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Open problem: Existene problem of ompat �nG=H

Conjeture

�

A redutive homogeneous spae G=H admits a oompat

disontinuous group iff G=H admits a ompat standard quotient.

Example An irreduible omplex symmetri spae X

C

admits

a oompat disontinuous group iff X

C

' S

3

C

or S

7

C

.

The general theory for ompat standard quotients (e.g., riterion

and basi properties) may be found in [K- '89℄

��

.

Remark Even if G=H admits oompat disontinuous groups,

there may exist �non-standard ones�, too. Deformation theory

initiated by Goldman et al. will be disussed in Leture 2.

�

T. Kobayashi, Disontinuous groups for non-Riemannian homogeneous spaes, Mathematis Unlimited � 2001 and

Beyond, 723�747. Springer-Verlag, 2001.

��

T. Kobayashi, Proper ation on homogeneous spae of redutive type, Math. Ann., 1989.

https://www.ms.u-tokyo.ac.jp/~toshi/pub/60.html


Some evidene of Conjeture for 1990�2024

We have seen that some reent results support the onjeture:

� Results for tangential spaes G

�

=H

�

(e.g., Theorem F,

TK�Yoshino, 2005).

� S L(n;F)=S L(m;F) (standard embedding) does not admit

ompat quotients. This is proved by TK- '90, TK-'92, Zimmer '94,

Labourie�Mozes�Zimmer '95, Benoist '96, Shalom '00, Morita '07,

and Kassel�Tholozan (in preparation) by various methods.

� S L(n;F)='(S L(m;F)) via irreduible rep '.

Margulis '97, Oh '98, TK- (Theorem D, in preparation).

� Conjeture applied to O(p; q + 1)=O(p; q) implies the onverse of

Theorem A

0

(3) is also true (the spae form onjeture). Reent

progress: q must be a multiple of 2

'(p)

exatly as in Theorem F for

G

�

=H

�

(announed by Kassel, Morita�Tholozan).

� O(p

1

+ p

2

; q

1

+ q

2

)=O(p

1

; q

1

) � O(p

2

; q

2

) with p

1

; p

2

; q

1

; q

2

> 0

(TK, Duke 92)



Expository Papers and Open Problems for Leture 1

Expository papers

� T. Kobayashi,

Disontinuous groups for non-Riemannian homogeneous spaes,

Mathematis Unlimited � 2001 and Beyond, pp. 723�747.

Springer-Verlag, 2001.

� T. Kobayashi.

On disontinuous group ations on non-Riemannian homo spaes,

Sugaku Expositions, 22, pp.1�19, 2009. Amer. Math. So.,

Translation by M. Reid of the original artile (Math. So. Japan).

Open Problems

� T. Kobayashi, Chapter 4 in

Conjetures on Redutive Homogeneous Spaes, Mathematis

Going Forward, Leture Notes in Mathematis 2313, pp. 213�231

(2023), Springer-Nature.

https://www.ms.u-tokyo.ac.jp/~toshi/pub/60.html
https://www.ms.u-tokyo.ac.jp/~toshi/pub/95.html
https://doi.org/10.1007/978-3-031-12244-6_17


Some referenes for Leture 1

For the �rst half of Leture 1,

� T. Kobayashi, Math Ann (1989), Pro. Lake Kawaguhi (1990),

Duke Math (1992), J. Geom Physis (1993), European Shool

Leture 1994 (Aademi Press 1996).

For a measure theoreti approah,

� Margulis, (Bull. Math. Frane, 1997). H. Oh (Duke, 1998),

Y. Benoist�TK (J. Euro Math, 2015).

For ompat quotients of tangential spaes G

�

=H

�

.

� T. Kobayashi, T. Yoshino, Pure and Appl. Math. Quarterly 1,

(2005), 603�684. Speial Issue: In Memory of A. Borel.

For Radon�Hurwitz numbers,

� J. Radon, Abh. math. Sem. Hamburg 1 (1922); A. Hurwitz, Math.

Ann. (1923); J. F. Adams, Ann. Math. (1962).




