
Lecture #3

• Kolyvagin 's
" derived

"
classes on C- HYK

, Elp )

Yet Ela be an elliptic curve of conductor N

K = ②(E) imag . quads . field of discriminant D -1--3,-4

satisfying the Heegna hypothesis .

p > 2 prime it. Gal (QlE[%h ) a- Glzllfp ) .

Definition .

A prime et N -D -

p is called a kolyvaginp-in.ee
if it ratifies :

Ii ) l is inert in K
.

Iii) ae= 1+1=-0 (mod p ) ,

where ae = l-11 - #Elite) .



Note . Let z be complex conjugation , and consider the set

Le :={ et N.D.pl n z }
in GaelklEG% )

Then :

•#LE =o by Éebotarevir Density -1hm .

• Every LELE is a Kolyvagin prime :

h) ~÷%h) /
k

n e
,
order 2

⇒ l inert ink ,

and by the Eichler- Shimura congruence relation

charpoll MEGD) = F- ae ✗ + l
A

Fp [×]

while charpdfc A Ecp]) = ✗
¥

,

⇒ ae = 0 = l-11 (mod p ) .



Definition .

Let le LE ,
so we have ( since l inert in K)

Ge := Gal /Helth ) I %+D2

Writing Ge = sore>,

thekolyvaginderivative-opeatoris.tk
group ring element

De := £ ioei c- I [Ge] A ElHe)
i. = 1

Propositions .

Let le LE and yet F- (He)

the Heegner point of conductor l .

Then

De ye mod pElHe) c- 4=11-1%1+1,,)
"

TF
[bye]



Prof . One immediately checks

ke- 1) De = l-11 - Norm µ
,,µ,

c- I [Ge]
,

e-11

= E r = E. rei .

where Norm
Helm
, re Ge i= I

⇒ Re- 1) Dense = (1+1) Ye - NormHey,
,

e)

= (1-11) Ye - Ae - Yrs
I

norm relations

c- PEIHe)
.

☒
.



Definition .

Let

WE :={ ☐ -free products of primes l c- LE }

(with 1 c-WE by convention)
.

and for every meWE set

Gn := Gal(1-1%+1)=-17 Ge
ein

Dn := IT Det I [Gn] Kolyraginir
em derivative operator .

(with G := I & ☐ = 1 by Convention )
.

The same proof as Proposition 3 shows that

[Dnyn ] c- HYPE ,µn ,)↳,

where yn c- EIHD is the Heegner point
of conductor n .



⇒ if 6 = system of representatives
for 9m/Gn ,

G. = Gal /Hnlk )

then

Pn := E s Dn yn C- Eltln)
SEG

satisfies [Pie
"%E1HnÑ"

Picture : Hn

I } Gn

th } Sn

K



Thus we have

E(H%E(µn,↳ HYHn
, Elp)

V1 Ul
Sn

(ElHnYpEµn)) % H' G-In
,
Elp)

Sn

v Rest I
[Pm]

HYK ,E[p
follows from the factthat

ElHn)[pT={o}

Petion . ( kolyvagin 's derivative classes) by our hyp . on p .

For every n c-WE define

on C- HYK
, Elp])

to be the unique class sit .

Res
µn
( Cn ) = 8 ([ Pm]) .



Note .

For n=1
,

P
,
= [ Sy, = I oy ,
SEG

• c-Gaelttllk )

= Norm
µ,#
(Ys) = : YK

T

as in theorem of Th . A!

So

9k¢ pElk) ⇒ as -1-0 .

• Properties of the system { on }nerve .

Since p> 2 , the action of z c- Gal /Hoh) decomposes

HYK
, EEP) = HYK ,EEP)+ HYK

, EGM)
-

into ± - eigenspaces .



Proposition .

Let meWE and e c- {-1-1}

s.t.VE , s) = - { LIE , 2- s) .

Then
on c- HYK, EEP)En ,

where en = g. f- 1)
*{elm}

-

(Thus if Inez , . . . c- LE are different Kolyvagin
primes ,

we have as EHYK,EIpÑ , ce
,
c- HYK, EEP)

- E

Gere> C- HYKEIPD?

Proof . A direct computation using that

Zryn = E. oyn + torsion for some
•c- Gn .

and the relation

zo = 0-12 Fire Gn . ☒
.



Propositions . Let ÑÉEWE .

Then
one Hfs (K,EIpD ,

where S={vln} .

Moreover
, writing n=lim with LELE ,

lsoetm ) 101<=1
we have

9,1cm ) -1-0<=7 km ) , -1-0 .

in a

HIingfkx.EE) im 8>

Proof . That long c- im of ties

follows easily from the definitions ,

so we just prove the second claim .



By the explicit description ofthekvmmamapox ,

Q.com#ot-foi-FfPn-J-+oeHYlGn,,ElHn.n)IpT
.

Recall the picture

- -
-
- In - - - . Hn

totally / / / / /ramified

-

- km - -
- - Hm } Snolsn)×=Gae(Hnltm )totally / \ // Isplit ~=Gal(H% )

d k
= Geinei{ le la -1%7

-3



÷ Bron) -1-0 1=7 Qn :=l!-p#n
¢ kerfredxj.EIHnh.nl

t

Elite- ) ) .

Now we compute :

Pn = E s Dn yn
Sed &

De - Dm

⇒ Qn = E som ¥9m - ¥9m )
/ SEG

4- 1)Dietl- Norm by Norm relations

=xtD("pm¥ Esomym ( mod -1m)

SEF
Pm

by the congruence relation .



= red
>n(Qn) = red>my""("1p¥ pm )

=X+DEpm .
red
>mfpm )

(+11¥ )=z
✓

Effed 'm
+ Prop .4 .

⇒ red
>n(Qn) -1-0

¢+175m- ae
annihilates

Elites
'm red

>m(Pm ) ¢pÉ(Fez)

11
pm -¢pEKHm)×m )

I
4m) , -1-0 .

☒ .



Remains . (1) Proposition 5 shows that

Go :={ one HYKEIPD }
nerve

forms a
"

modp
"

Kolyvagin system for To E.

(2) In particular, taking m=1 in Prop .5

we get :

For any le LE , writing 101<=1 we have

ate) -1-0 ←→ (G)✗ 1=0

⇒ Ps ¢ p Elkx) .

"

YK



including classes mod pN, N> I

(3) [Aside] . (an entanglement of )

Kolyvagin f1991) conjectured that%•
is atwap ⇒ { o} .

This was proved by W . Zhang 12014) et al .

under mild hypotheses on Elp]

lap > 5 good ordinary) .


