6. Exstence & W, 3900(“3705

We will use Hhe 5’?“%\"7 resuld Theorem 2, auvd distss oPHma,Q curves \Fov
\Nm,rd ayw( :DQ Sz]tsavu,éo%

£.) OFHmol ln\-erPtrQaul-ion °:€ Momentks

Recall the momev‘»f pourt &f e )dne“n‘f: e?%%_1
Tmo:= il + £ TelC,C CC | ok

and. the dufiuitions | { JOTARCTAN=A TR 5 o
:DR (/Q‘J/a") =C":£) I[mIC) (_M,,CJg(Hy‘),C;bD)/ ' |

- (me,C) = (HW/C%J>/
Do) =L':£)g£ ) (. C)) - (Mgp), Ce) }

Propesition 6 | (Existence )
Tov any C,, C, e Sio anck m,, m, € Po( with m—m, € Im C = /mCAJ
theee enists an ophmal intecpolodion (my, C, )ﬁew for bot D and D
el '
Exislence #f D (Setdh): Tm ©) =0J1Lf(mﬁc{), (i, €. Y[tk with L quodredic in (i, C), antinuous ard. bounded beloes .
— se Dirct Method . Onb need Yo show (C:)" ,stUs in Maof seb follows (F(om Lemma 2.10 in [Bufjey e}o.[_l
Exislence. for D, (Sketoh): Rewrile as au optiusization  poblem #1 (m,, At) where A AT =C,
and A, solies (3). lulopet it os exislence o0 %eodﬂ.sics o M= B'x 6L, 1) with the sub-Riemamian
metsic < (m,A,), (m,A)> = m-m + A A, wt o sutable delinition of admissible %ngwhi veckors.
M is non-wwpact. Relatie oupoct ness follows fom o stabilily estimate for curves (m, ) woivh
&‘wik aclion , aud so we obkwin o Gwit for Muiws2ing sequences.

= im_g DR (/1./,);

Re sold)

?m‘posiﬁtm 7‘| (OPHleﬂJ"'J (ovdiHors fof D,)
OpHmaﬁ Curves \)C,f D solve
(L*'“) C.e’i ”"J,: e
() C=C.ClC-2C@C, for some wrchamt we R



Fr’o(lé For any neAC (Lol IR) with n(o)=nl)=0 Md,auj Ke AC(foi] IR;,M ) with Kb) -Kt)=0,
e have in;r anj (m, C) mwm%mg Curve '\f"’ Tim c) (:abm‘o?m {; rFom *ffn&ﬂo%on)
=d I(m+5n C+8l<)

='j Gh, Cny -4 <, u<cfn+—|,[n<cc,c] [chccc])
S‘(<-M(Cm m—gc(m@j @) C K - :r#[ccc] K-1 dccec K) o
= [ c-d(Ca)n> dbe [ccccc cEC-28(homn)C K db

l\em( (m,C) sove (4). -

S
:Fof any (MU )Jc to] .Solvv‘nj Hu o‘)\—imdjly conditions (4).

Fxewise  The achon demﬁ-g ts g “Z + - Tr[été; C:tC,_,: ] is constaul on [o,1]

Pmark For x=0, Hee %c«»&esic eﬂua{—v‘ous (Li-) pmm‘ol& a Qiemanm‘an o&‘d—ance on Sio

The case w#0 gives. rise Jo new effects.

Mm\g_j Lo(omuj ©nditions fer Ty )

Tor any Hwaﬁ curve (,mf, C,), 0(4_."& A, os W cblivhon do (3).

Then Hher exists ueP and_ Q c B skew- sgmmeiwg Sudr Haat
A, A m,_= (5a)
4 (A A, 3 [A'A,, Q] - (Moo (s ) ()

The sslubion Safisfies A = C:L VA= CrR.
?_m_o@ See. Sedion 2.3 in [Eulje(d‘og,]

Remark - 1t m=m, , then
.+ epbiug D, - A=A B etBuymy th B H
phiuczers —\fcr m,=m,, A=A, elo, ], wi an opHmi2es of
Lol Sj”B | A"A=egegu7mj with By, = SLE' B =B
B sy H ° /%) T = oym =
v v - s t A
' ophmizers foe D o m o =m,, C,= (7 (¢ CC, ) C, v L e [ol]

Cee Lemmo\ 2.13 awd G»fe“a-rj 2.5 " Lgurﬁf% daﬁj



Kemark T, Gws&\m/uz/\/(mo' C) a.uo(/f/V(m.,C) with the same covariance ,
deobe $= m —m, Then

We G ) ~ og 1611 for 11§D > 2

W?_ QMO,/W) = “ S|

whereas

6.2 Existence o{&\a&)e Ceodesics
We show too parkie tesulls = (1) existence. wnder small distance
(2) exislence undley Samme_(vq‘

Theovemn 9 | ( Bustence. at smadf ob‘&+ance>
Ang pioyon €, (') coth M{up)= Mlur) =0 awd C(o)=CLu.) <Id

1

with WO,M}MVJZ <g art npecked via o Wol_m'aeodﬂ.aic‘

Toof Stradeqy
* (orsider a m?w}waym] sequense /(,a",V") for W, -4 ﬁ,ao/,),
" Show rellative Counpaciness of y", V/"« u) b et bfoloaies by the same agumeuts as JCN W,
* Dibact audk idauctiQy o Q;M;Hngl pair ﬂ,,)/) soling  Qyus d»i\r},al/)=0.
. Clna”ma,v.r Ave the moment conckaints te-w.gerve& . Yhe Liwit 2
M)=o, C(w)=-Td = Mu)=0, Clw)-Td ?7

For Hus  dightness 6f second moments s suflicient. Bur Hus doesnt come {or frea.
° Shew hjwnass of {led}‘:f via Contvadickion, using W, 9«07«4)2 < §'

(Key challonge! See Lemma 10 lodoco)
 Tieness of { 't 5 Vtelod = s e, (R Viclo]
* Show Yot Liwt (uV) achieves minimal achion using joiut Lsc. of (/4,\/ ) | IVIZO}M



. R _ . 9, +div (V)= 0, Mlu)=0
Lomma 10] (Key it fos bightness) o fu) € CE, G- {9” V) /‘C:/w“wwc;«»j;
weite ALV)= L [ IV duy .
Assume/(«:ya: e?o‘ﬂ UEd). Lek /(/;",V“) 3 C'Eo,m 9«:7&4") st .,Q:“m A‘/»",V") < fg‘
ad =, weally VAfai] foroane o) o €TE) with o pc B, ()
g Ftelon) sbm < %, (RY), then T (3",07) e cgo'yy:/,:) S.h-
Liminf AGa", V") < Lim A G V)

N> N>R

Toof Sheakigy = fu)= Mu] ) =0 Heme  Clu)# Tt - i CLut )

N—=>e0

o« Tlis meane J’i&/l«huss oﬁitxlz&;jafw& hetd  (else C}LQB-JH)
* Gonstoud aupotor (7)) by veubing mass that Lames o lorge bol aud normeliing o
u-a)"iVL wr
O Remuh‘vu, deereases Ha -&Mfﬂ« ]@v a Mm of curves, reculTing meatiuies
LHA— Po‘eew"iaﬂﬂ dacreases Har covarance .
° thq{,uny eslimate those CowPe\Cug e,%“}s.

> Wo,I 9«744)4‘1? =?  Courpetitor has smaller ackion.

Thawks e ‘W\ww C( , WL Can consteact 8eocQﬁ-sice Of Wc’ of small distance.

d 2
Theorem 4] Let o ¢ T R with CL,), Cha) 70 and W, G, ) <3t Dluo ).
T‘m\/uoya, are connected laj « W,_- %o.o&ufc.

Eﬁ:ﬁ To show Has, vse. Hae 3{5\4\4‘\-‘1\&7/ rsult Theorem 2
o= o8 LU 8525+ T { )
: v € So(d)
Take a mruxmz%v%l Sequence R'e Colat).
For endh R , b—(J PmPé and Thm q,‘H/\uL exict oP#maf J/G",\_/" € CEo,IA (Q;/Toy@,)

i (0,C) €ACCE, &Y S4,) it o = M) € o) o i1, and
R = (C,") A4 such Yhat cho/”f-: /g‘_i”_o A{,D", Vn) -l-ICm”, Cn)
By cowpackness éﬁ Solg) | J Liwit Re o) s+ R'=R. Um\c, similar a/vamnm*s “+o

Yoo proofs &f Trop 6 aud Thm 1, (w, C") = (m,C) witk R= ™A,
FV) = (mV) wik (2V) <CE (R, &, i)



For a subsaguence,  Liw AL V") = Liminf A& V)
The sive T(w" C') = Dy,/a) , we have «ejw Alw, V) ‘é )
we aun aﬂJ{, lemma 10 do contlude /@17) ¢ CE, _, CPV/EO/E,)-
By Csc o Al ad TC, ), AaT)+Thoe) & Liwef A V) + Tiw'C) = W, (b i)’
Hcme_, (R, &, V,mC) is & miwimizer 1&« Hae oP#wd}a‘l-?eu Frololem (6)
De.{,iwe A, as a stlulion do (). Then A= (At' +m, )%/1
is a \Nc—a,mcﬂsic bedoreen /140 ayw{/&,,- o

Theorem 42| (Existence  wnder -Sdmmﬁrg_B Ld/tz/zde ?Cnl'd- C//?d) //"—z« xd
e with d-fLold vedleckion symmeltey Then /5/744 are conneokeo! IQC/ a W,.¢ geoc(@«sfc.

The Fme—f vses Ha dual &mmuﬁw(iow 6{1 Wo d wuds we discoss v the next section.
7. Duat Formulokion of W

Theorem 13 | (Duad formudation )

Woza Yo pa) = o Jit. 4o~ [

where Ha sup 1 daken over Wons G [onlx B R, N [w]égd, x: Jo,i]=|
subjedt do Hie odi{5 eol Hawi o ’:);uob'u suwosoludion coughaiwt

'Dt’Lr +§' JVL})l?-}— T[/\(x@x)]—(&,x> £ 0.

!
.,+f1—r/\$au

Eo‘

?emark«' The ]fwol-«\ov\s x amdl A\ @t as L”Jm‘"ﬁi muﬂ-&phes {m e

conshatwhe H}%):o awnd Cg,at)zlo?
-me mean constyaiut s pot achve at the OFHMMIM Since Wlof m=0 => Wltzo ]71{76[0,[]

ﬂ%f@m “’i’l LOTHWWL‘L'] Condihons §or WO)IA>

D‘b/o\i-&l\l(/dv*)':U)
Wy + 5191w T [Ax@x[=0, N=3 [ V4OV dun.



M |n ParJ—:‘cM[éw, j_r-/\)c-' IIV%) g,% ,,II,,/«/ ) s constant n bime.

Tor the Frwe{ a@ Weomm |3 amdl 1, <ee Sechion S,) W {Emgu efaﬁ]

Using. duality foc dhs. proef’ of Theorem 12.:

d .
et - [o,i]=>R" be Hu wmass Fonl—,\cle {cajw(oﬁes- Assume Y~ MeM (H (folﬂ,Pd))
@u«mk covarauce - conskaineed OT as

2 Law (’a' )= e & f’)’YEO ae.
n & = “ Mo ) ey MLY% / for 7
W'MVI H [\( 'hlou] > L‘)ed o L“WM('}'A):/:‘ &, f’hé@%]zfaf. telol) ¢ )
Bﬂ expliat oushwuchion, ent an show existence oﬁ M 5olV1w? (7) s

-a.e. {*rajeulory 7&) eWOTIAj QCow '6%0) X GR IS 7)\/6(/! laag
L’C) = sm(wk(%t)) X, + Sin (wk-l;) S () {m k=1, d “

Sin Wy Sin w, Mass W ort- by
d 4 wtaonw/l'w:se

wasome parameden W, wy € [o T[] avel wmap S P - R . / diloton
Ther °r" /u / ) 4*/“ G‘Vf/‘1 ) S k_z Sin (4_ a2 0,3l Wk\)

T "z
v [ (x)] ( _— > X, &4 Cowlsonwjfwi\s& Lineor dLilation
Sin Wy

<S€L ﬂEOMm 3.2 in [va‘@f efaﬂi( &ei MLS)

Remarks

o Thaubs Jo He symmiby assuuaphion of e ol * comshatnbs in Uu =T, ouly ok survive.

* |dea of prosf for Theorem 12+ write dual formulation for (), auek nohce Yhat Hho
ozsl—o‘maf A cQt‘ogonaf Huauls o the 57mme+r7 assuwphion,
Thus, Ha ophimalily coustraint )\nvoLviu7 A, decouples jnto d 1-dimeusioned
Ppoblems Yat can eadn be solved ex[auoht(,;(
BEsistewce e£ swheble w,.., wy s.t. %(f)?] 1 is obtained Vi @xad’ Po,w#
Defie S=(6°)"> T o G‘”, wher T“’ s Hae W optimed OT ap arguurn et

from Gﬂ/« do 6 /14 e auavam\tez_s']— exisks




Ofm' TRoblem: s i+ ?ossibll ie nmove FHha sdmmeﬁy ossuwp}#‘oru; n \ﬂneol\em 12 awd till
obtwn o W oA ﬂeoc&sw vio o d;uaf,l*y formuﬁwhon :
—> In prirciple ghowtol be possible
— Ho OP‘HW‘{J /\{; woulol e SyMW\e-‘-m‘L Posf{-—iv& Sewni-dufiwte matrix,
but net ru,cesmm'LV db‘a%enaj . ln Fav-h‘cu,@«r, ‘\(3 Such A, exsts, it Solves
YO + Ayt =0, {?ov given y (), x01).

8. Converaen.ce o EWULHUM in V\/G (ﬂ'mddew} \e&ws

Lt 1=, o= Luxx . BeSl,
Eplm) = [plog & = tip) + [Tadetd) , Hlp)= [ologp
Crodiewt flow of Elelir) in W,
t(’ dN((’C(p Vf@9£>

Tor o, &lwm? (8), = obv(@ Cl) V() + pCle) B(x- >g)> (8)
Lt my=Mp,), €= Cley),
o olefline A, as Hhe ssluhior of : /W&‘FMV‘“
. . ST
A:LC A AoAr C{) hew Yo cheese
y t 2k i it A,
Exercise. [mf,Cf) Solve rfn; ~(B(m- x,)
C,= 2¢,-2¢,BC, Recall. T, , 0= A, xom,).
The sobutions are given by m, +a’°A A (- x,)
C, ( s (]
Lewwth 45/\ B I other word’é/ 7£= Law(xJ‘) | whene X+_ is Yhe
The. normalized soluion woith 7/ A* J (){-, s Ornstein - Uhlenbeck procese
solves 3,‘7{: Alztfo(bv(xzt) (10) CD({-,: - X)coli t+ /Ejo(gt

Ly This is o keﬂ insigh’a’ UO> is o Fokker — Pandk eal.w:ﬁon with Wa}ic Poleuh‘aﬁ, an
eand,? well -studied. ec%ua%on Using T 4, 1 e can Yandlade all the well-knowon
1;»*0?9/1'":138 Q‘ﬁ (10) "|‘€> +He WC &F (8)

m 'b/



Troef Lemma 15 - Lot 1A= detA Thn g, 6= 14,1 o, (Anerm,)
=> yl(x)= | Al [e (Axtm )+ < VP(A)HM), Axtih 7 + e[Ax-ym) ‘% Z.y lAl]

(ompule Vvlix)=ATVe (Axsm) (AL, Fisk term dbove : sub inte (8),
Ay = (A7) 3,0 (Axeon) [A] [Al6 (Axim) = 1A div (pCTp) (Axtm) +1Al div( o CIT ) (Axsm)
= div (CYp) (Axem) [A], = lAldN(()CV(D)(Ax*m)+|A|<V9(Ax+m),CB—'(Ax+m-x°)7+ AlpChxtm )Te [cB']
div [ o) V2 1x(T= < Yy &), 2+ p)| = A+ Ty, T8 (hom-5)7 +7 03 Te [cB']

2\7 evelution A[ we have A'A- - ACA =Tu-ABA = % .27[/%[:1}[/4"/\“]=A-Tr[/\7—§/]__( -d-T[ce']
knd A'm =-ATE (m-x,) = |Al< vy (Anim), An+m > = <V7Lx), x-AB' (Axim-x,) >
Cowbiniug eve;v‘lﬂdm-g : »z'(X) = Avl(x)HV»z(r),w +olvzt><) = A7£»)+o&‘v(»ltx)z<). o

?fopos%l'ion 16 I (Ey’mpy ‘SPHH"g> For anj Qe?z ;A with AM=C= Clo) aud m= H(Q>/ -For any xoepdaw( BeSi)
we have  E (o Ntx,B) = E(y [N@TD) + E(Nmc) | N(x,,8)) where p=T g p and
ICOV(QINLX.,,B)) = l;v(1lN(o.Id)) + L (Nm) NGy, B)) T (elm)= J<Wvg%,C(e)V&gﬁ—>dQ

——

shape ) moments )
non -Gaussian. part)  ( Gaussian part
Fool See lemma &.3 in [&gefeM] G B aussian. p

. - _ N(m.c) ) o) =T
Follows bj enpba'} mw\lechon' /6’3 N%&,,B) sz ;\i%h.o +,Q@3 N—(z;B) and IZ_-);’,A#(’ N (o, Td) = ,m,A ¥ N(m.c)

= “"7 f;o&(’:fﬁ"ﬁ((@w) °T'“/*) %= “03 (ﬁt&w) 47 ) E(7 }N@‘w) e .

I} A, solvec (4)  then f Solves (40) by Lemma 15, ol so E(y, |Nem) < ¢ E(y, | No,14)) ot
- le
by clossicall resullis. T (g, [Nt)) « € Ty, INwT) < nco(;zt)iuv{.
Se i remains Yo @nivel W rlaxakion of Gaussians.
This can be done Qf\)@d“ﬁ, Usiwg, soluton (m,, C,‘) Jo the moment e;fua#ous above/ and nm‘v‘nj Hrat
E (Wn0/NG.2) = =3 (tegdel €C): T [Ta- 8- J£% m-xl”)
T (MwQ) NG, B)) = ura-a"cu:;lc* B ()| whee | Mn:; Te [MMT] s the Bilbert -Schmidd

©V
nerm

(= Frovenius nbrm)
Theorem '7' (En{-mp‘-l awd Fisher informwla‘an cie.cag>
Solutions p, bo (5) sahisfy  Ep,|m) € ke~ Ep.In)
T <R T
] cm\/'(h‘ﬂ') e J/co\/((%ilfr) muﬂﬂ'F\,&caJ%ve
where k= k(B,C)= mox{ L, IB*CUB* LG max{ L, IB*C, B, § <= ) e neber



Romark 1§ Wp)=x, and CCo)» 8, en  Ep, [m) ¢ &€ “E(p,17) No milhphatre
];V(P*,TT) = e-Z* Iml(eo)“) .

%
Corolllary 18| W, (o, 7r) < et ( il W (R, g, Nom)™ + Im-x,| + ILd- g"z;'g”znz)
’V” ~/. -V RQW) ° HS
where k=18l mex{d, 18 G B ), -«

=W, (NOrG), N (., B))
Remarks
. Mplaa‘n? W, ity Wz,c, ov e LHS Yoo %fﬂdsame eshinate with k instead 8 k
=> k is & wwiversadl congtawdt gof EClm, I, ( lr) and WZ.C., C, Tr>_
" Rade L woe aQNLu&LJ shown for W, in [Gorrillo, Voes 2021], buk ith o differect faclor
k hat is very vion - ovbmal and e lacome quuite Qoﬂje.
* Rk 14 is oplimal | Garills, Vores 202)]

Poof. (Sketdh) ¢ (builds on [ Ganillo, Voes 20217
. 5?\5“""’5[ ()? Wa" Wz ((’u Tf) < | C+. ”f Wz (75’ NCO'Id)) ' WZCN(M'C*)' NG B>>

by biaugle inqualitg vl W, (T, Ly, Ty o NETD) < DG IEW, () NeoTd)) by Lemme 3.)
J N 1 a1 o g ) v ) ,‘f.‘/[wuo’m,zﬂ
Al C{ I)z < k US;‘MJ exPUde sution 1?‘” C,

© W, (N, G), Nix., B)f < e ) ()mo— X°I;+ || T4 - B‘/’C;'B%“;s)
usinj the expliat eprsesdeckion of W, for Gaussiaus ol explict ssluwkons w,, C,
W, (N NG 8= [ [*+T7 [ €+ B- 2 (8%, B)" ] o

(Dmpaﬁécm Yo vaniance - mo dulateol O‘p‘\—iﬁlﬂﬂ ’{'fw/‘SPcH‘l;

Variance-modulated GF Covariance-modulated GF

dep = var(p)V - (pVE'(p|m)) dp =V - (pC(p)VE (p|T))

E(pr| ) < €72 E(po | ) N
E(pe|m) < re™"E(po | )

with with

)\ — min { d — 7 d — } = <1 \/ ||Bl/2 Cal Bl/2||2) (1 \/ ||B*1/2 CO 871/2”2)
IBll2[1B= 2 " 1B]l2]l Co " II2

» Exponential rate depends on EV of B! > Only prefactor depends on EV of B!



