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1
1 Interacting Particle Methods in Data Science

Many data science tasks can be formulated as optimization problems
or sampling problems

We will also consider filtering problems.

Algorithms aim to find approximate solutions , considering trade-offs between

accuracy
and computational cost I speed.

Often , we may want to combine models with data, but our models may not

fully represent the real world, and our data may be sparse and /or noisy .

Optimization Consider an objective function J : IR*- I.
-

GOAL : Find ** such that J(x
* ) =

min JNx

CHALLENGES :J may be

·

non-convex - such problems are pervasive in
· only given as black-box oracle many fields ,

such as machine learning,
· not differentiable signal/image processing , optimal control,
· subject to constraints weather forecast ,

climate analysis ,

· high-dimensional (d) engineering design,..

IDEA :

use a swarm of particles /Xi3E that approximate x
*

dynamically as -T or t->*

Examples
:

s Gradient-based methods (SGD ,
Adam

,
RMSProp ,

... )
· Metaheuristics (often gradient-free)

# Lots of freedom in design : exploration vs exploitation,
use special structure of J , design adapted to available properties & information

⑦ Despite significant empirical success ,
most results are experimental in nature

and lack rigorous mathematical foundation .



Sampling Consider a target measureut PLRY)
GoaL : Create samples [X:M.
-> Law be used to approximate quantities of interest ,

e .g. En/fi] - f(x)

CHALLENGE : This is a hard problem in general !
· Ifa large ,

we need a lot of particles for a good approximation :

N

EWalt Ex ·M) ~ N-
"d

(Fournier-Guillin 2015]
-> to half the error

,
one needs 2 more samples

·

M is often only known up to normalization

-> to compute In ,
one needs to approximate the integral

· Rare high-probability regions go unseen ,
e .g if the typical set (whereI has

most of its mass) is far away from a narrow high-density mode .

->

many algorithms work well ifMr Gaussian,
but do poorly away from

that setting
·

u has structure at multiple length scales
· even ifu is nice

,
e .g.129 with density

Jh)
,
the potential

I may have any of the challenges listed above

IDEA : Use a swarm of particles(X)3 for which x, 10) are easy to obtain

Le .g . sampled from a Gaussian
,

or chosen deterministically) and Xi(t) become

approximate samples ofM as- Tor t+o .

Example) (Gaussian) Sampling from a Gaussian is easy !

Given =NJm ,
C)

,
let A such that AAT = C

.

If zi -N/o , 1) for zifR ,
then z = (z

, .., za) vN(o , Id) and x = m + Az vN(m , C)
To obtain zi use inverse CDF : sample :u Unit 10,1)then canuseadorandom generator

Z

zi := (i) -N(01) , wherez)=_du Gaussian CDF

& many algorithms exist to approximate this efficiently
Note : Choice of A is non-unique. Popular choices are A-lower triangular cholesky( Sfactorization

or A = <"2 (symmetric Square root)



- J(x)
-P(IR)

.Example (Overdamped Langevin dynamics) ConsiderM = e

Fix (Xi(0)3 Poiid ,
and define X

: (t) as solutions to

&xi (t) = - YJ(xi(t))dt + m dBi(t) (1)
where BiC) is a d-dimensional Brownian motion.

N

Define the empirical measure p()= Sxict) ·

Note that xit) are iid +30 as there is no coupling between particles.
Let Pt = Law (xi (t).Then Pt solves the Fokker-Planck equation
G

+ p
= div(pTJ + Yp) = dir(plogy) (2)

The unique steady state of (2) is p
=M ,

and Pe-M in We as -o

if J has sufficient convexity.

Mean-field limit :

p
*

(H) -> p(t) as N-c

Advantages : · Easy to implement
·Well-developped mathematical theory exists

Draw-backs : o Need XJ evaluations to run particles
or J= convex

↓
· Need convexity of J for convergence

: D-J >)Id > O - bounded
A

or dissipativity· Need #J Lipschitz for well-posedness of (1) .

* convex outside a ball )
-> many

alternatives to Overdamped Langevin exist

-> important to understand this toy sampler to compare with more advanced methods

Take-away : Interacting particle systems are a powerful tool for designing
optimization and sampling algorithms => PDE analysis useful

Another example of interacting particle : Generative ModellingRemarks systems for sampling

· Here
,
the choice of the dynamics is entirely up to us.

No physical constraints ! Of course
,

we can take inspiration from
nature to achieve certain desirable properties of the algorithm.

· Highly parallelizable !
· Theoretical guarantees can often be derived via mean-field descriptions .

Add explanation errors :It - 0
,

N- > 0
,
- via triangle ineef.



2. Overview of Topics

↳1 (Monday) : Particle Methods for Bayesian Inverse Problems

· Introduction to Bayesian Inverse Problems
· Ensemble Kalman Inversion

· Ensemble Kalman Sampler

L2 (Tuesday) :
Covariance-modulated optimal transport

13 (Wednesday) · Introduction and Definition
· Applicationto Bayesian Inverse Problems
· Formal W

, gradient flow structure
· Splitting in shape and moments

· Variance - modulated OT

· Existence of W, geodesics
· Dual Formulation of Wa
·

Convergence to Equilibrium in W
, gradient flows

14 (Thursday)
:
Propagation of Chaos , LargeTime Behaviour & Accuracy for Filtering Algorithms

L5Friday) · The Ensemble Kalman Filter in the near Gaussian setting
·

Propagation of Chaos for Transport Ensemble Filters
· Large-time behaviour for the Mean-Field Ensemble Kalman Filter

16 (Friday) : Consensus-Based Optimization and Sampling
· Into to Metaheuristic algorithms and CBX
· Large-time behaviour
· Uniform-in-time Propagation of Chaos
· Variants and relation to particle swarm optimization



3. Introduction to Bayesian InverseProblems

Consider the inverse problem · XR9 parameter Cunknown)
· yeIR" observations /measurements (given)

y
= G(x) +

y
· G : /R-R"forward operator (given)
·

7
observation noise (distribution known)

Prior information on x : x -N(M ..
Zo)

Observation noise : 7 - N(0 , TT) ,
Ne* TDO Ref : (Stuart 2010] ,

(Dashti , Stuart 2017]

=> By Baye's Theorem
,
the posterior distribution #P(X(y) is given by

iT(x) = P(X(y)<e
5

, j() = z/ly - G(x)))+ /X - molz
- -

log likelihood Prior

When solving Bayesian inverse problems, one has typically one of two goals
:

(1) Inversion : find x
*

=

argmaxT(x) "MAP estimator" (maximizing(x(y))
XRa

-> most likely X under model and data

(II) Sampling fromTT > understand the shape of IP(X17)
-> approximate quantities of interest Eff].

Note that (1) is an optimization problem
and(H is at the core of uncertainty quantification (UQ) .

Emple11 The forwardmap G is linear : G(x) = #X
,
HEROXK

Then J(x) = Illy-Hx/ + EllX-moll is quadratic
= It is Gaussian : N(m , C) with m = mo +Kly-Hmo

c = (I - kH)Zo
where K = E

. Hi HZH + ↑)"is the Kalman gain
=> Bayesian IP is explicitly solvable



Remark : If G is not differentiable,
or DG is too costly to obtain

,

we need derivative- free methods to solve (1) and (2).
=> Ensemble Kalman Methods are popular algorithms in Bayesian Inversion.

We will introduce two recent methods :

· Ensemble Kalman Inversion (EK1) => solves (1)
· Ensemble Kalman Sampler (EKS) = solves (1)

4. Ensemble Kalman Inversion

Ensemble Kalman Inversion (EKI) is a derivative-free optimization algorithm to invert G :

& xi(t) =- G(X()) - E
,
G(x,( ))-y) x()dt + (

*

(X)TEdBiC) (1)
- - am

drive particles drive particles choice t
to consensus to match thedata

[Schillings ,
Stuart 2017]

where(= x() ,
E(t)= G(XH) ,

[R
***

can be chosen freely ,
and

(
**

(X)= (x( -*H)(G(X(t)) - C())T -paxk

Properties :

· Z= 0 : optimization algorithm
· Z= T and G(x)= Hx is linear : sampling algorithm mapping

X (0) ~

prior into Xi (t) ~ posterior (Chen ,
Oliver 2012]

⑦ reach posterior samples in finite time (not at- as for Langevin)
⑦ need to initialize with samples from the prior

· I = Y : as +- 0
,
solutions collapse to a single point solving the opt . pb (1)



Linear Case let prior = N(mo , [0) · G(x) = #x linear
,
I=T in EKI .

-

Then posterior = N(m,) with m C as in Example 1 :
1

I
m = mo +Kly- Hmo) , with Kalman gain K = E

.

Hi (HZHi + +)
+

↑

c = (I - kH)Zo ,1

In this case
,
the mean mCH and covariance (It) satisfy closed equations

1

S iCm -r) ,
-Ia 3 m() , CC) any mean-field objects

· Solving for thecovariance (H) :

The inverse covariance satisfies =-= by
=> CH)"grows linearly intime

If C(0) = Zo
,
then [C) = E

:

"

+ HTTHt
,
and so <(1) is the posterior covariance

As -0
, CH)-0 (i . e · particles collapse to consensus)

· Solving for themean m(t) :

& (im) = - [m+ m = HTHm -H Hm +r = r

If m(o) = mo
,
then [m= Zom

.
+ ot => mH) = " + HiTHt)" (Zimo + rt)

=> m (1) = (2" + HitH)" (20 mo +Hiy) - (2" + TTHt)"(Zomo +Hiryt)
=

mo +E. + HTT H)"HTT" Cy-Hmo)
= mo + Kly-Hmo) since +HTH)"HTT" = E

.

Hi (HZHi + N)",
=> teas m(t) = (t5 + HTTH)" (E2: mo + HiTTy)

if HTH is invertible ,
then m(t) - (TTH)"Hitty as-

-

leastsquares optimizer /MLE (prior disappears)
else

, Let Vo = Ker HTTH and decompose IR" = VG V
.

!. Then m(t) = m(t)(v+

+ m(t)/v
m(t)/v+ -> argminx-y=ye

: ma
Moore -Penrose

Pseudoinverse

m()(v
.

-> molv + $20"p)" PZQ(Molv-mt) where Px = X / ,
Qx = x /v

If PEQ = 0 (eg .
Jo=1)-

then on directions where data provides no information (HTFylv.0) ,
E

:
"nevergets dominated,

m(t) /v
.

= molvo no matter how large t is .

prior mean on

=>D identifiable ("data-informed") directions converge to their MLE values

unidentifiable
subspace unidentifiable ("ill-posed") directions retain prior information

This is a general principle in inverse problems : for rank-deficient (ill-posed)
forward maps,

some prior regularization is retained
, even in the infinite-data limit



Mean-Field Limit of EKI

Theorem 1 Assume G(x) = Hx + u(X) ,
where u : IRPsIR" smooth bounded

Let
u

*

(t) = +Z SxiG) for XiH) solving (1) with Z = + and X: (0) -

Po.

ThenCH -

p() solving the PDEI
N

P = - div)p(y-G(x))T+ Covap) + [Tr /Cove + Cov p Drp]
Assume &

-C and p20 , J(x/ * &polx) < *
.

Then Fazo J C
,
(t) independent of N S.

t.

# (W.WC) . p(t))] = C(t) (with if d

Here
,

Coryp = J(G(x) - E(GD)(x - Ep[X])Tdp(x) el
*&

Corp,
a

= ) (x+ Ej(X)) (G( - Ep(G(X))]dp(x) - Rayn
Proof : See (Ding , Li2021]

Barko get N
***

rate for any d, I if we look at weak convergence
in duality with Lipschitz functions

· holds for slightly non-Gaussian initial dataus well

Open Problems :

Results for more nonlinear G(X)

-> mean-field limit (quantitative rates, uniform-in-time)
-> how close is p(t ,X) to(x) ,

and lim p(tx) tox
*

=

argmin J(x 3



5
. Ensemble Kalman Sampler

Ensemble Kalman Sampler (EKS) is a derivative-free sampling algorithm that approximates
samples from the Bayesian posterior distribution [T(x) = eJ(X)

.

IDEA : Start with EKI and turn it into a sampler for t-o

by adding noise to prevent the particle collapse

& xi(t) =- G(X()) - E
,
G(x,( ))-y) Xy()dt + ((p())["(x,()

-Mo)dt +y(t)dB ;() (2)
- -

- -

drive particles drive particles regularization to prevent particle
to consensus to match thedata

from prior collapse

where <(p) = /(x-E(X)/(x- Epw(X])dpx)= *)(-)

Here, noise is added in the parameter space,
rather than the data space .

( Benefits of
this choice where demonstrated in the context of optimization in

([Korachki
,
Stuart 2019].

Relation of EKS to preconditioned gradient descent :

Assume Justified if
G (xi) -E H(Xi -X) ,

where H = DG(X) · IXi-Xj) small Fij
· [xi] concentrated in region

where DG(x) = constant

Substitute into first term in (2) :

-G(x)- ,G(x))- ,G(x)
~-H() , H ()=xy()

=-*) (Hxy) = -CG)x -y



SinceI1lx-moll = E
:
"(x-m

.) ,
EKS simplifies to

dxi(t) = - C(p
+ (t))[/(xi()dt +j(H)dBi() (3)

where J(x) = /Hx-yll + Ex-moll is a quadratic approximation of JCX)
by linearizing I

Remark : · If G is linear
, (3) is exactly EKS

-

· If G is nonlinear
,
but differentiable, we can still consider

N

(3) with J instead of J - alternative algorithms
dynamically pre-conditioned Langevin MCMC method
(((p) acts as a surrogate for DrJ(X)

* )
· Can consider (2) away of approximatingJ with differences

Linear Case Let G(x) = Hx
.

Then NT(x) = N(mo ,C) with (mo . C) = (m . C) from Example 1
.

EKS reduces to (3) with JM) = J(x) = [11x-moll ·
Then the mean and covariance solve

- 1

S m(t)
= - C(t)) C'm - r) with r = Cm mean-field objects

D D

((t) = - 2((t)(g"((t) + 2 (() m(0) = Mo
,

((0) = Z
o .

Note that C=-2 =(c)

Then /mc-moll = 2 < m, (m-mo) - < m - mo ,
[2 (m-mo) <

- - 21 Cm - r
,

(m - mo + 2 cm-Moo
, C(m-mos)-2 <-Mo

,
[ (m-m

.
)>

== 21mcH)-mollet = 11mC)-moll
(t)

= 11m(0)-malz
,

It

Hence as- : memo ,
CH) -C exponentially fast

Mean-Field Limit of EKS C is a quadratic quantitycannotdirectly apa
Consider the SDE ↓ ↓ syn

-

dxi() =
- C(p(t))[/J(xi (t))dt + v ((t)) dBi(t) (4)

and its mean-field analogue

&
dx() = - C(p()) [J(x(t)) dt+Cp(+)dB() (5)

p(t) = Law(x(t)



The law p(t) solves the nonlinear Fokker-Planck equation

Ep = dir(pC(p)[j + C(p)(p) (6)

Theorem 2 Assume Je[(RY) and for some 1, 0

· J(x) - (x12+2

for large enough I

· 1xJ(x)) - (x12+ and CI 20I · ?Ix Id D2J(x) < CIx)"Id &

[Vaes 2024]

Assume PoEPq(Yfq31 and (Jpo) 20 . Then Epso F (10 st.

pathwise estimate

E sup (xi() -Fi(t))P"P-CN- * 6 for Wp(t+ (0 ,+) 7

Remarks· Assumptions hold in particular for Po
= N(mo ,Es) ·

· Since C(PV) is a quadratic quantity in drift and diffusion,
pointwise estimate

one cannot directly apply Snitzmann's synchronous coupling approach for N2

-> For G(x) = Hx
, (Ding ,

Li (2021)] employed a novel bootstrapping argument
from [Chaintron ,

Diez] and obtained
Y
I

Sup((x()-F fa > 0

-> (Vaes (2024)] obtained the sharp rate

using stopping times ,
which originates in numerical analysis (Higham,

Mao
,
Stuart (2002)

novel for application in mean-field limits
· Moment assumptions on ps can be relaxed.

· Wasserstein-p empirical chaos follows from the triangl inequality :

E(Wp(pY(H , p(+))] = E(mp(p),] +EW(q
N
C , p(H)] -T
-

N
controlled by Thm 2

-J for Some < = <(p ,
d

, q) e (0 ,]
N

where (H)= Sxic()= b) if ((x19Pt(dx = o (Fournier
,
Guillin (2015)]

-> Overall rate dominated by sampling rate ,

· Both Theorem 1 (EK1) and Theorem 2 (EKS) are finite - time results :

C = G -
0 as T-0

Open question : Uniform-in-time propagation of choos


