmxo)

27

- Iy /OOO e“T(X(7)X(0))dr (31)

T
Following the same procedure used in deriving the Eq. (22), we have

(X(MX0)) = Y e ™| Xkl pun

nk

(X(O)X(r)) = Y e ™| Xpm|*pra (32)
nk

Eq.(29) or Eq.(31) can also be written as

T 4r

S() 1/meWKX(T)X(o»+X<0>X<r>]d¢ 33)

—0o0

Substituting (32) in (33), we obtain

1 o [T,
_ § H(w—wgp )T
S(UJ) - A - |Xnk| / € k dT(pnn + Pkk:)

—00

Using [7 ellwmwm)mdr = [ ellwmwn)mdr 4 [* ¢=(@=wn)Tdr  and multiplying both in-
tegrals by a damping factor e~ 27, we obtain

oo
/ )T dr = —j L L
v v
o Whn —W — 5 W —w+ 5

Please note that in the limit y — 0, this integral reduces to 276 (w — wy,, ). Thus we get

S(w) =—(—1 X, 2 T ; nn T N
( ) 47'('( );’ k’ L}kn—w—% wkn—w—i—% (p pkk) (pnn_pkk)
(34)



suppose, the populations p,,,,, pxi are distributed according to thermal distribution, i.e.,

hwn,

e KT

Pnn = Tre—Ho/KT " (35)
Therefore,
(o tpu) _ 7 11 @
(pnn - pkk) eﬁ;&rn —1

Since the part within the third bracket of Eq.(34) will contribute significantly when wy,, >~ w
(usually v << wy, for atomic transitions), we can approximate

hw

nn KT 1
(Pnn + Prk) ~ eKj + — 14 2np (37)

where

1
ew/KT _ 1

np = (38)

is the Bosonic occupation number of a quantum state.

1.5 Coherent and incoherent spectrum

The spectrum as defined by Eq.(29) or Eq.(31) has two parts: S(w) = Se(w) + Sic(w),
where S.(w) and S;.(w) stand for coherent and incoherent spectrum, respectively. Any
operator X (¢) can be decomposed into two parts

X(t) = (X(t)) + AX(t) (39)

where AX () = X(t) — (X(t)) represents the deviation of X (¢) from its mean value
(X (t)) or fluctuation of X (¢) around (X (¢)). Clearly, (AX(t)) = 0. Consequently, the
incoherent part of the spectrum is defined by

L /00 e“T(AX(T)AX(0))dr, (40)

Sic(w) - 21

that is, by the Fourier transform of the two-time correlation function of the fluctuation
operator A X. The coherent part of the spectrum is defined by

1 oo

5i0) = o [ XX O)r
_ % X (0))2dr = (X (0))25(w). @1)

The second equality in the above equation follows from the stationarity.

1.6 Fluctuation-dissipation theorem

Substituting (37) in (34), we obtain

1 1 1
S(w) = 47T 1 + 2713 Z ’Xnk|2 [ iy iy (pnn - pkk)

wlm—w—g wkn—w—l—g

(42)



Further, making use of the expression for susceptibility as given in Eq.(23), we obtain

h . . I
S@) = (14 2mp) (i) () ~ ¥ (@)] = 5=(1 + 2mp)mlx(e)] (43
This is fluctuation-dissipation relationship since the Im|[x(w)] is related to the dissipated
power as given by Eq.(28) when Im|[x(w)] > 0

1.7 Negative temperature and its physical meaning

In our derivation of Eq.(42), wk, = (wr — wy) > 0, that is, the state | k) has higher energy
than the state | n). So, in thermal equilibrium (p,,,, — pxx) > 0. The quantity (—i) times the
bracketed part on the RHS of Eq.(42) is a positive quantity. So, the spectrum as defined by
Eq.(35) is always a positive quantity in thermal equilibrium. Therefore, in order for S(w)
to be positive, Im(y) must be be positive. If Im(x) becomes negative, then temperature 7’
has to be negative. Because, the quantity

ehw/KT 41

14 2np = (44)

KT
will become negative only when 7" < 0. The physical meaning of negative temperature
is that the system is driven far from equilibrium where the upper state | k) has higher
population or higher probability of occupation than that of the lower state | n). In such a
far-from-equilibrium situation, one can not really invoke the concept of an equilibrium tem-
perature, since two subsystems consisting of the field and the matter (which are interacting)
can have two different temperatures. So, equilibrium thermodynamics is not applicable in
this case. Since Im(x) & (pun — pxk)> Im(x) < 0 means (pp, — prr) < 0 implying pop-
ulation inversion. One example is the laser system which is driven far from equilibrium to
attain population inversion.

Exercise-2

Suppose, X is a component of dipole moment operator of a two-level atom. Applying the
susceptibility formula (23) to an ensemble of two-level atoms in thermal equilibrium, show
that the susceptibility is proportional to (1 — 2ng), where

1

nr = elzw/KT+ 1

(45)

is the Fermionic occupation number

Exercise-3

Derive classical expression of electric dipole susceptibility using Lorenz model. State under
which conditions this classical expression reduces to the quantum-mechanical expression
of electric dipole susceptibility of Eq.(23) (assuming X is the electric dipole operator) at
zero temperature

Exercise-4

Following the earlier lecture by Professor Subhasish Dutta Gupta, write the optical Bloch
equation (with phenomenologically introduced dissipation and decoherence terms) of a
two-level atom interacting with a single-mode laser field, and derive electric polarization
density of a medium of two-level atoms in steady-state. From this expression of the po-
larization density, derive susceptibility in the weak-coupling regime and show that this
matches with that of Eq.(23) at zero temperature.
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Figure 1: Real and imaginary parts of the susceptibility

1.8 Analyticity of susceptibility: Kramers-Kronig relations

We have seen earlier that the susceptibility x(w) as defined in Eq. (23) has simple poles
only in the lower half of the complex plane and there is no pole in the upper half plane.
This means y(w) is analytic in the upper half plane. So, by Cauchy integral theorem, it can
be expressed as

1 X (@)
= — [ d' =~ 46
X(w) 27m'/ww’—w (46)
where w is assumed to be complex with small positive imaginary part. Now, using the
relation .
lm— =P +imd (W — w) 47)
=0 W —w — i€ w —w

where P stands for principal value integral, one finds
1 /
(W) = — / /P [M] 48)
) W —w

Now, writing x(w) = x'(w) + ix”(w) where x'(w) and x”(w) are the real and imaginary
parts of y(w), and equating the real and imaginary parts on the both sides of the above

equation, we obtain
1 " /
Y(w) == / dw'P [—X w q (49)

T w —w

V() = —= / dw'P {X/W)] 0

T W —w

These are called Kramers-Kronig relations.

Note that the principal value integral of a function like f(z')/(z" — z) is given by

/Oo da' f(a')/(«/ ~ ) = lim U_ do! f(&) /(& — )+ /OO a2’ f (o) /(' — )] (51)

e’} 0 —00 xT+e€

The variations of the real and imaginary parts of the susceptibility of a two-level atom
as a function of the dimensionless detuning (w — wy)/~ are shown in Fig.1. Here w and wy
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are the laser and atomic frequencies, respectively.

Exercise-5

Show that the two Kramers-Kronig relations can be combined to form one integral of the

form
@) =+ / a0 (52)

T w —w

where w is complex with small positive imaginary part.

Exercise-6

Plot the real and imaginary parts of the susceptibility of a two-level atom as functions of w.
By graphical illustrations and numerical integration, verify the Kramers-Kronig relations
for the real and imaginary parts of the susceptibility.

Exercise-7

Plot the real and imaginary parts of refractive index as functions of w and demarcate the
absorptive and dispersive regimes

1.9 Fluctuation-diffusion-dissipation connection

Consider a stationary random or fluctuating force f(¢) acts on a particle whose position and
momentum at time ¢ are x(t) and p(t), respectively. For simplicity we consider the motion
of the particle in one dimension. Since a random force is acting on the particle, the variables
of the particle such as x(t) and p(t) also become random variables. A random system or
processes can only be described by its statistical properties, that is, by ensemble averaging
of the physical quantities. We assume that the system in equilibrium is ergodic, meaning
that the time-averaged value of an observable in a single realization of one ensemble is
equal to its ensemble average. The stochastic equation of motion of the particle obeys the
Langevin equation
dp(t)

TR —p(t) + f(t) (53)

where 7 is a damping constant. Since f(¢) is a fluctuating force, (f(¢)) = 0. Note that here
(---) implies classical averaging, that is, ensemble or time-averaging in the ergodic sense.
Therefore the average value (p(t)) of p(t) obeys the equation

d(p(t))

= —(p(t 54
) (54
The solution of the Eq.(52) can be written as
t
) = p(0) + [ e ) (55)
0

Obviously, (p(t)) = e 7p(0).
The equation of motion of the two-time correlation function (p(¢)p(t’)) can be readily
written in the form

GO0 = =ApOne) + [ are @) ) (56)



where we have used the fact that (p(0)f(¢)) = (p(0))(f(t)) = 0. Due to the stationarity
of the force, the correlation function (f(¢) f(¢”)) is a function of ' — ¢ only. So, one can
write

(f(£)f(t")) =2Dg(t' — ") (57)

where g(t' —t") is a symmetric function of the time difference ¢’ — " and has the dimension
of frequency. The pre-factor D is called diffusion coefficient. Instead of p(¢), one can
consider the two-time correlation function of any other observable O(t) of the system. The
statistical nature of the fluctuating force is basically determined by the function g(7). The
width 7, of the function g(7) is the correlation time for the two-time correlation function
of the force. The damping time of the particle is 1/ which is typically larger than 7.
by several orders of magnitude. Therefore, usually g(7) can be approximated as a delta
function §(7). Stochastic dynamics with fluctuating force (or noise or any random function)
having d-correlation in time domain is called Markovian dynamics. Thus substitution of
(f(t)f(t") =2Do(t' —t") in Eq.(56) yields

Cwp(t)) = AW +2D, 1<t (58)

= —5{p)p(t")), t>t (59)

The conditions on the two time intervals ¢ and ¢’ as mentioned in the above two equations
arise due to the existence of the delta function 6(¢ — ¢”) in the integrand with the specified
limits of integration.

To know the physical meaning of D, we calculate o(t) = ((p(t) — (p(t)))?), that is,
mean variance of p(t). From Eq.(55), we get

70 = / K / O ) (e (60)
0 0

Since 4 << 7., the two exponentials in the above equation vary slowly in comparison
to the time scale on which the correlation (f(¢')f(¢”)) decays. Therefore, again using
(f")f(t")y =2Dé(t' —t"), we obtain

t
oa(t) = 2D / dt'e=27=1)
0
D
—(1—e

- 2

727)/15) (6 1)
~

For 4t << 1, 02(t) ~ 2Dt. Fort — oo, 0.(t) = (p*) = D/7. In the limit t — oo, the
system reaches thermal equilibrium. So, D is equal to the variance (square of deviation or
fluctuation) in equilibrium times the damping constant. We can thus replace (p?) by mKT
where m is the mass of the particle. Therefore,

©

By fluctuation-dissipation theorem as discussed earlier, the rate of energy dissipation is
proportional to the imaginary part of the susceptibility which is proportional to /2. Note
that here ¥ = +/2. Since D is proportional to 7, it is also connected to dissipation.

Note that, at zero temperature D vanishes as Eq.(62) shows. We will see later that in
quantum theory of fluctuation-dissipation-diffusion, D is finite at zero temperature.
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PART B

2  Quantum theory of fluctuations and dissipation

The origin of dissipation of a system is its coupling or interaction with a much larger sys-
tem which is often called an “environment” or “reservoir” or “bath”. A reservoir consists
of a large or an infinite number of quantum states that form a “quasi-continuum” or a
“continuum” of states. The net effect of the reservoir is to impart “quantum noise” on the
system’s dynamics when the reservoir’s degrees-of-freedom are treated quantum mechani-
cally. Here we specifically consider quantized electromagnetic (EM) fields consisting of an
infinite number of modes as a reservoir. A mode of an electromagnetic field is character-
ized by the polarization, frequency, propagation vector (or wave number). If the reservoir
does not contain any photon ( a photon is an excitation of a quantized EM field), then the
reservoir is said to be in “vacuum” meaning that the fields are in their ground states. Before
we present system-reservoir theory in density matrix picture that leads to master equation,
we first briefly discuss how the introduction of fluctuating quantum force terms or quantum
noise along with the damping terms in the Heisenberg equation of motion of the system’s
operators can correctly describe the system’s quantum dynamics. The resulting Heisenberg
equation is called quantum Lengevin equation.

2.1 Quantum Lengevin equation

Here we consider quantum Lengevin equation of lowering (annihilation) and raising (cre-
ation) operators a and a', respectively, of a system interacting with a bath. The z and p
operators (or any pair of canonically conjugate hermitian operators) of a system are related
to these raising and lowering operators by

Zo

2(t) = (ae™ ™0 + ale™") (63)
h —iwot T _iwot
p(t) = it (ae — ale™) (64)

where hwy is an eigen energy of the system and x is a characteristic length scale of the
system. For instance, if the system is a harmonic oscillator of mass m, g = /h/(mwy).
Similarly, a single-mode quantized field F}(¢) oscillating with frequency w; can be ex-
pressed as

1 W i * W,
Fy(t) = 5 [Ajbse™™" + Ajpletsr] (65)

where b; and b} are the annihilation and creation operator of a quanta of the field. A; and
A are.ca‘lled amplitudes of the positive-frequency (or absorptive) and negative-frequency
(or emissive) components of the field.

The quantum Langevin equation of a lowering operator « of the system is given by

d
d_(j = (—iwy — k) + f(t) (66)

where k is the damping constant and f(¢) is quantized noise or force term that contains
annihilation operators of the bath or reservoir (f(¢) may also contain system operators).
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2.2 Quantum Langevin equation for a harmonic oscillator

Consider a harmonic oscillator (or a single-mode cavity field) of frequency wy interacting
with a bosonic bath or reservoir. The Hamiltonian is given by

H = (afa+1/2) hwo+ Y (b}bj + 1/2) hw; + Y h [gjbjcﬂ + g;b}a] (67)
J J

where a(a') is the annihilation(creation) operator of the harmonic oscillator (or cavity
field). bj(b;) represents the annihilation(creation) operator of a quanta of the bath in the
mode j. g; is the coupling constant between the bath and the system. Note that the Hamil-
tonian is written under rotating-wave approximation (RWA). The Heisenberg equation of
motion of the operators are

a = —’L.(,U()CL — ZZ gjbj (68)
J

i)j = —iwjbj—z'g*fa (69)

J

Equation (69) may be formally integrated to obtain

t

bi(t) = e “i'h;j(—00) — Zg;‘/ e~ @i g () dt! (70)

—00

Substituting this into (68), one obtains
t
a4 = —iwoa — Z ]gj\Q/ e~ it g (Y dt' + f(t) (71)
j —0o0

where

f(t) ==i>_ gje "b;(—o0) (72)
i

is quantized fluctuating force term or noise. Since the bath is assumed to be initially in ther-
mal equilibrium, that is, described thermal density matrix, we have (f(¢)) = Tr,.[f(t)] =0
where we have done tracing over the initial bath or reservoir states. Since b; and bj» obey
bosonic algebra at the same time, Obviously (fT(¢)f(#')) # 0 at finite temperature while
(f4)f1(¢")) # 0 for any temperature including zero temperature.
Let @ = ae™°, Then Eq.(71) can be written in the form
t
G— _ Z |gj’2/ 6—i(wj_w0)(t_t/)a(t’)dt/ + f(t) (73)
j —00

To convert this equation into the standard form of quantum langevin equation as given in
Eq.(66), we make Markoff approximation:

’ Only the present (and not the past history) determines the future. ‘

and thereby substitute a(¢') in the integral on the RHS by a(t). Substituting ¢’ variable by
T =t — t' we thus obtain

b=— Z 1951 /0 e~ iwimw)T G (N dt + f(t) (74)
J
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Introducing small damping factor e~" and letting ¢ — 0 after the integration is done, one
obtains

a = —iwpg — —ka + f(t) (75)
where (W)
wig = / dwPD(w) 5 S (76)
is the Lamb shift of the system frequency and
K=T / dwD(w)]g(w)]*d(w — wp) (77)

is the damping constant. Here introducing the density of bath modes, we have converted
the sum over 7 into an integration over the frequency. Now, Eq.(73) can be rewritten in the
form

a = [—i(wo +wrs) — kla+ f(t) (78)

Usually, wyg is quite small and ignored. Note that if the system is a two-level atom or any
spin, then the noise term f(¢) becomes a nonlinear operator.

Using Eq.(72), we calculate the two-time correlation function of the quantum noise
term f () in the following way.

FHOFE) = / " dwD(@)]g(w) P n(w) (79)
o) = / " doD(w)g(w) e (m(w) + 1) (30)

where 7i(w) = (bj (—00)bj(—00)) is the average number of thermal photons in the jth mode
of the bath with w; being replaced by w. Usually, |g(w)]|?| is a sharply peaked function near
the system frequency wg. Therefore, the w-integration may be effectively carried out within
a short range around wy by replacing w — (w—wy) and letting the lower limit of integration
to extend to —oo. We then have

(1) f@)) = 26n(w)d(t —t') (81)
(fO 1)) = 26(fi(wo) +1)a(t —t) (82)

Since f and fT do not commute, one can define two diffusion constants in quantum theory:
Dy = 2kn and D4 = 2k(n + 1) which are related to normal and anti-normal ordering
of noise operators. The above two equations give relationship between quantum diffusion
and quantum dissipation. At zero temperature 72(wo) = 0. The important point here is that,
unlike that in classical case, quantum diffusion does not vanish at zero temperature.

Exercise-8

Using quantum Langevin equation of Show that the bosonic operators a(t) and a'(t) at
equal time t satisfy the bosonic algebra due to the existence of the quantum noise term in
the equation.

2.3 Quantum regression theorem

In the classical theory of Markovian dynamics, the equation of the motion of two-time
correlation function of p (or any other variable of the system) in the long time limit is given
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by Eq.(59) which has the same mathematical form as that of one-time average value of
p (or any other variable). Similarly, in the quantum theory of Markovian dynamics, the
equations of motion of the two-time correlation function {a(¢)a(t')) and (a(t)af(¢')) the
operators « and o of the system have the same form as that of the one-time average of the
operators as t — oo. Since (f(t)) = 0, Eq.(66) gives

d{a) .
— = (—iwy — K){) (83)
Quantum regression theorem dictates that
d AN . /
Sal (Da(t) = (—iwo — R)al(B)alt) (84)
d Ny __ . /
%@(t)oﬂ(t )) = (—iwo — &) {a(t)al(t)) (85)

for t > t’. Quantum regression theorem is extensively used to calculate two-time correla-
tion functions and spectrum.

2.4 Master equation

We begin with the Hamiltonian
H = Hg+ Hp + Hggr (86)

where Hg and Hp are the Hamiltonian for S (system)) and R(reservoir), respectively. Hgg
is the system-reservoir interaction Hamiltonian. By taking partial trace on the total density
matrix p on wither of the S or R, we obtain the reduced density matrices

Trrp(t) = ps(t)
Trsp(t) = pr(t)
of S and R, respectively. We write the interaction-picture Hamiltonian and density matrix

HLp(t) = e/MHRTHSI [ P o(—1/ W) (Hrt Hs)t

pI(t) — e(i/ﬁ)(HR-‘rHs)t (t)@(_i/h)(HR"rHs)t

p

So, in the interaction picture, the equation for p reads

o' '
o7 = 7 [Hin(t) ' (1) 37

Now, we rewrite Eq.(84) in the integral form

.ot
PO =pl(-00) — 3 [ dele(t). o (0) @9
apl 7 I 1 ! / 1 / ey
O = 2l p(—o0)) - 3 [ i Hsn(0), [HgR(1), 0 (0] (89)
Tracing over the reservoir in Eq.(86), one gets
op* 1 [
S == | dttra[Hs(t). [Hin(t), o' (¢)] (90)
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where, for simplicity, we have eliminated the term —+[H{,(t), p(—0c0)] with the assump-
tion TFR[H5R<t)pR(O)] =0
We make Born approximation

p(t) = ps(t)pr(—o0)

that is, the system and the reservoir density matrices are separable (not entangled) and only
the system’s density matrix evolves while the reservoir’s density matrix always remains in
initial or equilibrium condition. Using this approximation, we get

opt 1/

S5 = | dttralHsa(t), [H(t), o )pr(0)] D
We next make Markoff approximation by replacing p(#') by p%(#) and obtain the master
equation

op' I
S5 = | ACtrelHse(t). [Hn(t), p(D)pr(0)] 92)
We now explicitly write the Hamiltonians

Hy = hwyala 93)
Hp = 3 (bl +1/2) hw (94)

J
Hsp = > h|gbal +gblal (95)

J

where o (af) denotes the system’s lowering (raising) operator. Here the system may be
a bosonic or a fermionic particle or a spin. If it is a two-level atom, then « = S~ =
o~ is the Pauli lowering operator (or lowering operator of a spin-half particle) and wy
is the atomic transition frequency. The system-reservoir interaction Hamiltonian Hgp is
written under RWA. But the reservoir or bath is modelled as a field of infinite number of
bosonic modes, with jth mode being described by b; and b;r- operators. Having done the
time-integration following the same procedure as in deriving quantum Langevin equation,
the master equation of (92) under Born-Markoff approximation reduces to the standard
Lindblad form

opt i
— = ——[H Lliss 96
9 h[ s, ps] + Laissps (96)
where Z;ss 18 a super-operator defined by

Laissps = —k(A(wy) + 1) {ozToz, pg} + QH&psaT
— kn(wo)) {aal, ps} + 2kal pga (97)

where { A, B} = AB+ BA is the anticommutator between A and B. The damping constant
k is defined earlier by Eq. (77). Note that at zero temperature, n(w) = 0. For a two-level
atom at zero temperature, ~ is the half-width of the spontaneous emission line or half
of Einstein’s A coefficient. In the beginning while discussing linear response theory, we
introduced phenomenological decay constant /2 which is the same as x, so 7y corresponds
to full width.
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Figure 2: Two-level atom

2.5 Two-level atoms in an EM field: Dressed states

As shown in Fig.2, let | a) and | b) be the lower and upper states of a two-level atom
(TLA), respectively; with £, and F, being the corresponding energies. Let us consider the
interaction of the TLA with a single-mode classical laser field given by

E(t) = % [Ee ™ + Efe ™ (98)

Under dipole and rotating-wave approximations, the semiclassical Hamiltonian of the (TLA)
interacting with this single-mode laser field is given by

1
H=—hé|b)b| +§h (St +Q°S7) (99)
where 6 = w — wp, ST =| b)(a | is the raising operator and S~ =| a)(b | is the lowering
operator. To relate this model with a spin-half system, we can identify S, = 0,/2 =
(1/2)(| b)(b | — | a){a |). Here w and wy = (E} — E,)/h are the laser and atomic transition

frequencies, respectively. Note that we have written this Hamiltonian in a frame rotating
with w. To write the Hamiltonian in this particular form, we have set the zero of the energy
scale as I/, = 0 and E}, = hw,. Here (2 denotes the Rabi frequency defined by

1
Q=——dy E, (100)

is called Rabi frequency, where d and E,, are the transition dipole moment of the atom
and the electric field of the laser, respectively; and (- - - ) implies averaging over the atomic
states. One can easily diagonalize this Hamiltonian and obtain the dressed energies

Ey = —hg + %h\/ 62 + 2 (101)

When ) = 0, they reduce to the bare energies £ = —§ and E}f‘re = 0. In the laboratory
frame, they are EPare — By, and E}f‘re = hw.
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w — Wy

Figure 3: Dressed and bare energies. The horizontal dashed red line corresponds to the
energy Ey = hwy of the upper bare state, and the other dashed red line indicates the energy
of the lower bare state. The bare state energies cross at resonance, while the dressed state
energies exhibit anti-crossing due to atom-field coupling.

The dressed and bare energies as a function of 9 are shown in Fig.3.

The two eigenstates or dressed states are given by {H—q =[ cosf  sin 9} Paq

|—) —sinf cosf| ||b)
that is,
|[+) = cosf|a) + sinf|b) (102)
|—) = —sinfla) + cosd|b) (103)

where tan 20 = —Q/§

2.6 Jaynes-Cummings model

Next, we consider the interaction of a TLA with a single-mode quantized EM field given
by

1

E=2 [Ei(w)ae ™" + Ef(w)e™'] (104)
where Eq (w) = 4 /i—h“*}éu(r) is the field associated with the annihilation of a photon de-

scribed by the annihilation operator a, V' is the quantization volume, € is the unit polariza-
tion vector, u(r) is the mode function, for a plane wave (with periodic boundary condition)
u(r) = explk.r] with k being the propagation vector. The field E is derived from the vector
potential A(r,¢) by E = —22 In SI unit, the vector potential has the form

2h

€W

A:

—i u(réae™™" + H.c (105)

1
2

Note that for this choice of A, E; becomes real if €u(r) is real. The form of A without

—eozjv ae~™" also appears in the literature, in that case E; or E,, (in case

of classical field) becomes purely imaginary if éu(r) is real. The bottom line here is that
whatever form one chooses for the vector potential, A and E; or E, differs by a phase
difference of /2.

‘—¢” in front of
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The Hamiltonian is given by

1
H = hwoS* + hwa'a + 5 [Q15%a+ H.c] (106)

where |
= —gda By (107)

is the Rabi frequency associated with one photon annihilation. In writing the Hamiltonian
in this particular form, the zero of the energy scale is set by £, + E;, = 0. The Hamiltonian
can be decomposed into two parts: H = H; + H, where

Hy = hwa'a + hwS” (108)
1
Hy = —hdS" + 5 [Q15%a+ H.] (109)
Using the commutation relations [S*, S*] = £5% and [aa,a®] = +a* where at = af
and a~ = a, one can easily verify that [H;, Hy| = 0.

Suppose, when the atom is in the lower state | a), the field is in the Fock state | n + 1),
that is, the field has (n + 1) photons. Because of RWA used in writing the Hamiltonian
(109), the filed will be in | n) when the atom is in the upper state | b). So, one can rewrite
the Hamiltonian in these two joint atom-field basis functions | a,n + 1) and | b,n); and
diagonalize the resulting Hamiltonian. Thus one obtains the two dressed energies

1
E, = {a,n+1|H| aa”+1>_§h\/‘52+9%(n+1)

= (0t 1Dk — Shyf5 1 O+ 1) (110)

1
Eni = (bn| Hy|bn)+Shy/o2 + 0 +1)

1
— (n+1/2)m+§h\/52+9§(n+1) (111)
Corresponding eigenstates are given by

| n—) = cosb, | a,n+ 1) +sinb, | b,n) (112)

| n+) = cos b, | b,n) —sinb, | a,n+ 1) (113)

where

tan 20,, =

_Ql— vn+1 (114)
)

The important point here is that when n = 0, that is, when the field is in vacuum, the two
eigenvalues are separated by h4/02 + Q2 which is called vacuum field Rabi splitting. Note
that the these full quantum mechanical dressed energies and dressed states will reduce to

those of semi-classical counterparts when we replace (n + 1) by an average photon number
(n) and identify Q; (n) with Q

Exercise-9

Calculate the time-dependent probabilities P,, 1 and Py, to find the system in states |
a,n + 1) and | a,n + 1), respectively. Plot these probabilities as a function of 4t for
n =0, n = 1andn = 10, assuming that the system is initially in state | a,n + 1).
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Figure 4: Coherent and incoherent intensity (for = 1) as a function of saturation param-
eter s.
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Figure 5: Resonance fluorescence spectrum for 2 = 5. Note that the height of the side
peaks is one third that of the central peak. Here the x-axis variable is § = w — w;

2.7 Resonance fluorescence: Coherent and incoherent spectrum

Resonance fluorescence is the spectrum of light emitted by two-level atoms dressed by a
laser field of frequency w; tuned on resonance to the atomic transition. In Sections 1.4 and
1.5, we discussed how spectrum is related to the Fourier transform of two-time correlation
functions. Suppose, a photon is created by a dressed atom in mode ¢ which was initially in
vacuum | 0). The field correlation function is then given by

C(t,") o< (0 | ai(t)al(t') | 0) (115)

The creation and annihilation operators a! (') and a;(t) of the generated field are obviously
proportional to the atomic operators S~ (') and S (t), respectively. So, the resonance
fluorescence spectrum is given by

S(w) = n% /OO (ST(t)S(t — T)>€i(w_wl)7—d7' (116)

—0o0

where 7) is a proportionality constant and 7 = ¢ — t’. If the spectrum is obtained in steady-
state at t — oo, then the spectrum is time-independent due to the stationarity.
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To calculate the spectrum, one has to use optical Bloch equation and quantum regres-
sion theorem. The optical Bloch vector X can be defined in two equivalent ways

(SF)
X = [(57) (117)
(S%)

Defining u = Re[(ST)], v = Im[(S)] and w = (S%), one can also define an alternative

form of Bloch vector X as

u
X=|v (118)
w

u and v are related to S* by S* = u £ iv.
The master equation for a TLA interacting with a laser field is given by

ot h
where H is given by Eq.(99) in the semiclassical picture, and the superoperator Z;ss has
the same form as that of Eq.(97) with « (af) being replaced by S=(S*) and 7 = 0. The
equation of motion of the Bloch vector can be derived from the master equation by using the
relation <%> =Tr [Si%] , where the superscript ¢ stands for + or — or Z. The equation
of motion of X can be cast into the form

; |
P 2 H, |+ L (119)

0
0X y
— =MX-—-10 120
ot 2 1 (120)
where M is a 3 x 3 matrix. In the steady-state, the elements of X are given by
1 sd
= = 121
“ Qs+1 (121
15(v/2)
= ——= 122
v Qs+1 (122)
1 S
= —— |1— 123
v 2 [ s+ 11 (123)
where Q2
2
§= ———5 124
/2 e

is the saturation parameter which is a measure of the effective atom-field coupling. s << 1
means weak-coupling regime while s >> 1 implies strong-coupling regime.
The coherent part of the spectrum can be readily calculated as

Sen(w) = my- / TSt c)) (S (t — 00)) e Ndr

= ] (St — o)) I 6(w — w) (125)

(ST (t — o0)) is the steady-state value of (S*) which is v+ iv. When the coherent spectral
function is integrated over the entire range of frequencies, one obtains the total intensity of
coherent radiation as

1
Ton = n(u? + %) = n= (126)

2(s+1)?
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Figure 6: Transitions between dressed levels leading to resonance fluorescence

The total spectral intensity is given by

[ = n/de(w) — (S (= 00) S (t = o0))

1 s

= npw(t — 00) =05

127
2s+1 ( )

So, the total incoherent intensity 1S [incon = I — Icon. The variations of .o and Ijcon as
functions of s are shown in Fig.4.

Although it is straightforward to calculate the coherent spectrum, calculating incoherent
spectrum is tricky. One has to first write down the equation of motion of the two-time
correlation function of the operators around steady-state. According to quantum regression
theorem, the equations of motion of two-time correlation functions will be governed by the
same mathematical form as that of one-time averages of the operators. So, the two-time
correlation functions of the atomic operators will satisfy the same type of equations as in
Eq. (120). In other words, the temporal evolution of the two-time correlation functions
will be determined by the eigenvalues and eigenfunctions of the M matrix. However, one
has to identify the time-independent part of the the two-time correlation functions, this part
must be subtracted from the correlation function to obtain incoherent spectrum.

The matrix M has three eigenvalues which are 6 + iv/2, § &+ €2 4 i3y/4. Accordingly,
in the strong-coupling regime, the incoherent spectrum as shown in Fig.5 has three-peak
structure which is called Molllow triplet. The height of the two side peaks symmetrically
shifted by 42 from the central peak is one third the height of the central peak. The width
of the side-peak spectral structure is 1.5 times larger than that of the central peak. All these
features result from the transitions between the atom-photon dressed states as schematically
shown in Fig.6.
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3 Concluding remarks and further studies

We have so far discussed correlation functions of the product two operators at two differ-
ent times. Higher order correlations involving product of multiple operators at different
space-time points provide interesting and important information about the properties and
dynamics of open quantum systems. For example, density-density correlations involve four
operators at two different space-time points. In quantum theory of optical coherence and
quantum statistical properties of radiation, higher order correlations play an important role.
One of the important higher order correlations widely used in quantum optics is Hanbury
Brown-Twiss (HBT) correlation and the physical effects associated with this correlation
are called HBT effects. A brief description of HBT correlations and effects are discussed
in a separate supplementary note.

Density matrix formalism is quite general and applicable to single- or multi-particle
open quantum systems. It can be expressed in a compact Liovillian form

dp

— = 128

BT P (128)
where the Liouvillian operator . has two parts: .2 = Z.on + -Zaiss» the coherent part 2.,
is given by

Lin =~ [H,p (129)

where the Hamiltonian // may describe a driven one- or few- or many-body quantum sys-
tem. The driving fields may be described classically. The dissipative part of the Liovillian
operator Zy;ss can be written in a Lindbladian form as given in Eq.(97). The steady-state
density matrix p* is given by

Zp* =0 (130)

that is, by the eigen matrix of .Z with zero eigenvalue. Except this zero eigenvalue, all the
eigenvalues must have negative real parts. The long-time evolution of the system towards
the steady-state is mainly governed by the Liovillian gap which is the nonzero eigenvalue
with the minimum magnitude of the real part. The drives and dissipation may be engi-
neered to obtain an interesting steady-state or multiple steady-states or non-equilibrium
phase transitions which are of current research interest.
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