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Question : Why use W, -For tafabb‘wjr {?ow.s rather than W, ¢
= @nverdeﬂte B?eeo( up les i =/\/(moo, Cw> be o Gaussion “-urﬂd
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2. Aprb‘cmlf on in Baycsian nverse ?m\ole—ms
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3. formal \/\/C Wadbenk %(auo shrughure,

For simplicivy , Lets corsider the subsed
7 = {peR RINLR)a C(R): pro e
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The gudieut of £ wrt g is defined os
3 Vg_’:((o)= Ko DFlel= K §, F e T, 0,
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li’. S?\thg n S\'\a\)t crek H_omEr\ft\S

= normelaton of 4
Kej reswlt (,l\ngorm&l> ' ot Distance in sha{m( )ﬁr/“ /« >
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So-{ReR™ * R'= R, dot R=1, nall entries §

in hon AG[Q by nen-symmetic ) s We eff squane voot
dxd
aﬁCe S, = {HeR "NTN M>of i} ART-=C.

— Given C C, choice. o:l? A s not uniq,wl
- Dente A= C* Yhe unigue_ Symmdnc Fosr(—we ob.‘bwk Square root of C.

- For any QR eOd) - {or%w&onaﬂ matrices in R } A= C_ Qs a Qeﬂmt square oot O£ C.

Deliniton | o is o remalzakion e{/a f Mga)-0, C0s)-T,.

— Given ue, (Rd) with Cy)>o , Lot m=H9A) owol A any Lofit Squai voot

of o). Debn _,
—\_'M (x)= A (X’Pﬂ)

Then o= T, s nomalization of 4. (Al wmabizakions cn be writien s way.)
= Nomalizations art non-ukiguue dus {o non- W qensss ei@ e coice &f A

S?L\'Hinﬁotﬁ kingdic Qwefqtdf Q%orile Wo as
Ne o) = int {w (o )
9‘/> (m,,C . m,C/“/“)

L : 2 'De/u+d.iv£,,\/)=0 ol e f
where \/\/m,c 9/\0/‘4) = 'V’% {‘[‘Lﬂ Vf nc’t Oyf A} : H!’“*’): m,, CS/‘;)=C£ p /"’*:, < foa

M

d
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C * [o, ] > Szo (m(l\,(,(l)): (Ny)q,«))




Ld. /2‘1-,":(/\\5 ("”‘r))#/'t [)& a m,mgbz.w(-.‘m cr the Pwu'\-/a_e So\Vl‘V\.g r}{_/ht_ +¢b‘v(/,44vt>=0‘
lew/&; Solves

J;I.! quc) C}&‘i(p) = ;é \(cb(Az(x-mi)) (&L«t&) = \(—W)(&(x-rn,) A A A (x- me)*rAth}gt jd: A (x-m,) ) d,vg,a \,

— \/N—\)
‘Hdﬁv%\Z) = (V90 V) dis ) =+ [ A VoA em))- V. dut)

= [ VoA (em)- AV, o,
= /&‘i Solves f()-t/1;‘t+djvy-t\?t>=o with \/t (x)= A_i [V-I: (—li(x)) = A{;X—V;I_E-I

L emmo | _\-L\Q lanekic Qnefa\a éPQﬂtS vtto
jjnvn o Sjnvn%mgm m v 10 [C.CCC | dt

w
5\'\01?& moments

Foof: Define r, 0= A [ A T v, | . Then

(1,00 43 0= [0, e dao ) = Il [0 = AT 00 -, T o = (A1, 0319 i ()
= (I dey ~T-T  sine ATA, =(AtA1')'- c;'

with ’
L= |[r Mllz%u) awd =2 f 4, ), A\Vtc&)-\;(») > du, )

J)Foﬂ) =g t for comvenience :

e llF <DA TAR (em)am] I = <m A8 mo+2¢ ARR (xm), Ky +<xom A AT ATAAR (x-m) 7

- ||M||C+<M.CCC(xm)>+;<x m,CCCEC (x-m)> & Pssumin Ad=1cC' (2)
= [ el dulx) = U’h“ld ccc [ (x S ATAT-L¢E'¢
J dulx ! dpn + M CCC fxm)/ 3
""";Tr{ I mﬁxm)éu(#) CCCCC] =
— iz — e =
=C = T=lal, + LT [cCec ]

Ned | we claim Yot leLﬂdt -0:
T =2, A‘V-n;« =2 [<r(Te), AV(T)-r (T () > éﬂtx)
= 2 [<AAxsAw, A@(f&)}—h-m]»}ﬁ ) = 2 [cAAxs R, V) discx)
Define 1,09= Son Ahpo s cx i By (), AA =2 ACCA = LA C AT s symmekic
Since H(/Gt\=0,C9‘JQ=IU we have j»zt(x)%ttx)- éTr[A'tAJ . and so
[0 4,60 = Jfhox, 3 (RAY> + <x,2, R8> [ ) = 1T [4AA)]
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Usmg vl as ’res%{um%on in the weak —fomuMOk irﬁ Y wanMy ww f" ( /

SI Vi, U di db = (1,45, - 198, - ([, 45t [udi- [0, -( 4 [y, 4 =0
GJ\D\V»L—A x+Amt—AAX-tA m by symmefry,audso

jI(ﬂ(ﬂ: fj(AA)HAm V(r)> dia(x)dt = LHs = 0.

Fujrjrn‘ntlleuej\(jmmj \Lea@\\nu :
FJ I dp, otk juv ) it +

T old + J']I'&)olt

(V]

=
= (L0 rgs s [(1af -2 FeeeeT)s + 0
g\)@ﬂmﬂ of the mekic

:De:fé‘wihon | LCovan‘a,nce— Consaineol OT')
),e)r/uo/«, € ?O.ICRD(>‘= { ee? (R M(p) -0, Ced= _AZJ

1-;,. Vl] % V«-}dl},«V) 0, Hﬁ/&,»)’oz
Wo,rd (/%74‘4) - S[-.%){ §S n t éut /a| _/A /' <M, C(/%)zl'd

De__&w\-\mr\ | (Rubokion - constsaineo] Moment He,{-«;(,)
Fx Re SO W), For a guen cunve C e AC(Iail, S5, ), define A, o5 e wigue

S&@whom 'l"o

. I Y2
A£= —)2_ Ct A-t / Ao = C’° (3‘)
Then olaPnQ X (m., €)= (M{s), Cla)); CVZA -R
o M = m ' J_ C’C dﬁ (m H | ’
DRV/> ('v:lcuc) j” le* ! ] C)(W@')

Dercke by ya =‘T‘V , T = G (x- M)
Theorem 2 | (Spliking of W, ) Ef/ao/a,e?;CPd) with Clu,)>0,

W) = 1of { LI ARRA D j

Re So(d)



Qemavl( lll eJ‘W\@r/ao ov/a,, s S?Meécauy 37mm€+r?c, Hen

\/\/c(/,/u) = W, (/7/7) *Dﬁﬂy”)

whefe \ : 2 — ¢ =1+ - (mc, Cg) £ (Hy“)l C;ﬂa))/
_ . 1 p g
D)= nf D lpou) = (':f) §"'m"ct s TLGCGGT 4 (o Oy g o)

- SFL‘\H-Mﬁ x exact wn ts case .

Kemark (Choice of Laftsquove root)
¢ Given C#,ﬂne«. N auni?pu‘r* &s\ving (3), define curve of to- rotations R: AC([o,ﬂ,S‘io) — AC ([o.1], SO(J))

Then R = T4, aut Ree SOd). C,— C A,

(?{ Skekh: ODE for R, is sudethat slubions nemain in Sold) aud R -Te SOLA).)
. S,ujn'on A do (2) sakishes (2) O'umca A_; A, is Symm&ﬁc), and isindeed a Ceff Squon reot-of C, :

T " T _ LA L _ T _
AAT) AA +A1A)‘— = th C’-t anh AL =C,
BoJ(h is true &mcwn dnoice of A, st. A A= C, os inikil ndition in (2).
Degre of frudom ' fixing A, equivelont do fxing R, = C,"A,.
= choite bf R in splithing bf W, equivalent Yo dnoice of A, when norwmﬂi%}m‘;l /At-

* |n Lemma 1, we vsed mrmww‘on/{)t = A;('-m,)*/t with A, sd—is(,h«.z (2)-

ln Thionem 2., we used nwm«ﬂjawhou/a-: C:’(-—mt)wt Witk symmetric squore reot C:

-E th/;+ %/;-t , write A, = C:"R,‘_ Then

T R, #/‘A‘Jc
(W Jé ‘*/&"JNA_‘(»‘-”)%«:N(R:C:& x—m>>4«f—5¢<9"e>%t*> = SRy f )
Hehca with R = C A , we have ﬁ,« /«) (/« ) ]c we chose Yhe inital condition in (3) as A C .

Nok Hhot WO,IJ 5 mvanwd’ bj rotation : {’01 OMJ (RESDU) W ((R.{f/"‘o/ )ﬁ/‘”) = WBJZ( /“o/‘A)
> In Theorem 2, e have Woy (2,0,) = W, Uz, RY 7 )= Wer, (Ryi, 7,)

(oro(&wi 3| C(Jmussfcms) P esther ' Mo OF o s a Gaussian, Whon the spb’ﬂ%x«g n
I Theorem 2 is exack.
Foof For a Gaussion M(mC) and rolation R eSOW), observe Hhat
R, Mom ) =N (Rm, RCRT)

Hence

Ry Nime) = Ry, Nom) = N(0,T) = M) _



5 Variance — Modlulated @ﬁ%WWQTWK?OfB

%‘nihoﬂ (Vavfwnce—NMuW OT) For ver *)= Tr C* ) oLe-ﬁine,

5 ! | z D—l +‘£“¢ﬂ V)’O/
Wo forpe) = [ ! Js. AT 5 J?

Remack S?w?luriy og gor Wo , va (/ao/u) =0 ig@ /(4670, ,
:I’_wﬂw, an’ 9,0/0,) = +o0 {(1 erther v&oﬁ,«o)= O or va/r}a,)—-—a\
)Vl Par\HU/Jar/ the distance Vo a«Mj Divac & in@u}k

%auy/éz(ﬁ?d) with Mj,«)=m and Vav/(M>=o} 0,
/(gf/& Le a nomalization &]é/a sudh that H!,&“)=O and va,y/CJ.")=l‘

iz = (&'(»—m)ﬁﬁ/u

Therem 4 | (sptog of W)y (s /) W,. ( /;A)va"y./,f

where l/v,,:y;/:,)-‘= ;;vg ” 1, ol Oym_dﬂ!wl/)io, Miu, )=0,
e /0)+=o—/a"/'1)+=;/a”/ varGu) =1
Loith normwzwl-iw/f)' sd. Nj/;‘)=0, va/r}&')=i, auwd  where

S I PR T L G S L AR )
j)w"/(ﬂ%) Lm,f){ll oz I° A (m,,m)=(Ny,\vmy,))_

M The congeamed. minimization Pw\olmv Wo,. has been studied 3 detaid
loj [ Carlen ,@ll/vﬁbo 2003 |. Ophmed curves in W, , are explitly
@WFM& s et C. be Yhe opbmaﬂ Wz curve apnneoﬁvg_ /30 M/EA_.
T%mhor%maﬂ V\/cM Qurve b@lm/u"o a,uo(/&v,, is e normaliz ation D-E
Pty {-)o« o Hime Npramezk‘n%-cv(ﬂbn ().
Note ot Ml,)=0 and var(,) = 1= +U-4) W, (i /a“)



@W%maﬂ Curves 12,« ‘the Hine op%‘w)%mhm\ )afolalams Ww,, W, D, exxst and an
3.1/(,»'\ ex?hu“uﬁ.

Theorem 5’ (oph‘md Cuves)

s The op%‘md Cuvvc/ut for W,

var

/44‘ = (O;X*me)#/é , where

exists and is oblained log
/ae= oPJ-emaJ curve fov W.,,q

(m, %)= optiral curve for Dig,

o The opl}mr& crve /}‘; j:m Ww s ﬁq‘vcn h [Gu&n ,Gmybo 2003] (su Qema/r)( q}oove)
 The "P%maﬁ:"/ condittons \'fo’ Dvaf are ?’V&« Lg _"L( m >=0 } _é_:' i @_)1 _ (-r;.q_)-z
a'“‘d 5;' n:=/m4_mol) it > o _0_"2 o®

2 { z A “.} S
nProgror - (e o v 0,0)* - ool Bxplict eprssions
Jog 4

&w @ﬂb'&e) Can be

Dray o) = 3
/&/ﬁ ) - ComPu‘*ﬂo“

20,0,

Exme 8eoolesms is o much horder Foo\o)em ?ov (ovariance - modulated] OT
Tor inshance , qeodesics for W,z cannol™ be. oblained from normalizing auel

— MscaLVLj W, aeoers:cs beerew/u ay\o?/u,l.



