
Lecture # 4

Lemmata .

Let et Le and write 101<=1 .

Then

Htsingfk, , EGD)±~=Fp .

Proof .

le Le ⇒ (dE÷YQ) ~ q a l is inert ink

Complex Lohj .

⇒ n z
>

= id

⇒ t splits completely in KIEIPYK
,

so Elp] C Elk> ) & Gk
>
A Ecp]

trivially
By inflation- restriction

Htingfkx, Elp) = H.TT#Eqp)GHIx
]

I
> CGK, inertia

⇐ Horn (Ix , Elp)

E Hom ( yup , Elp])



⇒ Hiding fk,, Elp])± E Hom ( yup , Elp)±
I Elp]I

⇐ Fp .

-

Now we're ready to prove :

theorem A
'

(Kolyvagin) .

Suppose yk ¢ Elk)tors , and let p be a prime

St
.

(a) p>2

(b) Gal (QIEGP)/) I Glzlltp)

(c) 9k¢ pElk) .

Then

Selp (Elk) = Fp Styx),
where

8 : E%Eµ,↳ Sdp (Elk) Kummer map .



Prof . Suppose we can find n=li - It c-WE
s.TT

(A) Hfs (K , Elp]) = 103 ,
where 5=24 , . . . , -1+3

Click = -1;)

(B) 9k¢ pElKx;) It i=1, .
. .,t .

(c) (as) ,, -1-0
C- Htlkxi

,EEP)
a

kolyvagin's
I = 2
, . . . ,t .

derived class

Then

(A) ⇒ # SelpElk)
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t

#Coker (Hfs (K,E[pD☒¥ Hsingfkxi.EC#.9Qi



so taking e-eigenspaces :

# Selp(Elk)±= # Coker (05-1) . ⑧

• L-EJ-eigens-paeile-t-ls.t.VE/s)---ELlE,2-s) )

(B) ⇒ dike;) ÷ fij c- HL-ngfkxi.EG.DE
T

Prop .5 TY 112
in Lecture 3

(cej) Fp .

⇒ dimng.im/Os4zt
⇒ 05

'
is surjective,

so Selp(Elk)
- •

= {o }
.



•

E-eigens-pae.CC) ⇒ dxifce ,ej) ÷ dij C- HL-yfkxi.EEpÑ
11 112

2×9 Ice, lj ) Fp
Y 2€ i. jet

⇒

dimng.im/Os5zt-18odimi+-pSelplE/k)Ef1 by ⑧

But y ,< 4- pElk) ⇒ Styx) -1-0 C- Seep KY
,

v0 SelfElk) = Fp 813k) .

i. To conclude
,
it remains to find meWE

for which (A) , (B) & (c) hold .



Lemm_a2 .

Let L :=K(Elp)

/ G := Gall4k) I Glzllfp) .

K

and C C HYK,Elp) a finite e-stable subgroup .

Then I LCIL finite Galois extension rut .

C ~→Homg(Galt%) , Elp])

as GallKla) -modules .

Proof .

The restriction map

Res
,
: HYK

,
Elp) → HYL, EADS

"

Honig (Gall%), EEP)
is an isomorphism ,



since Iker /Res , ) = 1-149 , Elp])

I HYGLZIIFP) , IFPZ ) = { 0}
¥2

& Coker(Rez) c 1-149 ,E[p) t

I 1-1961211157,155 ) = to }

The result follows
.

☒
.

Now we take C = Selpltlk) :

I
M :=L ,

L(1pYk)
/

( / H :=Gal(Mk)e-☒
[ = HELP)

*



By Lemma 2,

Sdp (Elk) A- Homgf H ,Elp)

as GallKla) -modules .

⇒ have a non- degerate pairing

[
,
] : SdpElk) ✗ H→ Elp]

(s , g) ↳ Res
,
(s) (g)

and for any se Selp (Elk )
& it Np prime of K

that splits completely in L

we have

s
,
= 0 5--7 Is , 1M¥) ] = 0

A

HUG
, EEP) for some feqviv . , any)

I' Ii in M
.



Lemmata . Let se Selpftlk)¥
and suppose [s, h]

= 0 the HIT It

(E) Is,h]=o the Ht )
t
since It-1-1-1+4 Reszfs) irgp .

horn
.

Then 5=0
.

Prof . Enough to show 511-11=0 .

Since Reside Homgftt, E[pD}
it maps

H+ → Elp]±

H
-

→ Egg ,=
8-equivariantly .

Thus
SCH-11=0 ⇒ SCH ) cE[p5+

proper G- inv . subspace
I Elp] .

⇒ 511-11=0 ☒ .



Proof of (A) - In =L
,
- -

- It c- WE

s.t.tl#k,EIp)-- {03 .

Let HhI+={ rn . -it } .

write Vi = teh;} with hi c- H (we p>2)

& pick lit ND -

p sit .

possible
/

(M¥h ) ~ zhi Li -_ 1, -→t) .by ciebotarevr
Densitythem

.

Then

ftp.g/~fM1og-)1iuehik--z

⇒ lie LE -

seen in

Lecture 3 .



Write lick= di and put f- { is , . . , it } .

Let se Hfs (K, Elp) .
yimage

in Hfgfk,ECpD±
WTS 5=0 .

By Lemma 3
, enough [s±,h]=O the TMI?
to show

⇒ [5-1,4]=0 this, . .,t

⇒ [5-1,41%1]=0 Hi ,
use
I

choicedei where 1%1 hi in M .

⇒ (5-1)×5-0 Yi
t

✓
,
since seHfElp) .

÷ (A) holds
.



Proof of (B) . yk¢pE(Kx;) V-i-b.it .

For any i , if titi in L :

4"÷H"¥hu
:*

✗ i
5T¥) / Lapa)

splits completely
in
""

y÷] / Lepak)
ei

inert in 140h

% @hi} / Lttprsk )

= Vilify,) =/ id,
since Ji ¢ I



⇒ Ii doesn't split completely in 41M¥

⇒ Ii doesn't split completely in 489%

⇒ ryk ¢ pElK× ;) Hi =L, . . . ,t .

Proof of (c) . (G)µ -1-0
C- HYkxi , Elp)

f- i =3 . . .,t .

Let LYL = smallest Galois extension sit .

Res
,
ke
,
) : Gal (QTL )→ Elp]

↳
Geek's5-

→



Lemmond . GallLYL ) e- Elp ] and Gal(4)±ElFp
.

PIM . Regfce,) : Gal(4)→ Elp]

is -1-0 and G- equivariant ,

hence surjective .
fine 90Elp transitively )

The second claim follows from

g. = e-eigenvector. ☒ .

Finally ,
9k¢ ptlkx ,) ⇒ a,( ce, ) -1-0

(blD)

⇒ ce , ¢ SeepElk)

⇒ In A =L .



÷ WLOG , may assume the above 42 , . . -, -1£ are

s.t.CM/-.9)~ehic-GallM/a)

with Ichi)% HIT It
as before

Id 1¥;) ~ chic Gael "Q)
with this c- GIRL)+

You ( 1- Fp )

⇒ ti doesn't split completely in LYK
Hi=3 . . .,t

( indeed, µ÷)v¥?)%khiKtid .)

⇒ Ee
,)× ; -1-0 V-i=2, . .

- it .

i. Kolyvagin 's -1hm .

A-
•

☒ .


