
6. Existence of W, geodesics

We will use the splitting result Theorem 2
,
and discuss optimal curves for

Wold and Dr separately.

6. I Optimal Interpolation of Moments

Recall the moment part of the kinetic energy
# (m

, c) : = 1 ImTr[C] de

and the definitions
DieMo)" = inf[I(m ,C :

(m.. Co) = (M) , Cuol)1 [ A
,

= RY and(m
, C) = (M(u) , (u)) ,

(m, C)

2mo . Co) = (Mquo) , Cuo))
,Dram)"= inf [Fm, (me , 2) = (MA) , (u) 3 = inf DaSram)

ReSold)

guarantees D andDr
Proposition 6 (Existence) ↓ are( For

any Co
,
C

.
ES90 and Mo, m,

e IRP with m-m.
e Im C = ImG

there exists an optimal interpolation (m
+, C)tzis for both D andDr

Proof Lagrangian ↓
henceI is weakly ls

-

Existence for D /Sketch) : Flm
,2) =) (4) , (m ,C)]dt with (quadratic in (m , 2) ,

continuous and bounded below
.

-> use Direct Method
. Only needto show (C)"stays in compact set : follows from Lemma 2 . 10 in /Burger etall

Existence forDr (Sketch) : Rewrite as an optimization problem for (me, At) where AtA] = C
+

and A solves (3) . Interpret it as existence of geodesics on M : = R
&
x6L

+
(d) with the sub-Riemannian

metric <(mo,
Ao) , (m .,A = m.. m

.

+ A: A
,

with a suitable definition of admissible tangential vectors.

M is non-compact. Relative compactness follows from a stability estimate for curves (m, At) with

finite action ,
and so we obtain a limit for minimizing sequences.

Proposition 7 (Optimality Conditions forD)

IOptimal curves for D solve

(4a) G"m== x

(4b) = [CC-2(x *x)C for some constant ceIR!



Proof : For any neAC((01) ,
19) with n(o) = n(1l = 0 andany KEAL([01] ,

R& ( with Ko) = K(1) = 0,

we have for any (m,C) minimizing curve for F(m
,2) (dropping t from thenotation) :

0 =g[(m+ sn
,
C+ sk)

= (,-m,-])
-

, (in) , n -[(mm) :- (c) : -↳ = k)di)
- ! ([n) ,

ncdt +](-c - 2 (nm)[7 : K et
m

typo in Prop 2 .14

hence (m ,
c) solve (4).

D
in [Burger et al] &(ii) =

-2+

=erciseThe action density +re In Tr[CI] is constant on 10, 17

for any (m+, <)+ + 10, 1) solving the optimality conditions (4).

Remark For < = 0
,
the geodesic equations (4) provide a Riemannian distance on So

The case0 gives rise to new effects.

Proposition 8 1 (Optimality Conditions forDr
Foranyoptimal curve (m , Ct) , define A as the solution to (3)

.

Then there exists xER andQEK&x9
skew-symmetric ,

such thatI ATA m
=

= x (5a)

(A At) = CAIA , Q]-(AD)(a) (5b)

The solution satisfies A
.

= C
, An = C= R .

Proof See Section 2
.
3 in [Burger et al]

Remark : If m
.

= Mo ,
then

· optimizers for Dr :

my
= Mo , A = A

.
etBtBasym te(0, 1 ,

with Ban optimizer of

infax [llBsym : AA = -Basym] with Bsym: Basym

·

optimizers forD : m
=

= Mo , < = C
*

(
*

C:** C** + 10 , 17

See Lemma 2
. 13 and Corollary 2

.
15 in [Burger et al]



Remark For GaussiansNo = N(m
,
C) andM

=N(m
, C) with the same covariance

,

denote S = m
.
-m

..
Then

Weknow) ~log 11811 for 11811
whereas

Wa(rou) = 11 all

6. 2 Existence of Shape Geodesias
We show two partial results : (1) existence under small distance

(2) existence under symmetry

Theorem 9 (Existence at small distance)[ AnyMounEP-
(d) with Muo) = Mn) = 0 and Quol = (u) =Id

with WordMa) are connected via a Word- geodesic

Proof Strategy :

-

· Consider a minimizing sequenceMu , V") for Wald tho).
· Show relative compactness of Sh , Vu) in weak topologies by the same arguments as for We
· Extract and identify a limiting pair fu , V) solving Gyh + divuV) = 0.

· Challenge : Are the moment constraints preserved in the limit ?

Mu") = 0
, Cul = Ed = Mul =0

, (u) =Id ??

!
For this, tightness of second moments is sufficient. But this doesn't come for free

· Show tightness of [Ixdivia contradiction, using Wardhal<.
(key challenge ! See Lemma to below)

O Tightness of [I1d3nz /
Fteo] =>

Me Paid (IR") te (0,1

· Show that limit fu , V) achieves minimal action using joint I. S. c. . of In ,
V)1 JIVIdu

Example (d=1) :" = (-) 8+ Sm .

Then Mu")= o
, (u) = (x-du" =-)+ (2

But
"
- So narrowly and C(S

.
) = 0. = 1 - + - 1



Lemma 10 (Key ingredient for tightness) For In Vl e CEidMan) = [Wil :

MEMOMM , qu = Ed3
write AfuV) := JSIVlAudt.Iand u!"

I

8th +diru, V) = 0, Mu)=o

AssumeM2 Paid (1) ·
Let fu , Ve CEoldMo) s

.
t

. lim Af , U) <

M+ weakly +- (0, 17 for a curve --Lo EP(IR withMo ,Me Poto (RP) ·
If J tot (0, 1) St .MetPata (IRY ,

then ]" ,) eCEOM) s .

t-

liminf An, ) <lim Aa

FrostatMenlim
· Construc competitor fi ? (2) by rerouting mass that leaves a large ball and normalizing the easures

· Rerouting decreases the length for a fraction of curves,
resulting measures

but potentially decreases the covariance.

· Carefully estimate those competing effects .

· Wal Man)< =) competitor has smaller action
.

Thanks to Theorem 9
,

we can construct geodesics of W, at small distance .

Theorem 11 Let Mont(
"
) with Duol , (u) >0 and Watum)" + Dum).( ThenMoru,

are connected by a Wa-geodesic.

Proof To show this
,

use the splitting result Theorem 2
Watuu)= infResods[War(Rat" + Dis(m) 3 . (6)

Take a minimizing sequence ReSO(d) .
For each R"

, by Prop6 and Thm 9
,
there exist optimal f,) e Certa (Riot)

and (m" , (r) = Ac([01 1 ,
IRx S10) with m = Mqi) , C = qui) for i= 0

,
1

,
and

R" = (2) A such that Wauul= lim Af , E)+(ml

By compactness of SO(a) ,
J limit RESOLd) st . R*- R

. Using similar arguments to
the proofs of Prop 6 andThm 9

,
(m"

, (") + (m ,C) with R = C " A,

I") - (iv) with fit)-CE) Rotoru)
-



For a subsequence,lim A) = limiufAll
n-D

Then since I(m" , (2) > Duom) ,
we have him Aft [") <

G,vi

we can apply Lemma 10 to conclude V) -> CEoid (RtoM).
By C.

S . s. of Al · ) and Il., · ) , Atv) + FIm, C) -
> liming A) +F(m2() =WeMo)

<

n->

Hence
,
(R , , F

,
m , C) is a minimizer for the optimization problem (6).

Define A as a solution to (3) · Then:
= (A +mc)

is a Ws-geodesic between No andMr. D

Theorem 12 (Existence under symmetry ( Letout Pota (19), &[
and with d-fold reflection symmetry. ThenM are connected by a Waid Geodesic.

The proof uses the dual formulation of Word ,
which we discuss in the next section.

7. Dual Formulation of Wc #00
-

Theorem 13 (Dual formulation)

I Wardlam)" = sup 4
. -S4oduo +/To node

4,
9

,
1

where the sup is taken over functions 4 : (01 17 xPIR
,
N : (01] -> 59 ,

< : Co , ] -IR9

subject to the modified Hamilton -Jacobi subsolution constraint
2
+ 4 + z(04/+ π(X(xQx)] - x

,
x) - 0

.

Remark : The functions < andA act as Lagrange multipliers for the
constraints MM) = 0 and Cut) = Id

The mean constraint is not active atthe optimum since mj = m= 0 => Mc = 0 Fte(or]

Theorem 14 (Optimality Conditions for Wod)

I 2n + divSuy) = 0 ,
X = 0

,

u
+ 4 + z(84)+Tr(axxx] = 0

,
N = z)y4gu .



&mark In particular, Tr= /184qu = Word Mom)" is constant in time .

For the proof of Theorem 13 and 14
, see Section 5. 1 in [Burger etall

Using duality for the proof of Theorem 12 :

let p
: (0 , 17SIR be the mass particle trajectories. Assume ~Me M+

(H (10, 13
,
1

%)
-

Rewrite covariance - constrained OT as

min Em [Jldt] subject to Lawm,FTE fareT (7)

By explicit construction , one can show existence of solving (7) s .

t.

M-a
. e . trajectory y(t) emerging from y(0) = X-RP is given by

*
Un(t) = Sw))vwS fak=

mass transport by
componentwise

for some parameters w
... Wat (0,J andmap S : IRP - R! d dilation I

Then Waldt)" = Wa (Gyto ,G) - 2[ (1-coswr-zwsin
with

160(x)] = (E) x E componentwise linear dilationo

(see Theorem 3
. 2 in (Burger etul] for details)

Remarks
-

· Thanks to the symmetry assumption of the d" constraints in Cu-Id , only d survive.

· Idea of proof for Theorem 12 : write dual formulation for (7) ,
and notice that the

optimal My is diagonal thanks to the symmetry assumption .

I Thus
,
the optimality constraint involvingMy decouples intod 1-dimensional()

problems that can each be solved explicitly
LExistence of suitable we, wo S.

t
. Em] = 1 is obtained via a fixedpota

Define S = (6%)"To f
,
where Th is the WI optimal OT map

fromG to GYM. -M. Ya guarantees +" exists



Open Problem : Is it possible to remove the symmetry assumptions in Theorem 12 and still

obtain a Wod geodesic via a duality formulation ?
-> in principle should be possible
-> the optimalAt would be symmetric positive semi-definite matrix,

but not necessarily diagonal. In particular, if such1 exists
,
it solves

j(t) + My(t) = 0
, for given p(o) , %(1) .

8
. Convergence to Equilibrium in We gradient flows /TB20

Let + = e

- T()
,
j(x) = z(x - Xolliz ,

Be$%

E(pli) = /plog = H(p) + JJ(x)dp(x) , H(p) = J plogp
Gradient flow of Elplit) in Was

&p = dir(p((p)log
For Pesolving (8) ,

= div(p((p)[p + p((p)B(x-x)) (8)

let me = M(pt) , (= C(e+) ,

and defineA as the solution of :

-/ degree of freedom

A-↳A
,
As=C 19) how to choose

initial Ao
Exercise : (m+,G) solve mi=-GB) m =- Y)

+= 2- 2GBC+
Recall TmA(X) = Al(x-me) .

The solutions are given by m
=

= X
,

+ et A
+ Aj(mj - Xo)

C = (1 - 22t)B + e-2t(

Lemma 15
-

In other words
, ye

= Law (X+ ) ,
where X

+
is the

The normalized solution with= The
,A It Ornstein-Uhlenbeck process

solves G
+ 7

= Any +div(x2t) (20) dX
+

= - Xdt + mdBt

↳This is a key insight: (10) is a Fokker-Planck equation with quadratic potential , an

extremely well-studied equation . Using TmAt we can translate all the well known

properties of 10) to the W
.
-GF (8) .



Proof Lemma 15 : Let (A) = detA
.

Then nf(x) = (A) Pt(AtX+mc)

=>f(x) = (A)(p)Ax+m)+ <Yp(Ax+1)
,
Ax+my + p(Ax+m) log(A)]

Compute T/y(x) = ATTp (Ax+m) (A), First term above : sub into (8),

Ay(x) = (AT)ij 2,jp (Ax+m) (A) (A)j (Ax+m) = (A) dir(pCtp) (Ax+m) + 1A)dir(p(85) (Ax+m)
= div(CYp) (Ax+m) (A)

,
=> (Aldiv(p(tp) (Axtm) + 1AkYp (Ax+m),

Ci'(Ax+ m - xo)) + 1A)p(Ax+m)Tr[[i]

dir [y(x)I (x1] = < Yy(x) ,
xz + dy(x) = Ay(x) + <Yy(x) ,

ATB (Ax+ m - xo)) + y(x)Tr(Ci']

By evolution A
,

we have A = ZACAT-Id-ABA = Glog(A) =Tr(AA] =d- TrCATisA] = d- Tr[Cis']
↓ Typo in [Burger et al]

And m = -ATB"(m-Xo) => (A) < Xp (Ax+m)
,
AxtmL = <Oy(x) , X-A" (Ax +M-Xo) >

Combining everything : r(x) = Ay() + <# (x)
,
x> +dy(x) = Ay() + div ((x)X) .

A

Proposition 16 (Entropy Splitting) For
any PEP ,

A with AAT= C = CCO) and m = MC), for any XoER and BeS
we have E(p/N(x ,B)) = E(y(N(o,d)) + E(N(m ,c) (N(Xo ,B) where:= Tm

, a #P and

E(p(N(o,)) = For(y/N(OFd)) + Fr (N(m,G(N( , B)) For(pl)= (<Tlog , 260)Tlog > &P
--

shape moments

Proof See Lemma 4
. 3 in [Burger etal

(non-Gaussian part) (Gaussianpart)

Follows by explicit computation : log N
,B)

= log Nem
,
c)logm and n

=Tmap ,
Nod) = TmN(m,

=> flog Windp = (log)(nTods) · Tmin)dp = flog()dy = E(y(N) D

If A solves (9)
,
then y, solves (10) by Lemma 15

,
andso E(ht/NIod)) < <

*

E(4o/NCOId))
notethat

by classical results. I((Ncoid)) = e2
+
[(7

.
(N10 ,Id)) =

C(y)=Idt
.

So it remains to control the relaxation of Gaussians .

This can be done explicitly using solution (m+, () to the moment equations above
,

and noting that

E(NIm, c) /N(xo,B) =
- E (logdet (BC) +Tr (Id-Bc]- /B * (m-xo)()

For (N(m ,2)(N(xo,B)) = llId-BCIlis + 1 C
*
B(m-xo)/2 where 11 MI

is

:= Tr [MMT] is the Hilbert-Schmidt
norm

(= Frobenius norm)

Theorem 17 (Entropy and Fisher information decay)
Solutions P to (8) satisfy E(p+ (π) -

> ke
- 2

E(poli)

For(Pt/nt) = ke2t Ecor(polit)
where k= k(B

, Co) = max[1 ,
llB

*
CJ 11

, 3 max[1 , IlBCB
-

1123 a multiplicativea section number



Remark If M(p)= X and ((po) B
,

then E(pt(n)-e
+

E(polit) No multiplicative
constant !

For(Pt(n) = et[cor(poli)

(Corollary 18 We (pt) etinfW(RN)-vold
where E= /I BII

,
max[1 ,

111CB* 11
. 3 -

=W (N(mo,
Co)

, N(x ,
B)

Remarksa

lacing W2 with Wac on the LHS
,
then get the same estimate with k instead of E

=> k is a universal constant for El. It) , For ( In) and Wac( , iT) .

· Rate I was already shown for W2 in [Carrillo ,
Vaes 2021] ,

but with a different factor
k that is very non-optimal and can become quite large .

· Rate 1 is optimal [Carrillo ,
Vaes 2021]

Proof (Sketch) : (builds on [Carrillo ,
Vaes 20217)

· Splitting of We
: We (p+1) = Ill We (42 , NLOId)) + W

=
(N(M+

,Ct) , N(xo, i)

by triangle inequality and We (Tm 1 , TmiNold) = 1GIW
= (4 , NLOd)) by Lemma 3

. )
in [Carrillo

,
Vaes ' 21]

· 11GIII using explicit solution for C+

· We (N(me,G) ,
Nixo

,B)(m.
-volId-Blis)

using the explicit representation of We for Gaussians and explicit solutions MyC
Wa (N(Me ,G) ,

N(xo , B))
2

= (mz-Xo
1 +Tr (Gy + B - z(B

*
GB

*
)
*
] I

Comparison to variance-modulated optimal transport


