
Lecture# 1

§ 0 .
Introduction

EIQ elliptic curve , and = N

p 1- 2N good ordinary prime

0 → ECO) 0kg → Selpo (Ela ) → (Ela ) [pay → 0

Consider the following (1) - (3) :

(1) p- part of BSD formula in rk 0

LIE , 1) to ⇒ ◦rdp("É)=◦rdp(#¥¥¥e¥eE
(2) p - converse to Gross-Zagier & Kdyvagin

Cork
g. Selpao (Elo) = 1 =) ord

⇐ ,
LIE
,s) = 1

.

(3) p -part of BSD formula in rk 1

ord
⇐ ,
LIES)=1 ⇒ ordp (¥¥, )

"

ordp ( #WlE# . tee Ela) ) ,

I#ECQ)tors )2 e. IN



Goal of this mini- course :

Explain the proof of (1) - b) for Eisenstein primes p

i.e. 7 rational
p - isogeny

E → E
'

%
Elp] is reducible as

Ga-module

Today : Explain how , for any ordinary prime p
( Eisenstein or not) ,

(1) - 13) follow from certain "main conjectures
"

in Iwasawa theory .



§ 1
.

Mazur 's Main Conjecture

UQN = ②• C Q(µp• )
n≥ 0

1 ≈ Ip oyclotomic Xp-ext 'n

Q

Mazur's Control Theorem : The restriction maps

Selpao /Elan ) → Seep• (Exo)
Gal Horn )

Pontryagin dual

have finite Ker & Coker
, of order bounded as n→• .

⇒ # SeepEla ) < • then ✗ Floro) := SelpoaÑ

is a f. g. torsion A- module .

11 y 1-1T

IpEPI ≈ EPEITD

Mazur- Swinnerton-Dyer : I Cp(EIQ) c- A Ohp

s.t.tl ✗ :P→ pupo :



4- f)? if ✗= #

Lp#10h) A) =/ gnqj.VE#.TIifcondlX)%
✗G) - I pin > 1

where ✗ = unit root of ✗
2-
ap(E) ✗ + p

ME = f WE
2-basis

of H , (Eli),2)
+

Mazur 's Main Conjecture : ✗ (Edo ) is A-torsion ,
with

Chara ✗(Elcho ) = (Lp /EIQ)) .



Proposition 1 Mazur MC ⇒ p-part of BSD formula
in rk 0 .

Proof . Suppose LIE, 1) -1-0, so [ p(EIOL) (o ) -1-0

By Mazur 's MC ,
# ✗ (Eton)

,
< 00

,
so # Selpo (Ela) < 00 .

Let FLEIQ a) c- A- Ip ITD a char . power series

for XIEIQ a)
.

Schneider- Perrin-Riou
Then

2

FE/Qo ) (o) % (1-2) . # Seep (Ela) .MG#ke)llN-z
* EIQ)too)

by Mazur 's µ modEf
MC

[PEIQ) (o) = 4- £)
? %E

i. p -part of BSD formula holds ☒



§ 2 .

Perrin - Riou 's Main Conjecture

140h imaginary quadratic field satisfying
1-Hegner hypothesis :

every prime l IN splits in K .

Kai = Uki
n≥ 0

f-≈ Ep anti -yd . Ep- ext
'
n

k

>

Via ME : XOIN) → E get Heegner
points

✗
n
C- Elkñ)

n≥ 0

Koike 5 (Elka ) := fin-msellkn.IE) .
p- ord



Perrin- Riou 's Main Conjecture
✗(Elko ) := Selpo (Elko )

^

has A- rk 1
,

74%1-31
and

charm ✗Elka) = charm ( É#Kai ) ) .

1-
( Istaf) ME CEZ

'

where Uk = 12#OF

g- = Man in constant
: 1T¥We = ce . 2mi f-A) dZ.

↑

newform
.

Proposition 2 .
Perrin - Riou 's MC ⇒ p- converse to

Gross -Zagier
& Kolyvagin .

Proof. Supp . corkqpselp.IE/Q)-- 1 .

Choose the image . quadratic sit .
• Heegner hyp . holds .
• LIE} 1) 1=0 .



By Kato , corkzpselpa.IE/k)--corkgSelpolEke)-- 1

control them .→ / /
rkg.ME/koo-)p-

⇒ b- 1) 1- charm ( ÉIE/kñ ) ) , get
/ lKÉᵗ ) top . gon .

Perrin-Riou's
MC

⇒ Kkk has non-torsion image to under

§ /Elks ) → 54%-7
,
_

→ SellKip E)
①

Yi:&- "
◦

But Ko = Kummer image of classic Hegner point

⇒ 0rds= , HEH ,5) = 1 .

Gross -Zasier

⇒ 0rds= ,
LIE
,
s) = 1 ☒

LIE! 1)to /



§ 3 .
BDP Main Conjecture

Suppose also that pOk=vi splits in K .

Bertolini -Damon- Prasanna : I [
"

/Elk ) c- Ñ-
"

7pTlFD
s.t.tl ✗ :P

-

→ Cip crystalline at v & T

of wts (n, - m) , n> 0

[9%-71<54/2) = *) Lᵈᵗ(Elk ,X, 1)
↑

explicit, -1-0

Greenberg Selmer group

selfElka ) := Ker /HY Kai ,E[pD)
↓

HTKai,j ,ElpD) ✗ ITH
'

lkaiw , E[p•Wtp



BOP Main Conjecture
✗

✓
(Elko ) := Seh Elka )

"

is A- torsion
,

with

charge XfElka ) = ([9%-71<32) .

Proposition 3 . Supp . p- part of BSD formula
known in rk 0 .

Then
BDP MC ⇒ P -part of BSD formula

in rk 1
.

Proof . Supp .
ord
,= ,
LIE, s) = 1 .

Choose 140h imag . quadratic it .

• Heegner hyp . holds .

• p = Vi splits in K .

- LIE} 1) 1=0 .



By Kdyvagin , E( = 29k & # (Elk ) so .

1- GZ ↑

Heegnerpt .

⇒ #See
,
Elk ) so

,

Let (Elkins ) c- A- ≈_2p6TD char . power series
for Xv Kos ) .

Tether-Skinner-WanThen
↓

Fu (Elka / co) Np (1 -apptp)? 17 qEkeP
LIN

✗ #WIEN) . 109weP
by BDP n☐dTp×)Main conj . [Elk) :2yk]Z

[9%-71<7210 ) =µ¥, . (1-app-p)2
✗ 109weCYKP

BDP formula



But by GZ

p- part of BSO( for ran1%1=1) ⇔ [Elk) :Ky,]
2

ZP

# IEIK ) . IT ceEHP.ua?q-2
e IN

:
. Get p- part of BSD for ranElk ) = 1 ,

so done if p - part of BSD known in rk 0
. ☒


