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1. Imf&rac%‘ng Bhide Metwds 'n D>ata Scence

Hawy doka. sdence tasks can be &rmuﬁaﬂ-w/( as oPHuM}a/Hom V?mlol(/,m&
or stUw? problems
We will alse consicles %L#@ng Pwlal@m&
Aldorr%ms aim do find qppmximak soluhions | avmsioleriw;l Haa(z«o]”(s betuaon
accuracy aud meuM#omQ Cost \sFeed.
Offen, we may waut o cowbine modele with dota, but our medels may not
;{,«Hy nepresecnt Hae mad world, aud ow data may be sparse amd /or noigy

O?Hmir}wh‘on Consio(w an objeckive Qc(mch‘on J'— Pd% .

GorL: Find x* such that I(x*) =min, J0x)
x¢ e

CHALLENGES - J moy be
° nov-lonvex 4 Suoh problows are pervasive tu
° omlj 8iver\ ac black-box oracle many Lields , such as wachine @@rm\rg,
* ot obff eren Holle 51‘ﬁnuf / unage 'F{‘OOE’&S)\M-? , orona/ toukol
° §u\pd‘eo+ Jo Ganskoaints weather ,fo:\l.cad , climaik amalysis,
° [/uy%‘d’jmemfona,@ Co( » i> en%r‘n@erinﬁ d’esicdm, .

IDEA " Use a swarm 8{3 FW\HL&L& (XL Lﬂ}: 6@4 Huat aﬁw)xﬁwk x ¥
Jﬂnam\‘(a“\y s L=T ov t—

Exawsples = < Gradiewk -baseol mothods (S6m, Adaw, RMSTiop - )
° Medaheuristics (oﬁen ?mzﬁeuf— ]Cree,>

® Lok of freedow tn design: Q,)(F&m‘ﬂ‘on vs exploitation,

ose ‘S‘?eaaﬁ steuehunt Ote I ) de&ign OJQPM Yo auaildble Pm(ser%\e& ¢ ;‘nlformm/-i\on
©, Z\)esF‘Hre 8 ni{l.‘ca,u} emParfcaﬁ success , most resulis are e;e\;eﬁmenw n nature

oand Lack Mgorous mathematical J@mdwh‘on.



Samgh‘ng Considor a‘f-arﬂd measure € ?CPG()
GoAL: Create Samples {xﬁl, ~ .

N
— Caw be useol Yo approxiuate quantities of |‘mL6MS71,e-(7Q lﬁ; [Po] ~ Z f(x)

(HALENGE This is a hard probl@m n 86{”)emg !
° H@ OQ Q.arau-, wS, neeoQ a eoJr 0{2 Pawncee-s {?or o 3000( alxrmxima%‘om_:
EWw, (52 SxL ,/4) ~ N [ Fowrnier - Guillin 2015 ]
— o haff e emmor, one needls 2d more &a/MAFlE&
’/{4 is often omL\J known up e nermali zzds on
- o cowpute J/u . one needs Yo approximate +he fnvtea/me
* Rare M%M-Fnobaba&%j Mg\ons qo unseen , e.g £ the dypeal set (where e has
most of its mass) s far away from a narrow )/u‘sh—o(ensi{j modle .
— mamJ aﬂaoriﬂdm\s work well |¥/a:e3 Ga,ussmn, but do :‘>oofl<'1 awcr] g@*ow\
Hot  setd
2 has shructure. ok Muﬂlf@l& lom?% Scales B
° even \e/u \s e, €g. ps X with densflj eI | Hhe potecstial
I may have any of the cha)lenges Listed above

IDEA: Use a sworm of parfides {x; G)E: 3@01 whidh x(0) ane easy o obfain
(e.g. SawPleo( {rom a Gcw&s;‘an, or chesen d@szm;‘nichaHJ> and X (+) become
Qﬂﬂox‘(mwre SCMMPIQS b-?/t& as GAT or t—>oo.

Exawk]e ‘ Cézws&ian) SQW‘-F]A‘V‘\? {tom o Gaussion is ea&{}' L
@‘ivay\/u=/\/(m)C))w A sud Hhat AAT=C.
f 2, vNo) for 2R Hen 2= (2., 20) Y N(o,Td) od x=m+ Az ~ A (mC)

o obtain 2, vse inverse CBF Sawple u; ~ Unif (o,1) ) +hen
- (472

2= B (1) ~Non) | where E(2) = [ L, e Pdu Gaussion CDF.
_o '=m

actorizatio

Noﬁtdﬂofce 6{ A \S non—w\,icl,wL Po[bulcw c\noices aré A= «eow&( %Pava,u[a/ Choleslzy )
or A= C.lz <5ymme+r;t S quare root) L



&awe’e ) (Ovmdampw( Laua.wm o(ynami c.s> (onsider = e 4 e?(%d).
Tix (x;(o)gg,fv 0o iid, cwal o(aﬁ)m X. () os selukions +eo
dx @) == VI (x@)db+ L B, ) ()
where B ) s o d-climepsionad Brownionw motion.
Deline the ewpwmﬂ Measune ?N&) =5 % wa.
Note Hot %) are iid ¥ 4120 ac thare s 1o G»u];ln‘vw.g belwen Darkicles.
Let 0, = Law (x,6) Then o, solves the Tolkes—Planck equation
?+P=JJV(QVI+VQ>= &v(gv/&j/-%) (_2)
The unigue 51{0.0%7 d—a}eef (2) s e=p, aumd = u in Wi os £—=o0
if ] hes sullicent Convexity.
Maan- fieldl Liunit - o) = p®) as N>

Mdvotoges: 5&3 Yo im‘:lemeyd:
* Wl -devefypped mathematicol \H/lQOf\L! ok

Draw-backs : ¢ Need V[ evaluokions Ve run parhiclas
 Needl c@vwex‘ni«j o{ _S' :(fof convergence’ DT >0l >0
* Need VT L.‘Fschfh ,for well -posedness of (1)
—_ man\\] alernatives o OVQN(.(UMPQD( Lw/\ﬁ,zvfn exst
—> importaut te understaune Hais Joy Sawpler o OUApaIe wiHy more advanced methods

_)ale—awwj’ (nJremc%‘ng parhice sds‘rems o o Foweiu Yool :FOf desianrwg
oPHm‘a;.lc»J—r‘on aund écuhpb‘mg aﬁaorf‘}%m\s 'o

Hemarks
° Hare, the choice 0{ the clynamics RS ewl-iw% up Yo us.
Vo physical conraints | Of couse , we am Yake insyiration {som
neture Jo odueve cerfain olesinable propesties c?f e c«%oriﬂnm.
. Hlalnlj parallelizable !
* Theoreticad Juaram‘eas can often be olervedd via mean —fieled descriptions.



2. Overview 0:‘2 EFSLS

Li (’N.oywta!\.’) E ?arHclq He\unods gcw Koye&?an ]MVPISQ ?roblems
o |ntroducton Yo anfs?an lnverse. Troblems

* Ensemble Kolman Invewsion

* Ensemble Kalman Sampler

L2 (Twso'a@) . (ovariance - modulakeol o?hmaﬂ :}-FafV'SFOf t
L3 (Wedneolay) ¢ lntroduction and Definrtion
o AKaPUcauHon_‘Le gayesmn Inverse Froblems
¢ Formed W, %m&n‘wﬁ nguo shuoture
‘ 5:‘>UH1»L:] i shape and moments
*  \oriance - modulatedd OT
Exxtence of W qeodesics
* Dudl Formulation of W,

COnveraWQ o Equiman‘um in Wc (a'ﬂldﬁel/\ﬂl ?@DOOS

L4 (Tlnur.sol.wa) . ?‘O?afl"d"\on bag Chaos Larg,n Time Ee/\qavfour$ Acc,wax,»l (F()i T;mej ﬁlgon‘t})mg
L5 G—'rfolay) * The Ensewble Kalman Fler in dthe near Gaussian se'H—Mg_

¢ ‘Fropaacch‘on 0‘9. Chaos for Ttrar\cPor{.' Ensemble Filtess
° Largx—*n‘w_ behaviowr Jcor Hhe Meon-Feld Grsewble Kalman Fibter

Lé Lﬁ‘o\aj) : (pmwsus~ga$&4 OP%‘mi%wl-fon anol Same‘ng
° |nko do Medaheurishic olgorithms audk CBX
° Lalg,q—JcimQ bokaviour
. Un‘n{o'm—u‘n—ﬁmt Pro?agw‘}-t‘en o{i Chacs
‘ \/an‘am‘s and ~Lation te Por%‘d& swarm oPhwfzwl—r‘ow



3. I;.hoe(ud-?on +o Baycsian \nvm ?{o\ole—ms

Consiober Hhe inverse ?ce\olem ° X& @d ?ma,m&’rer

j _ G(x)*-z "y IP: obiervw#ons\meagumnen%
- GR—> P -Sowoavo‘ o?e,mdo(

. 7_ observabhon noise.

Tior in)farmah‘er\ en X : X w/\/(m‘,IZ‘,)
Observation noise - i M(o,T) ,TerRM, T >0 Rep: [Stuart 20107 , [Doshti, Stuert 201%]

= By Baye's Theorem | the pestesor st oudion W(xly) =S T‘vm )otg

— Jtx) 2 2
Tey= Plxly) < €, Tay=Lhy-6ol+ 5 Ix=m, i

- S
,&07 Likelihoo o Prior

When Solva\j go?les?am hvesse problews, one hos wL%PfcaMJ one of teoo %oae,s ’

(Z) lnvesion : find  x* = argenax TG "MAT eshmatoc’ (maﬁw\:zﬂ‘ma_r\\)(xlgj)j
xe R

—> mest ,ijqJLJ ¥ wnder model aud dator
— Lnderstond the. shape of ™(xly)

—> QFmeiW\a{% %uavx*-ﬂ'?e$ o:ﬁ nterest Eﬂ_ [FI

Note Hat (I) i5 an oF}-:‘wzaiv‘orL ?rololem

oand () is af the e <>£ umedcu‘ni# t%wm%{:cwhm (U&B

Exa«mtkﬂ The fmwcuoL map G is Lweor @ G(x) = Hx , He Rka

Then Jo) = 2'_ “7 - Hx ”?r + 12 | x- m, \\22 'S qruaotrahc,

= 77 is Gaussion - /\/(m,C) withh.  m= m°+K(\/—Hm°>

C=(T-xu)Z,
whee K= 2 H' ( HZ, H + T )~I is the Koalman gein
=D Bmyasw‘om \P 'S e)(?@)cﬂ'ev SD\Vab)&_



Mk’ ¢ Gis not &J%’erenﬁable/ or D& is Jeo ws%éy do c>(oJrrLu/L7
we need Jeﬁvuhv&-gu methods Yo solve (1) and CZ)_
= Buemble Kalmen Methods are ?opwla( aﬂaon%ms n Boycs?ar\ Inversion.

We will intoduce fwe iecent methods :
o Ersemble Kalman lnversion (EKI) = Solves (T)
* Ensemble Kalman SamF]P/( LEKS) => Solveg (_]I>

b Eremble Kalman \nversfon

Ensemble Kalvan lnversion (EK)) s a derivative—fre optiuvzation a.Qjoﬂﬂam do \nvert G -

N _ . .
JXL(‘&)'—'—'\%Z—-( G(XK(,"?))‘G p 6()(&(*))-‘7 >T1 xku,)d_t. " CG(X)T '——12_ CLBL(.}) (d_)
) —— e ! /
otrlv& Aﬂdas drive Pcmh‘d.es hoide. 2 [EK

to Consensm do match the date
[ Shlings, Shuarb 2017 ]

N

where. x(H=1 Z x &), GH) =+ ZG(XLG)), 2 € R“K can be drosen —Geaejlax\o(

K=1 N k=1

C (X)- -7(xc+) x&)) (G(x,@) Ge))

Proﬁerl—ies :
« 2=0" o\y\qw%w\-%on G-anﬁﬁuf‘""

« 2=T ad E6)=Hx s Linear Saw\FUVLﬂ &%ori‘“r)m rm??w\%_
X, (0) ~ prioc ke x; (1) ~ posteror [c\nen,ouvu 2012 |
@ reoch postesior samples in fiuwite Hime (ot at £ —>w0 as for andwm)
O need o nitialize. with Samples from the prior
© 2=T'as £t >« solubons Cantsse Yo &iv‘a,& Poiwf éotv?w? Hhe oﬂ. pb (j:)



Linear Case let priec = |V (mo,z,,)/ G(x)=Hx Lnear, 2=T" in EKI.
Then posterior = N (m, Q) with m C asin Example 1 -
imdz mo+K(y—Hm°>, with Kalmean (7a)n K=2. HT( HZ. H + T )~I
= (T-xW)Z,,
o Hes case the mean m(¥) and covariance ([¥) swl-is% eloced eq,umtions
{ m=-C(W T Hm-rc) , r=wT)\
C=—-CWT HC

o Solv)wj for the cvariamce Cl):
The inverse. covariance. sabs{ies o% C=-C¢éc=-HTH
= CW) grows ,@'nea:% mtme
0 CO=2, thae CH=Z + HTHE , owd so (1) is He posterior covoriance
As 4=, Ct)=0 (ie. parkcles w@aps&b nsensus )
: golVl‘Vﬁ for themean mib) -
4 (Cm) = —Cclm v Com HTT Hm - T i ve =r

— _ . - .

lf m(o) = M, , then (,;mJQ: Z'mo +rt = m@)= <§;‘+HTT’Ht> <ZQMO~H"1:>
= m(1)= 2 HTH) (S mer T ) = (30 T He) ! (Zmer Ty )

m, +(Z2 + 47T H) HTT (y - Him,)
= M+ Kly-Hm)  omee (e TR HTT = ZH (HZH +T)"
= tooi m@) = (LT HTH (32w KTy )
f tle\H is ‘nverkilble | then m(t) = (HTT“‘ Hy‘ HTT'N‘% as <0
" ( ,
lwsﬂ?uwes op%nwrer \HLE priof CQASGPFEOXS)

else, l¢ V. =Ker HT K aud demrmpose R =V, @ V.. Then me)=m) m(f))v ,

f‘TrT\ Msore —Penvos e
H T'y =2 W\',;;L Psendonvirse

mH),. = agmin L lixy |- = (T k)

xe V-
m(ﬂlv — MO‘V° +Q’Z;‘P)"P2:'Q (Wf., [\/01-"";) where PX:K)VO , erxlvo-r

- >
—~——

on dircions whert doki providss o Informadion. ( Wy |, =0) | 2" neves gufs dominate)
no maker how Largs & is.
= deubi frable L“Mu-fwfofmed") direcions onverge le Huir MLE velues
unidlebifiuble (Il posesl”) dineckions nhain prver information
Tus s o 3%@%( principle in nveas  problews : for rouk-deficient (j“—i}o.sﬁaj—) |
[orwarol mops, some prior ngulacization is ntained, even n Hha infiuite —doter Limit «




Mean-Field Lt of EX)

Theorem 1’ Assume G(x\‘ Hx+ wix) |, where u: R>E smooth bounaleo|

let /«"(ﬂ Z gxu) %4 *, 04 SOIVM@ (1) with 2 =T and %)~ o,
Then /«"(ﬂ—~ P& Soling ‘H«e_ e

'9{(9 =-d»‘v( 6(3_ Gtx))'—ﬁ‘ Cove’,(J ) + é T [C’Vp,c, T CDVG/P —Dzel
Assume Qbecz amdl ¥ p>0 {(txlf 0(\)00‘) < o0
Then Yevo 4 C, () Independent oﬁ N st.

3TE 0 ey
E[ W, (u,p0)] < (6 { N_z,,, ‘i —
Here
C<>VGP | Guy - E fon)(x- & [x]) o(Pog S @ Troof * Sea | Ding, Li 2024

Cov, 6= [ (-, x1) (600- E[(sao]) dov) eR™

~Vore

@ewa/k s %_0)( N rake %of rm\7 olzi '@w&ol&wf ok @nuergeme,

in duality with Lipschite Lunchons
'/LoUg &61 sb}'w,:] non- Gaussion kol date, os well

Open Troblems
Resuble for more nonlinear G(x)
— meon- {f..e,Qol Liwwt  ((quantitahive rafes, un)gorM'iY\.—-HMQB
> how cfese is Q& X) Yo 7O, o Lim e({,x) Lo x* = argm)n J—cx) §

t >



S. Enseuble Halman Sampler

Encemble Kalman Sw,ﬂu CEKS) is o denvehive '&m .samph‘vﬁ o.%,on%m that aPPmmwwdres
-3

Som ples &lom the Boyesian gosterlor distilbwkon TT(x) = €

ToeA: Start with EK\| and tum it wto a ‘Sa.w?lu {or L—
L\L] adlolivnj noise. le prevent ‘e ?ar%—?ole collopse

N —_ -\
dx )= -5 T<6lx) -6, 6(xw)-y 7 K@t + C¢%) Z (o -m)dt + Y2Cf@) dB,0  (2)

k 1]
ctrlv& r“"dls clrive Pcmh‘des N rizasHon to ?N.vw'} Fovr*lﬂ e
c_ollu?se

to ror\senSu-s do match the doted \
]Cyom ?NO‘/‘

where C(QN ) = j Q- E(,.q D(])TJ(’NC") = El %‘(XK_X ) (xk-i>|_

Hfffe, note is added ) Fammvk) S?cu:e_, vedher “H(am Yhe daode Space— .
Bema{l«"rs D‘(’, Hus hoice. wlhent Mous%wf-eﬂ( in the @M—e&‘loﬁ o‘)hwui 2ation in
| Kowuchki, Stuart 2019 . )

?&W«‘m\ B@ EKS 1o ?mmdn‘%on@& 710-0@«80\} deccent
Assume Tustifieo 0
G(x)-G ~ H(x,-%) ,whee H=D6(%)  Ii- x| small ¥y
¢ {x 3 comwka/hd " "C‘af\OVk
where D6IK) ¥ constont

Sub&h"‘%"ﬁ \\l/\f"(’) &rrsi be,\m n Cz) .



Since \V/ 2l “ X—mg lrzo = Z: (x— m,) , EKS siw\Fli{Zaes {o
) = — C& W) V] (@) dt +y2C(0w) dB,w (2)

where. J:Cx\)f ;lz | Hx—y “; r 3 lx-m, ));.b i a %‘%D‘VZAC qPPfoxiuA_aﬁ%on of_I(ﬁ)
‘meari%:‘wj 3

M" ° lf Gis Dmear, (3) s GZQC!DHJ] EXKS
* If G venbineor, but differeutichle, we can shll eusider
(S) with T nstead ef j: — allternative aﬁﬂorifhm:
AAanwu‘cuﬂ,y Ff&—Cov\dJ\(«‘oneoz Lcu/tgevin McMC VW@‘HAODL
( () aoke as a Swwogfak {or :Dig'cﬂ)q)
* Can consider (2) o way of QPPMM‘M&‘H\A.y V7 with differences
[;nea/r (e lob 60-Hx Then Trix)= N(m,,¢) with (m, C)=(m,C) frow Exauple 1.

P ]

EKS wduces Yo (2) with Jix)=Jix) = ;l“*"”‘-o\\z . Then He mean and. @veriamee <olve
{w'\(t)=—c()k)( Cm-r) with o= Cm,
CW=-2ed W) +2CW me)=m, Chy=3,.

Note that d i = ~C'CC - 2¢,-2C00 = W= (3-C) )™+ C

A

Th% dii“VV'&)—m—e“Z&)= 7“(".'/ a(-m—mao)? LS Py C‘CECVM—MQ)?

n

—24C m-r, (m-mg7 -chm—mm/(,;: (m-m - Z(Vwm,,a(m—m,))
=2 llm®) -w|i ;) = |l ml) - mg t

Nence as >0 W= ma L CO > o exponewially fosk

1

= Imer-mall &

Mean- Field Liwat of EXS
(ocider e SDE

dxtn = - CEw) Vo) db +N2Cw) o, 1) (4)
aund it MWV‘L‘JO‘ OMDLQO?AA

Az = — o) V T () db + 2t} ol B ) (s)
o) = Lawo (%))



The Low Qtﬂ Soes Yo vonlinear Folker - Manck ect,tm#eh

= i p CQOVT + CG)Vp) (6)
_ﬂ]eore]n ZI Assume Ie CZUP‘(/ CMD( Q‘wéome I.ZO
* Je)~ lX\HZ -(3,« bray. enovzfl\ I
SN \VA TSRS M awd c, >0

ce [T 4TI £, T
Assume @Qe?q ") g1 awd Ug,) >o0. Thew Y pro 3 Cvo ot

Y,
P _
E [s‘*f lx;m-i;&)l])] < CN & A/

telom]
[ Voes 202 ’-I*]

?ooH/woue eshwate

Qemwks . A—sst?“‘H‘OV\S Yod in Parhwlw gfﬂ fo = N(m«,,?o).
o Since C(¢") 5 a quadratic quondity in difh awsl diffusion,
ene. Cannot &JMWH.O apply Snilzmann's synchronous COU'PLM'Q awma_ol/\ ?""’%tfsvevw
— R 6(x)=Hx, [Dimj,Li LZOZ))] ewPlaaeo( a novel Loo%s{-mwmﬂ ax&umewt
From [ Chaintron, Diez | aud obtained

7 o

Sup Qﬁ | %00 - x&)l)/z CT

te [° lT]

Ye>o
- [\/aes (2024)] obtwineol the &\mw‘) rate
usiwlj s%o??wj times, wldh oﬁazina»{-ﬁs ' numesical am,%sfs [H’l\&hﬂm, Mao, Stuact (2002)]
noved }()“” qub‘ceuHon n mw—(.;eld Liuwaks
* MHoment OssuwpHons on 0, G be neloxed.
* Woserstein-p ewpinical chass {ollows from the Friangt insguality :
E[Wr((f‘&), e)] ¢ E[ W, (¢'6), ‘”&))] t )E[W (g, )] < ‘j:x
g/_\k‘

\__Y_>
(.oMroHM 5\7 Thm 2 1&" Some & =o(pd, q) € (Dlz]
Where. e“(i) 2 gx 4y P _NC*)‘ )Z gf;u)’ of jlxlg'() Kokx <o | Foumier Guillin (Zols)]

—> O\/@mﬂ rade douMMJ-w( L\y sa,wpl)u:j rake .
o Roth Theorem 1 LF_KI) el Theorem 2 (,EKS) et {Jwik—{—ime resuwlits
C= CT_" @ us | —>e0
Oq)em Qf/MLsHo%~‘ uy\)FOrm-ivt-%me yo?aaaﬂ-t\en 0{ dhaos



