
Lecture # 2

• Fro ( quick review )

4K Galois extension of number fields

pc Ok prime ideal with residue field Kp = 0k1gr

Bc 0L prime above p , residue field Kp = 04ps
Suppose punrami-f.cl in L .

Then the natural map

Gall4K ) > Galltplkss )→ Gall"%p)
"

{Frobq : ✗ ↳ a 9->

g- = #Kp .

is an isomorphism .

Definition .
The frobeniuse-ementf.pl#)eGall4k)
is the unique element in GI(↳tg )
reducing to Frobq :



Note
.

•

p determines a Frobeniwconjuga_ylass

4¥ ) :={ ) : Pio } a Gael4kt .
• p splits completely in Liff (¥ ) = id .

-

Back to Heegner points :

Given an elliptic curve Ela of conductor N

and an imaginary quads . field K =Qtr )

satisfying the Heegner hypothesis
(0--1+-4) '

we have Heegner points

yn e El Hn)
" I ttn)

for every n>1 prime to N .



Last time :

Propositioned (Norm Relations)

Suppose n=l.m ,
with ltm inert in K .

Then
Norm ( yn ) =ae-ym.HN/Hm

Now we prove :

Propositions ( Congruence Relation )

Suppose n =L - m
,
with ltm inert in K

,

and write 101<=1 .

Then :

4) X splits completely in Hm .

Iii) Every prime 1m It in Hm

it totally ramified in Hn .



Ciii )
yn =/H?f ym (mod in)

where in is the unique prime of Hn above him
.

Equivalently ,

red
>Ign) = Frobe red+mfym ) c- ETFez)

where

redji.ECHn)→ É than)
"

red
>m

: E /Hm)→ Élotlmfm)
"

E- LIFE)

are the reduction maps .



Estee :

totally {
- -

-
- in -

- '
' Hn OHn.hn

ramified / / / / 11
-
- .

.
. . . -1m - - -

- Hm Hmlxm
splits { \ //completely / / /

k k 014,1=152
inert { l l
l 0h 2%7<=115

Proof .

Ii ) & lit) follows from Class Field Theory .

For liii)
,
we'll compute ae - red

>mfym )

in two different ways :

⑦ From Proposition 1 ,

aiym = [ ryn
E-Gallttnltm)



⇒ aired,mfym)=[ red
>nfoyn )

a-Gallttnlttm)#
or red

>nfyn )
11

red
>nlryn)

= ¢+1) red>ntyn) .

② Since ltN
, by the Eichler- Shimura

congruence relation

Te = Frobetfrober as correspondences
on Xo%Fe

where FrobÉ : y to [ × .

✗ c-Frobjlty)



⇒ Te - Zm = Frobezm + Frobjrzm
as divisors on XOIN)(Fez)

⇒ ae.tedymfyml-frobeted.im (Ym )

applyI tfroberredimtym )
(1-11) redman ) as divisors on Élltei)

b.①

⇒ red
>nfyn ) = Froberedxmlym) ☒

.

✗l=a"eV- ✗ c-Fee



Note . Propositions 1 & 2 show that for any prime p ,

the Kummer images

{ortyn) c- HYHn.IE)}
(MN) = 1
g

☐-free product
of primes inert ink

from an ( anti- cyclotonmic) Euler system
for TPE .



• Kolyvagin 's theorem
" mod p

"

Recall : yk := Norm
µ,,,< fry , ) c-

Elk )
.

Definition .

We say that a prime p is
"

good
"

if

(a) p > 2

(b) Gal (04--9%0)=-6121Fp) .
(c) YK ¢ p Elk) .

theorem fkolyvagin )

Suppose 9k¢ Elk)tors ,
and let p be a good prime .

Then
(1) ranka Elk ) = 1 .

(2) (Elk) Epo] = { 03 .



Rem-ark.BY Serre's open image theorem ,

if E doesn't have CM

then Gal(QlE[P% ) ± Gls (Fp )
for all but finitely

many p .

• : Theorem A + variant "mod ph
"

for the
" bad

"

p

⇒ Kolyvagin's thm . from Lecture 1 for
non -CM EIQ

.

( For E with CM
,
need to work

over EndlE)☒Ip rather than Ip )
Goal of next lectures : Proof of Theorem A.

Consider the p- descent exact sequence

0 →
E "¥1k, -9 selpElk ) → Elk)[p]→ o

.



In fact , we'll prove :

theorem ! fkolyvagin ) .

Suppose yk ¢ Elk )tors,
and let p be a good prime .
Then

selpft.TK/--1Tpotyp .

Exercise .

- Them
.
A F) Them .

A
'

( Use Elk)[pT={ o} .)

Note .

Since yk ¢ pElk ) ⇒ dimppselp.IE/k)Z1
(if p is good)

to prove Theorem A
'

we need to b÷thiÉEK)
from above !



• Bounding Selmer groups
We start more generally :

K = number field

p = prime

M = finite dim" Fp -vector space
with continuous linear GK - action

on ramified outside finite set E- {v1 pas} .

Definition . A selmerstru-ture.it on M

is a collection of subspaces

5- = {F~CHYkv.nl}
v prime of K

s.t.fr = Ken /HYKV , M) → HYIV,M) )
I for all but

Unramified finitely many v.
or
"finite"

subspace .



The associated

selmergroup-istlf.lk
,
M) : = Ken /HYKM )→ 9- H"fM)) .

Definition .

Let F be a Selmer structure on M
,

and 5 = finite set of primes of K

with Sn 2=01 .

•
The Inlaid Selmer group

1-¥0115M) : = Ker (HYK ,M) → ⑤ H^M)
v45 Fr )

• The S-rested Selmer group

Hf⑤(KM) := { cc-Hf.lk, M )
s.t.eu = 0 Yves }
+

image of c in HYKV,M) .



Thus we have tautological exact sequences

0s
0 → HICK.M) → HE④KM) →¥H"¥⑤Ov

v c- S

H
.

H 'sing(Kv,M )

o→ Hf⑤(K,M) → HICK,M ) →¥0s Fv .

Apply to our case of interest :

Elon elliptic curve of conductor N .

⇒ Selp (Elk) = HICK,Elp])

where 5- = { imSir
of : E lkvypz-p.iq , ↳ Ht (Kv ,Elp])

local Kummer map .



(and can take E = { v1 poor } )
.

Moreover
,
im of is maximal isotropic

under local Tate duality

4
,} : HYKR,Elp) ✗ HYKV ,Elp)→ HYkv , pop)~=Fp .

and for any S with 5ns =D have the

exact sequence lb global )
duality

0 → Seep K) → Hfs (K, EIPT) as
↳ Htingfkv , EEP)

112

im E)
V

O ←HICK,E[pÑ←Selp(EkI←



Upshot . Suppose we can find S
S.t. Hfgfk , EEP) = {03 .

Then

# SelpfElk )
"

# Coker (Os : Hfs (KEEP)→¥H!i,(KEEP))
☒

"

or
" R

"
residue

"

map


