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1. Introduction andDefinition

Let eTc (RP) .
Recall the following three formulations of the Wasserstin-2 metric Walum) :

Mous
· Monge Formulation :

W)=nf(((x-T(u) : Tyn] minimizing over transport maps
T : RPsR&

· Kantorovich Formulation :

Witem) = if <(J(x-y(dp(x ,y) :T, ]
minimizing over transport pasas

2 EPC (IRIXIRP)

· Benamou-Brenier Formulation :

Wituym)=inf&VudtdiuY minimizing

Definition (Covariance- Modulated OTmetric)

Woo =inf(x)dt :
Edit= 3Mlz= o

=Mo ,Mit= 1

=MeI where M(u) = (x) , Cut = J(x-M()) (x- Mut)) Qu(x)
and

Nell= V, V

Remark : Main difference with We distance is a competition effect between spreading mass

and minimizing path length.

GOALS : · Understand the structure of minimizers (= geodesics)
· Consider gradient flows in Wa metric : analyse dynamics

and characterize convergence properties



Question : Why use W
, for gradient flows rather than Wz ?

=> Convergence speed up : Let T =N(mo , C) be a Gaussian target .

Define the
energy E(p(it)

= (log (KLdivergence (
· Gradient flow for W2 :

Ep = - YwE(p (i) = div(pY/fpE(plin)
Then along solutions Pt

E(p+
(i) = e

-2+

E(po(π) ifC In

[Stam ,
Gross

, Bakry , Emery,
Villani

,
Ledoux

, ...] (see Course by Tuhin Ghosh in prep workshop)

· Gradient flow for Wi: p = -wE(pli) = dir (p(e) #SpE(en)

Then along solutions Pt
E(ti) = keztE(poli) where K= k((((0) ·Cal

Well-posedness of Wc : It is possible that W .

= 0 . This can happen when Gut) degenerates·

[m Wato)< ifMintP(R) ,
Im C = Im G

, Mo)-Mn) E Im Co

-> For simplicity ,
let us assume rank C = rank C = d

(Else ,
can restrict analysis to lower-dimensional subspace)

Remarks : · Wou) = O iffMothe
· With , (x) = + 0 for any

xeR and 6x +M + Pz(RP)



2. Application in Bayesian InverseProblems

Recall the Ensemble Kalman Sampler (EKS) from Lecture 1 for solving Bayesian
Inverse Problems

.
In the mean-field limit, and after linearizing the forward map,

it corresponds to a preconditioned gradient decent

dX = - C) Law(x
+)#j() + (aw(X+) dWt

Denote

π(x) = Ge
T()

,
z = Je=(x)di)

By It's formula : if dX= b(t,
X

+)dt + olt
, X)dBe , beRx ad

then FFc(? , df(X+) = L
= f (X+

)dt + Tf(X+
)
+

o(t,
X

+ )dBe
where the generator is given by (ff(x) = b (t,x) · Tf(x) +2 Tr(ooT(t

,x)D2fsx]
Then Pt = Law (X

+) solves Taking E
,

the dB
+

term vanishes (it is a martingale) .
Then

2 p
= din(p((p) Xj + <(p) /p)E(f(X+))

= #(47(X+)) = (hf(x)de() FfeC .

This is the weak

formulation of the PDE CP = (*Pt ,
where= adjoint of L:

= div(p((p) [XJ + Tlogp]) L* p
= -div(pb) + div (dir (ooTp))

= dir (p(e) log() = dir (p((p) S
. E(p(it))

=> Cop = -Yw
, Elpli) (1)

=> To analyse EKS algorithm at the mean-field level, use Cormodulated

gradient flows : e .g. understand convexity of EC-(n) along W,

- geodesics.



3. Formal W
, gradient flow structure - formalRiemannian manifold picture

NOT rigorous as (P2, (c) is NOT
For simplicity ,

lets consider the subset * usefulaeal heuristic a manifold (lack of linear structure)

P : = [peP(Y)nL(RInC*

(R
%
) : pro a .

e . 3 Isame as Otto Calculus)for (P2
,
(2)

For peP1 ,
it holds (10) > 0. This means we can apply the classical Otto calculus for (P , (2) on this set

, adjusting
the expressions with a C(p) weight.

Tangent Space and Co-Tangent Space
The tangent space of (P ,

W
,) at peP, is given by

ToP = (Glto" ((t) = curve in P . p(o) = p3 = (oc(· (R% : Jodx = 03
Indeed

,
the mass constraint Jo = 0 follows since To P is characterized by ↑

Hi

(0 = 0 = = - div (p((p)(b) : be ((R9)30 , 11 : = ( <T , (e) DOL deE

Note that 2

ToP=T : PeCR9)3 where :=p)( : -m(p) P
=> The tangent space

has a Hilbert space structure .

The dual of ToP+ is the cotangentspace To
* P := (3 : TpP-I linear and bounded equipped

with the dual norm 113*p
= Sp13(0)1 ,

where 3(0) = <3
,
07 = /30 dx is the dual

u = - App -TpP pairing.
111 1 = (3) App)dx = f < #3

, C(p)Yokpdx
=> 1131 = 1314 => (13 . <() #/32do)"(( <TP

,<(p)Tondo)
"

= 1131 11 P11
Onsager operator and Metric tensor.
Write the weighted elliptic operator Ap := div)p((p)p). Then the Onsager operator Iko
is given by 1Kp : T=*P - To and its inverse 6 = /K:To - To

*

P
31 - Ap3 o 6 : = )-Ap)"o

Go is the metric tensor. It can also be expressed as gp
:TXT-IR

where (Ep0.) (02) = <-Ap.= < & 1 -Ap27 (0
, 02) to (6) (02)

= ((X6 , ((p)Xdp = (Gpz) (0) => go or Go or Up equivalently
Rate functionals. specify the dissipation mechanism.

R(p ,
o) = z(cp . (e)Pedp = 11 for := (A) o = Goo

If we denote V = C(p)Y6 , then R(p , 0) = z((V ,
[()V> dp = /IVIdp

R
*

(p , 3) = z( < #3
, ((p)3- dp = 213 =Sup3-R(p)) Legendre transform ofRl



Directional derivative of F : P3R at peR is p + so eP Since Jody= 0
,
o= -Ad↓I

DF(p) : ToP - R b first variation of F
+ b

Then DF/p] eT*T ok <DF(p) ,
<=F(+sol=SF]t

can be identified with SpF(p]() if 1156,F1
since <80F ,07

= <SpF , -Ap18FTHI HoP
I(p) = 116

,FIE11TGFI = R(p , SpF) is called the Fisher Information of F.

↑

expression depends onthe choice of metric

Energy-dissipation identity : Consider F(p) = E(pl) = /plogdx ifp and to else
.

Differentiate along solutionsP to (1) :

& E(p +
() = (a+plogdx + (phlogdx

=(Ep SpE(pli]dx +Jp x
= (div()((p)YfpE(plnt))dx+x = 0 as psolves a continuity equ on IRA

= - (XSpE(pIn) , C(p)YfpE(pli) < pdx 6 ((x) : = ((p)π/fpE(p-(π)
= - ((V , (p)V >

p dX

- - F(p+ 1) - Fisher information of relative entropy

Another way to see the same equation is via the kinetic relation : for any 3-Tp
*

P ,- ToP
< 3

.
01 = <3

.

-Apk = ((* 3
, <(p)T@ dp

=> (((V3 , <(p)[/3>p)" (((*0 , ((p)T@dp)
"

= 113 + 1 ple = R(p , d) + R(p , 3)
Equality is reached if and only if = 0

, 60 + >3 , 1kp37
o = 1Kp3

Taking 3 = -DF(p) and = p ,
we can characterize the gradient flow via

the scalar relation

R(p , pt) + R
*

(p ,
- DF(p)) = < -DF(p] , y+ = - F(()(z)

This is exactly the energy-dissipation identity above.

~ Pt I'v -

#SeTpP
=> pi = - Yw

,
E(pt)



Gradient Flow Structure: Another way to write (2) is

9) (pt , r) = - DF(pt](o) Vot To Po
The gradient of F w .

r .

t. G is defined as identifydirectionalderivata

#gF(p) = KpDF(pF - ToD

For Was #
w

.
E(pln) = -dir (p((p)/S ,

Elpln) = IK
, SpE(plit

Then go(pr) = - DE(p+]( = gp(-1DE/p] , 0) = ga)-YwE(p) ,%)
VoeToP

=> p = -Yw
,
E(pe

Remark DEET
*
P is independent of the choice of metric,& t

whereas YwE is not !

Refs For more details on Onsager operators
[Mielke] "Geodesic convexity of the relative entropy in reversible Markov chains"

For an application to the Fokker-Planck equation : (Eberle ,
Niethammer

, Schlichting]
[Mielke] "An introduction to the analysis of gradient systems" (2023,

LectureNotes]



4. Splitting in Shape and Moments
i= normalization ofM

% !
Key result (informal) :

Distance in Shape(Rou)
tWe (Mou) = inf & Distance with R constraint ((mo , Col ,

(m
·
2
.
2)RESO(d)

M

( 4 /
special orthogonal matrices (= rotations) : (mi

,
(i) = (Mqui) ,Guil)

So(d) = [RER**: RT= R , det RE1
,
real entries 3

Definition AtIR
&

(possibly non-symmetric) is the left square root[ of De S&= [Mel!MEM, M203 if AAT = C
.

- also defined for So, ,
but then

characterization of non-uniqueness
via orthogonaltransformations
no longer holds (G

,
FQ

, may have
-> Given C

,
choice of A is not unique

A = c Q
,
= 2Q2

-> Denote A = C" the unique symmetric positive definite square root of C. ↓
-> For any QO(d)

= Corthogonal matrices in R
&*Y ,

A = C
**

Q is a left square root of C
.

[Definition i is a normalization of if Mil = 0
, C) = In

-> GivenMEX, (RP) with Cu) > O
,
let m = Mfu) and A any left square

root

of (u) . Define

Tm
,
n(x) = A(x -m)

Then := TmaM is a normalization ofU . (All normalizations can be written this way.)
-> Normalizations are non-unique dur to non-uniqueness of the choice of A.

Splitting of Kinetic energy : Rewrite W
,

as

m : Co, 1] - IR
&

with (m(O),Co)) = (Mqud .Cus)
WcLuau) = inf [ Wm

,
cou I C : 10 , 17 - So m (1)

, ((1)) = (Mui) . (u)3
(m=, (t)

+ (0, 1)

where Wa
,cho)"=infV drd Gu

+divuV) = 0 , MoMo , 3Mux) = me , (u)= (e) ult=iNr



Let := (A ) - mt))M1 be a normalization of the path+ solving GM +divuk) = 0.

Theni solves

=-M)x)=mm)+mmditad,-

- JP dire = (YP(X)-)
=(Yd(A(x-m1)·Vdu)

=>i solves Cu +dir) = 0 with Y() = A (v (E(x) - Ax-m+]
splitting is exactl

d
Lemma 1 The kinetic energy splits

into
I I

I[ JJIdudt=dm
++Tr(G]dt
moments

Proof : Define r (x) := A[A[G) + meJ. Then
-

JI(IRda(x) = (1(TS)/l du(x) = (1) A(V()-AT()-m] I qu(x) = JIACY(x)-r(Idu+
(x)

= SIIVIIcdut-I-I since ATA = (AAT)" = c

with

# = SIMli) and I = 2 / <HW),Y() - r,(x) > duf(x)

Dropping + for convenience :

Ilrll" = IIACAA(x-m) +m] ll = >m ,
ATA m>+ 2 < A*(x-m),ni > +< X-m

,
FATATAA (x-m) -

= Ilmll + < m.([(x-m)+ (X - m,((X -m) >
Y
Assuming A=i (2)

=>

J
= AT /T=c

I

= C => I= /mr(
Next

,
we claim that / (t)dt = 0 :

S

# = 2(cr,V-r > du = 2 ( < r(π(x)), V('(x)) - r(T'(x)) > du(x)
= 2 KAAx + Am,NIT(x)) - Ax-m] >&(x) = 2 /Ax + Am

,
Y(x)duCX)

Define n(x) = EX,Ax + <x,me . By (2) ,A= ALIAZAA is symmetric

Since M( = 0
,C =E

,
we have /y (()=Tr/A] ,

and so

(c+ (x)du(x) = ((2 > X
,GSA)x + <x,m) > ]di) = ETr(GA)]
- Tr/A]= /Hd



Using n,
as a testfunction in the weak formulation of the continuity, equation for fu,)

:

I=-
and My = Ax +Amt = -AX + Am by symmetry ,

and so

%#(dt=/(Ax + Am, YSxdi(x)d+ = LH) = 0
. j

Putting
,
everything together :

S)II dudt=dudt +IGd
= !JIddt + ](lm + +Tr(cc])dt + 0

.

i

Splitting of the metrici

Definition (Covariance- Constrained OT)

More t Par(IR) = [pet(I) : M(p) = 0
, (2) = In 3 .

Let[ WatM = inf JAdt
:Edi M% ]S

Definition (Rotation- constrained Moment Metric)
Fix RESO(d)

.

For a given curve CAC (10 , 1 , SB0) , define A, as the unique
solution toI Then define A=↳A

,
A

.

=C (3)

(Mo . Col = (Mtn ,Cual)) A
,

=R]Dr M=inf[]t : (m,

Denote byi =Fqu ,
F= (x- M(u)) .

Theorem 2 (Splitting of (c) ForMo -Pz (RP) with Guil > 0
,

I Watuin[WadR +Do



Remark If eitheru orin is spherically symmetric ,
then

Walram) = Ward(a) +Duh)
where

DalinfoPrinl 3(m
, C) = (M(u) , (u)).

-> Splitting is exact in this case.

----

Remark (Choice of leftsquare root)-

· Given C ,
there is a uniqueA solving (3) , define curve of co-rotations R : AC((0

. 17 , S50) -AC (10 , 17
, 50(d)

Then Rj = Id
,

and RE SO(d) · 21 At
(Pf Sketch : ODE for Re is such that solutions remain in Sold) and Ro=FdeSold))

· Solution A, to (3) satisfies (2) (hence AA is symmetric) ,
and is indeed a left square rootof C+:

(A) = AA +A= G+= and A.A = Co

Both is true for any choice of A
o

s .
t

.
A

.
A-= Co as initial condition in (3) .

Degree of freedom : fixing A, equivalent to fixing R =
= C

.
"A.

=> choice of R in splitting of W, equivalent to choice of A
o

when normalizingMy
· In Lemma 1

,
we used normalization = Al-mt)M with A satisfying (2).

In Theorem 2
,

we used normalization=-met with symmetric square root C
To relate toM ,

write A =R.
Then

[ =Rt

(Pf : (P& = (6)(x-m))(u = (b)RI(x-m))(m = (p(R(z)di(z) =u=R (
Hence

,
with R = C. "A

,
we have) = (To , RM) if we chose the initial condition in (3) as As= C.

Note that Wo,Id is invariant by rotation : for any RESO(O) , Wod)Rto ,R) = Word (not)
=> In Theorem 2

,
we have World) = Wald( , RF) = Warr (Ra, )

SCorollary 3 (Gaussians) If eitherMo orm is a Gaussian
,
then the splitting in

inTheorem 2 is exact .

Proof : For a Gaussian N(m ,C) and rotation RESO(d), observe that

RN(m ,c) =NJRm , RCRT)
Hence,

RyNm) = RyN(,Ia) =N(o , Id) =NTmc)
is



55. Variance - Modulated OptimalTransport

Definition /Variance -Modulated OT) For varlu) = Tr G , define[ WartrainfG If
2u +divuV) = 0 , 3Mz

==Mout==Mr

Remark Similarly as for Wa , Wartnam) = O iff MoMe.-

Further
, WarMo) = +* if either vartuo) = 0 or varfu . ) = 0 .

In particular, the distance to anyDirac is infinite

For anyN-P(RP) with M/n) = m and varfu) =o0,

leti be a normalization ofu such that MP) = 0 and vare) =
1

.

Then
i = (0) - -m))u

Theorem 4 (splitting of War) Work= Work? + Darthu)

I where Wat:=dudt : GudiuV = 0 , M 3MzMaMe, varbutt1

with normalizations .
t . Mil = 0

, vari) = 1
,
and where

Darkham)"=inf llmill+ Ide :

(Mo = (Mud , varol, aS 1812 (m ..
0. ) = (MI) , varfen). 3

Remark The constrained minimization problem W
.
has been studied in detail whichexists

- and is

by(Carlen , Gangbo 2003]. Optimal curves in W
0 , 1

are explicitly /
unique

computable : Let p- bethe optimal We curve connectingi andin
Then the optimal W. curve betweeni andin is the normalization of

Pict) for a time reparametrization(t). - so that after normalizing it's still constant
speed

Note that M(pt) = 0 and var (pt) = 1 - t(1-t) We ()



Optimal curves for thethree optimization problems War ,
Wo
., Dar exist and are

given explicitly.

Theorem 5 (Optimal Curves)
· The optimal curveMt for War exists and is obtained by

Me = (X +mt)+Me ,
where u optimal curve for Wo

,

(m+,07) = optimal curve for Draw

O The optimal curvei for W
..

is given in [Carlen , Gangbo 2003] (see Remark above)Come optimality conditions for Dear an gas

Explicit expressions

and for n : = 1 m
. -Mo) , ) = 0,-

Dravta)" = /Bog(r+02 -40)/
*

for(Ot) can be

20
, 0 computed .

# Existenceof geodesmuch harderproblemforvariane-modular
rescaling Wa geodesics betweenu,

andMe.


