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• Plan
Lectured
-
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- The new perspective ,
connection to spanning

trees
.

- overview of the results
.

and future works
.
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-
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the

main
theorem

.



• A dinner model is

a model of

uniform perfect matching

Bipartite
graph-y• ✓

•

•

•q / H
- BB

• Every while
• vertex is matched

with exactly one
black vertex



Footed
G : A bipartite graph .

m : A perfect matching .

M : set of a! perfect
matchings .

µ : Prob . measure

Pgh: non
. inmate:b?

K-mart : one can
also add weights to edges

.

I
we will be mostly

concerned with planar

bipartite graphs



• Some special cases (with visual aspects)

dinners on square lattice
= Domino tilings .



• Some special cases (with visual aspects)
# IF

Lozenges { ④

Dinners on hexagonal lattice ⇐ Lozenge tilings



Some background
-

.

• This is a classical model in statistical

mechanics
,

studied by

- Kenyon , Propp , Lieb,
Oko un Kor, Sheffield ,

Dube
' dat , De -Ti lie're .

.
.
.

and many more .

• Usual approach .

• Study Kasleleyn
matrix

.

# (similar to
the adjacency
matrix)

.



• Z = det (K)

(partition
K

kasleleyn
function) matrix

.

• ( Exact solubility) .

-2mm = II Hmos (tied tzicosthi.tl/*
I

# dinners on

Zmxzln Cmxn
torus

, square lattice) .



• Dinners on planar bipartite graphs can also

be encoded by height functions ( introduced

by Bill
Thurston)

.

55
height function

4
= height

Z 2 z
Of
cubes .

This coding is particularly visual for Lozenge
tilings , I stack of cubes



• A general way to define height function of
dinners

.

(For general bipartite planar graphs!
• It is a function h :

Faces (G) ti IR

• It is defined through its (discrete)

gradient , ( hla) - ha) for _.l1-
(so defined upto global additive constant

unless some value is fixed) .



E : oriented edges . -5.0
et et

•

Define w (E) = 1 if e-= •
,

et -- O

(flow from(www.afekto) .

.no#-
dinner present

-

dimer flow
= 0 if dinner absent

-

=.

W(E) = - Wl-E) ( antisymmetric)

• Notice E wie) = 1 if u
-

-
•

e-=u = - I if U -- O



• Let Wo : EHR . be any function }
reference
flow

with Wo (E) = 1 if a- •
=

= -1 if u
-
-
o

Wold) = - wot-E) .

Then f- Iw_w is a gradientfow ,

ie.EE?ul7(eT-- O for any a-

Define height function

E'



• what happens on multiply connected

domains ? ( finite handles & holes)
.

D= Ff t f
- F-harmonic t

-form .

anf honest function
on faces .

CRA version of hodge
decomposition)&

Eg : on
todies :

I = Casts



God. To understand
.

large scale behaviour

of f¥ETh)f E : Expectation
I mean .

-

fluctuation

• Note tr does
NOT depend on

the choice of reference flow .

• Fixing the boundary
height can havea

drastic effect ( everything
could be frozen)

.



Frozen
→

←
Liquid

aid:L
.

DinnersI amoeba
'

Ann . Math ' 06

(Arctic circle phenomenon).



Conjecture : In the liquid region,
the

-

height function
converges

to the

Gaussian free field
in the scaling limit

.

(Dirichlet zero boundary) .

.G (in
DC G).

Gaussian process (hx)×eD
• Conformally invariant

.
Random distribution

not a
(htt -NHf¥¥'t"fYyY¥

,

random function ! GD = - fi, E
'
: Green's function
inD

.



GFF with boundary condition

(Ux)xe2D :
OD

Zero boundary GFF ①
+ harmonic extension

of µDxeaD
.



Problem : Finding asymptotic of kasleleyn
-

matrix is hard for graphs
with microscopic irregularities .

leg: • A GFE scaling limit was shown by

Kenyon in Z?

•
"
Isoradial

'

graphs :
"

Detiliere

• Some related works by Bufetor , Gorin,Petrov

for Lozenge tilings .



10M€
• Extend the convergence

result to

graphs satisfying
.

• Invariance principle:
seeing

Random walk→
Brownian motion .

limit
• Equivalently , discrete harmonic

→ cont . harmonic .

"derivative of discrete harmonic4.ca#di-jo.envalireotcnontrmoniJseegnaP.a



• unfortunately invariance is not enough as

principle

ht - Ehs s Gff without any

scaling
fit -ex

- Elxrnttn)

§M
so we

need to essentially control the

microscopic
scales as well .

• gn the simply connected case ,

we will even get some information
on

Ehs
.



Russo-seymour-we.IS#assumption.Cforcnahigroscopic)
-

• Key idea in
2d - Statistical physics models .

3%0
.

FC
,
So 70 #

#

•

p (%! ) > c

{
Random walk crosses

the rectangle without exiting
.



tseyidea: Use a well known correspondence

between dinners and uniform spanning
- trees

• Combine this with → . Scaling limit
result of

UST (branches areSLED .

• Imaginary geometry

(coupling between

GFF and SLE via
"

winding
")



Uniform spanning
free :

uniformly picked .

-

spanning:#song
spanning free

¥¥.



• Dimers and spanning
trees can

be related in various ways .

• Temperley -Fisher correspondence

• T- graphs (
'

Sheffield-
'

Kenyon : Diamersgtielisng)



Temperley Fisher bijection

¥: :::::÷

T
wired .



Temperley Fisher bijection

#•q j? black graph .

'

••o-•T••→

g. Xo Rtt : Dual graph .*¥.

• I • G : Tutu while
O O vertices

.÷
-

q:S:B
on boundary

.



Temperley Fisher bijection

f
i' ④q¥- MF: black graph .

Kor #←•K
.

,
Rtt : Dual graph .Foon \i.¥¥o•#¥• G : Tutu while¥t÷÷ a.i.aii.ie::÷

.

Oh boundary

BLACK
- : dinneron G .

VERTEX .



Temperley Fisher bijection

¥÷¥¥¥¥f⇒¥¥¥: ::c:S:::i• G : Tutu while
•
-

vertices
.

(bipartite)

¥4? : •#-).
•-07.

spanning treeof Pt spanning
treeof Tt



Why a tree ?
-

#Vt # f-1g = # b .

q

Euler : # V - # Et
# F = 2 external

# b -11 - # W = 2 .

face .

But we need f#b='WIH⇒%es .



• This is why we need to remove a

black vertex from
the boundary .

Extension to Multiply connected
domains

.

#Vt # f = # b .

HE = # W -

Euler : #V - #Et #F=
2-2g - b

-2.

# b - # w
= 2 -2g - b

#b = #w iff 2g
-16=2

⇒ 8=1 , b--O



OR b- 2,5=0 . (torus famulus)
.

• 9h other cases , we
need to remove . 2Gtb-2

edges ( ie while vertices)
to make it dimerable

(we call them puncture) .

• on torus , Temperley an bijection

gives cyddspanni#ts
.

Pii P Eet
Hoh

contractible
.





• Sn general , dinners
are not in bijection

with cycle
rooted spanning forests

but a special subclass :

cyles from punctures
must divide

the

r. .....

manifold into annuli
.

/
-

puncture PairofPan
=



(Remarkable) Observation by Benjamin
i

.

#•¥•¥, hx - hi,

•¥•¥ =

"

winding
"

of¥q;÷÷i¥. the green¥§o. \ path .
o•/

for a well chosen

reference flow .



• Winding (for smooth curves) is the
"amount a Carre

has turned
"

t winding (g
Ho)

*

= 3T -E
= 51T

V T.pro) I
'

Htt . act,eioctt→{
= ! fetch
= Sjarglriltildt.



ourversionofthisreferenceflowoi.i.tnwe:*
-

• winding of
a

"

s

. -ha
EEE - t

.



Winding = height function .

Whiteand black alternately

add IIT .



Ooveralli
Dinners spanning tree +

dual spanning
tree pair .

⇐ Uniform dinner ⇒ uniform
measure spanning
preserving tree .

bijection .

BOTH height of!gyaof ←swindigof②- →



• Connection between UST ( Random

walk .
.

Wilson's algorithm .

I

• Loop erased random walk
.

r

¥Y¥#* uepw- Suez
.



Radial SLEEK
-

f
in D is described

b

•
At family of continuous curves XD .↳o

a unique
family of

•

conformal maps
such that

⑦¥,¥µGt : D -Vt vs
D

conf .

9+101=0

GIG) 70 .

• gt
satisfies the

Loewner equation

2ft=g+c⇒ei÷¥t£ein Bt - off
-

tf ZE D- 81Gt]
.



• them (Lawler
-Schramm - Werner / Yadin-

Yehudayoff)
.

Loop erased
random walk

→ SLE2
.

•

wilsonbalgorithmincontinuum.ir



thmfyadin-YehudayofH.geRandom walk→ Brownian motion

then branches of UST -7 SLEZ carves

t
fractal curves,schraqynon-wt.IM

"

aausdoetdiq.es?Yam.D
height function Unit . Spanning tree

"
2

1

,

. fscaling lim .

He

Cuffe s -
E
-
- cont

. Spanning tree



Problem : Each branch winds a -

-

often in both positive
and negative direction

f as it should since
it should NOT

bea random function) .



• Program
-

Slept:
Show that winding of Ost

→ Conf . invariant
"continuum

winding
field

.

"

SKI : Identify the limit using

Imaginary geometry

( Miller-Sheffield)
.



Thegn : CBerestycki, tastier , R'
" 207

imprest version) •
Gs : Sequence of graphs

with

mesh size 8
.
Then

.

(wired) .

# Winding ofNUST (Dimer heightfunction).

→ GFF with winding

boundary condition .

• Temperleyan graphs
.

• Lozenge tiling
with slope .

t .

⑥ Kenyon .
• Diners in random

environment .



Thegn : CBerestycki , tastier , R'
" 207

GS : sequence of
Temperleyan graphs

on a Riemann

surface with finitely many
handles

and holes
.
Satisfying •

invariance principle
• Rsw crossing property .

• height one form has a scaling limit

which is
.

conformally
invariant and

universal .

÷÷÷÷÷÷:÷÷:D



Imaginaryg.me#

Itdea: (eich a vector field .

→ flow
lines I SLEE

.

SLEZ : UST
branches .



Imaginary Geom coupling
'

(Dube'dat, Miller

CK-2)
.

- F coupling
between

ID

UST and GFF on

tf sina.in?.nat :
"

W
W A : collection of UST

f- branches .

Given A
,

law of GFF
.

9A :D- A
# '

D

'

GFFOCD-A) + targ (ga't
. ) )

FL



I

• arg (ga
'

GHI)
D

gargle 'CtD ¥
-
a

• Doesnot make §-
direct sense

as

curves are rough .



USTIGFF imaginary geometry

coupling
-

Remaster

-

UST is a

functionof
GFF In this

coupling .



Tissue , Imaginary geometry does not

calculate winding
" hands on

"

.

• we do this directly to connect with

the height functions .

✓ Key (but elementary)
idea

"Calculate winding
seen from

T an external
•
R

b point
"
- Y .

O

••
I

y

Observation This
makes the winding

"continuous
"

as long as k¥9
.



Lemma
-

woo
wcr.se) + WHY)# WH)

f f funding
winding seen winding
from se seen from y .

appHm :

cutoff the
branch

.

g. e.
t

•

Regularization of winding
field

.

fhsczjfczldz-ff.tk#EzDtEfttCZDfCzIdz



ht G) a continuous part
.

Etta a microscopic part
-

• Continuous argument + Imaginary geometry
-

him dim htt = GFF

too
8-20

(Multiscale
• Discrete argument " ( coupling)
- .

Et :

" Independent for

different z



• For Riemann surfaces :

Lift to the universal cover

and use similar ideas
.

•No imaginary geometry !

(No identification yet) .



Future
-

:

4) Extend Imaginary geom .

to

other geometries .

② Interacting dinners (? )
other

SLE curves . ?

I

• Smallergoats
- Say something more

about

the height function
in

a pair of pants
.

• D.inner in non-elliptic random environment
(percolation / Voronoi tiling etc) .




