
Lecture # 1

• General intro /motivation

Let E : y
'

= ✗3+A×tB
,
A.BEI

,
411-3+278=10

an elliptic curve over 0h
.

The L- function of E :

LIE
,
s ) = 1T¢- app-stpt-27-1×174 - app-7-1

pto PIO

convergent for

where ( Refs) > 3-2
ap = ptl - #Ellfp ) by Hassel bound)

Xp C- { 0,1 , -1} .

By modularity (Wiles etal . ) 1- fees, (N))
T
cord E

S.t. LIE , s ) =LHE , s) .



In particular , LIE , s ) has an analytic continuation

to all see with a function equation

LIE , s) = - e LIE ,
2-s) for some E c- {-1-1}

By Nordell -Weil theorem ,
ECQ ) I 2¥ ⑤ ECQ) tors

for some 7=70 .

" rankzElQ)

Conjecture (Bso)

(1) re = Orde , LIE , s) .

( BSO conjecture)

(2) [EYE , 1)
- =

#WE/ IT Cp .

¥ ! RE - RE (#ElQ)torÑ Plo

( BSO formula )



A major result towards BSD from the 1980s :

theorem ( Gross-Zager , Kolyvagin ) .

Suppose ord
⇐ ,
LIE

,
s ) = r

,
with re {0,1} .

Then

(1) rank
><
EIQ) = r

,
so BSD holds

.

(2) # (Eton) < oo

with an upperb-ound.cn its size
consistent with the BSD formula

.

Remarks (a) For CM elliptic waves and r=0

earlier major by Coates -Wiles & Rubin
.



(b) More recently 12010s
, pioneered by Skinner

&

iv. 2-hang )

suppose corankzpselpo (Eton) = r ,
with re {0,1} .

Then (under some assumptions on p)

(1)
'

ords⇒ LIE , 5) = r, so BSD holds
.

( p - converse)

as oral 1--0%1"¥¥¥¥→. - I;)
so the

"

p- part
"

of BSD formula holds .



• Overview of the theorem of Gross-Zager & Kolyvagin

Let 1<=018)
,
0 c- 2<0 squarefree

Write E : ye = RtAxtb .

and consider

Ek : ☐y2= x3tAxtB .

LIEIK
,
s ) = LIE, s) LIE? s) .

sftep1_ .
Gross- Easier formula .

Suppose cords= , LIE , s ) = : re 1
.

Then can choose K so that :

• Orde , LIEIK , s) = 1 .

• L' (Elk
,
1) = CLIFF?) ✗ <YKIYK>nt

where YKE Elk ) is a Heegneipint.



Since Tyr ,9k¥ -1-0 F) 9k¢ Elk)tors

get
Orde

,
LIE

,
s ) £1 ⇒ 9k¢ Elkhorn

• Steps . kolyvagin 's theorem .

Suppose 9k¢ Elkltors .

Then :

(1) rankz Elk) = 1 .

(2) # (Elt ) < as

with # (Elk) / [Elk) :Xyid? ten

for certain tease I > I

divisible only by primes
in an

"

explicit
" finite set ¥ .



i. # UIIEIQ) < as

& (since HEY = EYK + tors) rank><ElQ)=r.
complex
conjugation

Thismini-cou : A proof of kolyvagin 's theorem .



Picture to he explained

L-functions Gross-taster
>
Heegner points

BE YKEEIK)

^ f
1<0154"

"

compatible system
"

050
of Heegner points

YLEEK)

. www.y,
v

✓ Kolyvasin
arithmetic derivatives

of E

" rigid system
"-ré

(if system is nonzero) of cohomology classes
/ oneHYK , Ep)

ensured

by yk¢pElK) for ☐-free n>1)
El Ep]



This picture generalizes as follows :

V = finite dim't Ohp- vector space
w/ continuous linear Goi action

explicit reciprocity law distinguishedL-functions >
algebraic /moticelts .

^

s
Bloch-Kato conj . Euler system
Iwasawa's main conj . for V

etc .

Kolyvajn derivatives

V Kolyvagin system
arithmetic for V
of V & "control

"

( if the system is non-trivial)
(Selmer groups)



• Heegnapoints

Recall
.

from the theory of CM .

K = imaginary quadratic field .

On = I +not order of K of conductor n> 1 .

A = 14A elliptic curve with CM by On :

End (A) = { a c- Cl / ah c A }
e- On .

Then j (A) c-0T
in

and Klj (A)) = Hm ,
the ring class field
of K of conductor n .



f
Picard group of On

GallHulk ) I Ulan)

g. =/"¥ ) ⇐ [so]
A
proper On- ideal

f
Frobenius ett .

Moreover
, j (A)

%
= j (A) .

Now let Ela be an elliptic curve of conductor N

By Wiles et . al . , F modular parametrization

§ : Xo(N )→ E over Q

with Xoln) is the modular curve satisfying



✗ofNlt)\ { cusps} = poem)\H
F n

Yom (E) / 1 : 1

oh -4%' }{÷?⇒%a
E-

(-1-010,0183) for simplicity)
Let K =Qtr ) imaginary quadratic field

satisfying

every prime e IN splits in K
"

Heegner
hypothesis

"

⇒ 3- We 0k →t.tk/W~--74n2
.



Definition .

Let m>1 coprime to N .

The HeiEEEn is

yn = OI /Zn) E E /Hn) .

where

2-n = [Hon→ Humans ']
A

Xorn) (Hn)

Note
.

The Hagner point yk c-Elk )

in the statement of GZ-akolyvag.int thorn .

is

ryk : = Norm
µ
,,k
(Hs)

where

Norman,k
: ElHr) → Elk )

x I→ E. ox
.

a-Gal /HNK)



Proposition ( Norm relations) .
Suppose n =L - m with ltm inert in K .

Then

Norm
+in ,µm(Yn ) = ai Ym

where ae = ett - #Elite) .

Prof . Just the case m=1 for simplicity .

We have Te - FE = aé FE

⇒ Elle)+ÉE(¥)= ae - OIK)
1<=0

He c-H .



Writing 01<=20-+2
WE
[8,1]

the lattices [lo , 1] , [0 -1k , e]
in

(of Ksl- 1)

①
e

define 1+1 different classes

in Ken /Aloe) → Alok) )

1/1 a ↳ ao.

GallHell-1,)
^
cyclic of order 1+1 .

and Goethe/th) acts simply transitively
on them

( by Cm theory)



⇒ aey, = ae 01-10 )

= ☒ leo)+É☒l¥)
YY k=o

ye

= [ oye
• c-GallHetty)

= Norm
He,µ
,

(Ye) .
☒ .


