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The Landis conjecture on exponential decay

Conjecture (Landis, 1960's)

—Au+ V(x)u=0inRN,

u(x)| < exp(—[x|"*9), e >0,  —UY=0

V € L=(RM), {

Ecin u(x) — pewenne ypaBHenns — Au-+k*u=0, onpenenes-
Hoe B R™ BHe HekoToporo Xommakra K, T0, KaK H3BECTHO, €CJH
4 (x) v6bBaeT mDH |x|-~o00 co cKopoctbio e~k £>0, To u=0.

Kondratev, Landis. Qualitative theory of second order linear partial differential equations, 1988

Example: u(x) = exp(—+/|x|? + 1) satisfies —Au + V(x)u =0 in RV,

Proof in 1D (M. Pierre): —u” + V(x)u =0in R, |u(x)| < exp(—|x|**¢).
By integrating, we easily get |u/(x)| < Cexp(—|x|}*¢).

Duality argument: Let ¢ s.t. —¢” + V¢ = sign(u), ¢(0) = ¢'(0) = 0.
Gronwall's argument: |¢(x)| + |¢'(x)| < Cexp(C|x]).

ffR lul = ffR u-sign(u) = ffR u(—¢" + Vo) = [_¢/U+¢UI]ER < eReR"" 0.
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The Landis conjecture for complex-valued functions

Theorem (Meshkov's counterxample (1991))

- o —Au+ V(x)u=0 in R?,
3V € LR C) and u 20 € C2(R% C), { lu(x)] < e>(<p%—|x|4/3).

Extension to RY for d even: v(xi,x2,x3,x3) = u(x1, x0)u(x3, x3).
Theorem (Meshkov's optimality (1991))

—Au+ V(x)u=0inRN
o) N. )
vermmhe) { o e e, =

Il
=

Theorem (Bourgain, Kenig's quantitative form (2005))
—Au+ Vu=0in RN, with | V|| <1 and ||ul|ec = |u(0)| = 1, then

SUPp(x,1) |U(X)| > exp(—CR*3log(R)) VR > 1, Vxo € RN with |x| = R.

v

= Meshkov's optimality: exp(—R*>%) > supg(,, 1) u(x)| > exp(—R*/*log(R)).
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The Landis conjecture for real-valued functions

Bourgain, Kenig' qualitative Landis conjecture (2005)

—Au+ V(x)u=0in RV,

u(x)] < exp(—|x[1*), e >0, =0

V e [*(RV;R), {

Bourgain, Kenig' quantitative Landis conjecture (2005)

—Au+ Vu=0in RV, with | V|| e@vz) <1 and [Jullsc = |u(0)] =1, then

SUPg(x,,1) [U(x)| > exp(—CR" ™) VR > 1, Vxo € RN with |x| = R.

(QUQC)

v

Quantitative unique continuation results in dimension N = 2

1. Kenig, Silvestre, Wang (2015): (QUC) holds for —Au —V - (Wu) + Vu =0

or —Au+ W -Vu+ Vu=0, with [W|e <1land0<V <1

2. Logunov, Malinnikova, Nadirashvili, Nazarov (2020): (QUC) holds for
—Au+ Vu =0 with |V| <1

See also Kenig, Davey, Wang, Zhu for (QUC) in dimension N = 2.
See also Rossi, Sirakov, Souplet for qualitative results when N > 1.
February 23th 2024
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Second order elliptic equations in the plane
Theorem (Le Balc’h, Souza (2023))
For Wi, Wy € L®(R?;R?), V € L®(R?% R) and u € H} _(R?) s.

—Au—V - (Wiu)+ Wy - Vu+ Vu =0 in R?
|u(x)| < exp(—[x|'"**), 6 > 0.

Ioc

Then u=0.

Theorem (Le Balc’h, Souza (2023))

For ||W1||LOO(R2;R2) <1, ||W2||LOO(R2;R2) <1, ||V||LOO(R2;R) <landueH,

(R?)
st ||ufleo = |u(0)] =1 and

Ioc

—Au—V - (Wiu) + Ws - Vu+ Vu =0 in R?,
then

SUPB(x 1) [U(X)| = exp(—=CR'™?) VR >1, Vx € R? with || = R.  (QUC)

Extension of [LMNN20] that have treated —Au + Vu = 0 in R?.
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Order of vanishing estimate/observability in the plane
Theorem (Le Balc'h, Souza (2023))
For Wy, Wy € L%°(By; R?), V € L®(By;R) and u € H} (B,) s.t
—Au—V - (Wiu) + Ws-Vu+ Vu=0in B;.
Assume that for K > 2,
lull gy < € Mlull o (ay)-
Then, for every 6 > 0, there exists a positive constant C > 1 s.t. Vr € (0,1/2),

146 1+6 1/2+6
ull e g, 2 rCUMAIRTHIVAIEHIVIES)ER ) o (Obs).

Remark 1: Theorem = qualitative and quantitative Landis conjecture by scaling.
Remark 2: For r =1/4, K = 2, (Obs) becomes

1/2+6
ey < 50 (C(IWAIE + WA + V) ) Nl e, -
[l ey < &0 (€ (1WA + [WallZ + [ VIES ) ) llalligy ) (Carleman)

Remark 3: One can improve ||V||éé2+6 ||VH1/2 3/2(||V||oo)



Optimal observability inequality in 2-d

Theorem (Ervedoza, Le Balc'h (2023))

Let Q C R? be a simply connected domain and w C Q. For V € L>=(Q;R) and
u € H?(Q) N H(Q),

lullgqy < € (||—Au + V| 2y + ||u||,_2(w)) , (Observability)

where C > 0 is given by | C = exp (C(Q,w) (1 + | VH}X/)2 log!/? (||V||OC))) .

@ V has to be real-valued (Meshkov's counterexample).
e V € L*>°(Q;R) = one can assume that u is real-valued.

o (Observability) proved by Logunov and al for Q a 2-d manifold without
boundary and —Au+ Vu = 0.
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Applications to control of semi-linear elliptic equations
Take f € C1(R;R) such that f(0) = 0 and consider the elliptic control problem

—Ay+f(y)=F+hl, inQ,
}/ZO on 897

where F € L>(Q).
Goal: Find a pair (y, h) € [H} () N L*°(Q)] x L>=(w) satisfying (LaplaceNL).

Theorem (Ervedoza, Le Balc'h (2023))

(LaplaceNL)

Let Q C R? be a simply connected domain and w C .
o (Positive result) Assume that f(s) = oio0(|s|logP(1 + |s])), p < 2, then

VF € L>(Q), 3y, h) € [H}(Q) N L>®(Q)] x L>=(w) satisfying (LaplaceNL).
o (Negative result) Take f(s) = |s|log”(1 + |s

), p> 2. Then,

JF € L>=(Q), Vh € L*°(w), (LaplaceNL) has no solution y € H3(Q) N L>=(Q).

v

o Negative result is based on the localized eigenfunction method (OK in N-d).
@ Positive result is true in 1-d, with p = 2.
@ Positive result is true in N-d, with p = 3/2.

February 23th 2024 11 /32




Table of Contents

© Sketch of the proof

Kévin Le Balc'h



General scheme of the proof

Hypotheses:
1. For V € L*>°(By;R), —Au+ Vu=0in B;.
2. For K =22, ||ull (g, < e [lull g,y (“boundary condition”).

1/2+46
Goal: [|ull (g, < exp (€ (IIVIX*" + K) [1og(r)]) ull (g, ¥r € (0.1/2).
Remark: For V € L>°(B,; C), a standard Carleman estimate directly gives

ulle gy < exp (€ (IVIE + K) [Hog(n)]) ull (g ¥r € (0,1/2). ©

3 steps in the proof:
1. Construction of a multiplier ¢ > 0 such that —Ayp + Vp = 0.
2. Reduction to —V - (¢?Vv) =0, v = u/¢ then simplification to A¥ = 0.
3. Unique continuation applied to AV = 0.
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Kenig, Silvestre, Wang's proof (2015)

Hypotheses:
1. For V € L*(By;R"), —Au+ Vu=0in B,.
2. For K =2, |ull joo(,) < e [[ull (o< g,y (“boundary condition”).

Goal: [u/] g,y < exp (€ (VI + K) l1og(r)]) Nl (s,). ¥r € (0,1/2)

3 steps in the proof:

1. Construction of a multiplier ¢ > 0 such that —Ap + V¢ =0 in Bs.
This is an easy consequence of the maximum principle because VV > 0.
2. Reduction to —V - (¢?*Vv) =0, v = u/¢ then simplification:
2.1 Poincare lemma: ¢*Vv = rot(¥).
22 v = ¢@?v + i satisfies Doy = a7, [|af|os < [V log(e)lle < [V
2.3 Cauchy transform: 9:8 = «, , ||B|lec < |la|loc < ||V l0g(¢)]loo < HVHéé2
2.4 ¢ = exp(—pB)~ satisfies 9-¢ = 0.
3. Unique continuation applied to 93¢ = 0 by Hadamard three-circle theorem.
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Logunov, Malinnikova, Nadirashvili, Nazarov's proof (2020)
Hypotheses:

1. For V € L*(By;R), —Au+ Vu=0in Bs.

2. For K =2, ||ull (g, < eK lull g,y ("boundary condition”).

1/2+06
Goal: [[uf (s, < exp (€ (VI + K) [1og(N)]) 10l (s ¥r € (0,1/2)

3 steps in the proof:
1. Construction of a multiplier ¢ > 0 such that —Ap + Vi =0in Q..
» Z={x € By ; u(x) =0} the nodal set of u,
» F. a union of disks of size ¢, that are e-separated from each other and from Z,
» Q. = B, \ (ZU F.) has Poincaré constant Cp(Q.)? < Ce? s.t. £%||V||w < c.
2. Reduction to —V - (¢?Vv) = 0in Q., v = u/¢p then simplification:
2.1 (Local) Poincaré’s lemma: ¢°Vv = rot(¥).

PN e . dw __ , Ow . _1— 2 Ux+ily
2.2 w:= U+ iV satisfies 3¢ = 57 with p = —‘&lﬂﬂ =i,

2.3 Estimate on ¢: |u| < ;ﬁf— < C2 |V, -
2.4 Beltrami: 3¢ K-quasiconformal, ¥(0) =0, %—? = u%—f in C.
2.5 Stoilow factorization theorem: IW hol. s.t. w = W o 1.
2.6 ¥ =vo ! satisfies AV = 0 in (QL).
3. Unique continuation applied to A¥ = 0 in ¢(Q2.) by Carleman estimate.
» Harnack’s inequality to absorb the cut-off terms near ¥(F.).
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A brief outline of our proof
Hypotheses:

1. For Wi, Ws € L®(By; R?), V € L>=(By; R),
—Au—V - (Wiu)+ W, -Vu+ Vu=0in B,.
2. For K > 2, ||l ;< (g,) < € ||ull o (s, (“boundary condition”).
Goal:
gy < 0 (C(IWAIE + IWAIE 4 IVIE 4 K) Hog(r)]) ey,
Vr € (0,1/2).

Remark: For Wy, Wy € L>(By; C?), V € L*°(By; C), Carleman gives

2/3
lullioe ) < o (€ (IMAIE + W22 + [ VIE + K) [1og(r)]) lull= g,
Vre(0,1/2). ©

3 steps in the proof:

1. Construction of ¢ > 0 such that —Ap + W, - Vi — V- (Whp) + Vi = 0.

2. Reduction to —V - (¢*(Vv + WV)) = 0, W = W; — W, then simplification
to 0;( = E.

3. Unique continuation applied to 9:( = E.
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Plan of Step 1

@ Choice of e: It is chosen as
e < o4 c||WA|| 2202 + || Whl| 2202 + || V|| 222 (Condition)

@ Property of the nodal set: Z := {x € Q; u(x) = 0} satisfies

Vxo € Z, ¥p e (0,¢), 9B(xo,p) N (ZUDB(0,2) £0,  (P-e)

@ Perforation of the domain: Q. = B, \ (Z U F.) where . = Ujc;B(x;, <) and

Cp(2.) < Ce. (Small-Poincaré)

o Construction of the multiplier: ¢ € H'(£.) satisfies

—Ap—V - (Wap)+ Wy -Ve+ Vep=0in Q. (Solvability)
and @ := ¢ — 1 € H}(.) satisfies

1] < € (/@0 [ Wall o + 22 V]l ) - (Estimate)
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Weak quantitative maximum principles
Lemma (Le Balc’h, Souza (2023))

Let e > 0, Q be a bounded open set contained in R? such that Cp(Q)? < (C')%¢2,
W e L®(Q;R?), f € L=(;R). Assume that c + ¢ ||W/|_ < c. Then,

o € HY(Q), —Ad+ W -V =finQ, (Solvability)

1®]|,e < Ce2|If]l o - (Estimate)

v

Lemma (Le Balc’h, Souza (2023))

Let e > 0, Q be a bounded open set contained in R? such that Cp(Q)? < (C')%e?,
Q] < C', W e L=(Q;R?), g € L>°(;R?), p > 2. Assume that
e+¢e||W| < c. Then,

o € HY(Q), AP+ W - VO =V ginQ, (Solvability)

@]l < Ce¥P gl - (Estimate)

v

Can we extend to p = 27
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Weak quantitative maximum principles and nodal set

Proposition (Le Balc’'h, Souza (2023))

Let e > 0, Q be a bounded open set contained in R? such that Cp(Q)? < (C')?¢?
Q] < C', Wi, Wy € L®(Q;R?), V € L®(Q;R) and p > 2. Assume that

e+ WAl oo () + € IW2]l oo () + 2| V| (oo () < € (Condition 1)
Then there exists a unique p € H*(Q) such that
—Ap—V - -(Wip)+ Wa-Vep+ Ve =0inQ, (Solvability)
and ¢ = p — 1 satisfies

3 € H(Q) and |13]l.. < € (2P [ Wallw(qy + 2 IVl () - (Estimate)

v

Consequence on the nodal set:

Let u be a real-valued solution to —Au—V - (Wiu) + W, - Vu+ Vu =0 in a ball
B(x,¢) with € > 0 satisfying (Condition 1) and u € H*(B(x,¢)) N C°(B(x, ¢)).
Then, if u > 0 on 0B(x,¢) then u > 0 in B(x,e). = (P-¢) holds for Z.
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Weak quantitative maximum principle and multiplier
Proposition (Le Balc'h, Souza (2023))

Let e > 0, Q be a bounded open set contained in R? such that Cp(Q)? < (C')?¢?
Q] < C', Wi, Ws € L®(Q;R?), V € L°(Q;R) and p > 2. Assume that

e+ |[Will (o) + e¥P || Wa| oo () + g2 [Vl ) < € (Condition 2)

Then there exists a unique p € H(Q) such that

—Ap —V - (Wap)+ Wi -Vo+ Ve =0inL, (Solvability)

and § = ¢ — 1 satisfies

@ € Hy(Q) and |||l < C ( 2/p [Wal| (e (q) + €2 HVHLOQ(Q) (Estimate)

Consequence: Construction of the multiplier ¢ in Q. = B, \ (ZU F.).
We take p =2+ § > 2 and ¢ satisfying

e+ e CNNWA oo gy + €T IWa | e ) + € IV ]| oo (s, < € (Condition)

Kévin Le Balc'h February 23th 2024 22 /32
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Summary of Step 1

For W]_7 W, € LOO(BQ;R2), Ve LOO(BQ;R),
—Au—-V - (Wiu)+ W,y -Vu+ Vu=0in B,.

@ Choice of ¢: It is chosen as
e < o4 c||WA|| 2202 + || Whl| 22072 + || V|| 22 (Condition)

e Construction of the multiplier: ¢ € H'(£.) satisfies

Ay V- (Wap) + Wi -Vt Vo =0in Q. = B\ (ZUF.),
(Solvability)
and @ := ¢ — 1 € H}(Q.) satisfies

18] < € (/@0 [ Wall o + €2 VIl ) - (Estimate)
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Plan of Step 2

@ Reduction to a divergence elliptic equation: Setting v = u/p, we have

~V (@ (Vv + W) =0in Q. =B, \ F., W= W; — W,. (Divergence)

e Quasiconformal change of variable: 3L : B, — By s.t. h= v o L™1, satisfies

—Ah—V - (Wh)=0in L(Q),
with W =3,L=1- Wo L2, ||W|. < |[WA| + [Wa|. . (h)

o Quasiconformal estimates: L(Q.) ~ Q., and || W/| . < ||W||~, with

e < c|Wal 2 log (| Wallo) + cl VI log ™2 (|| V] oo)-
(Condition)
Carleman is still not sufficient.

@ Simplification to a reduced Beltrami equation:

0z¢ = F in By, (Beltrami)

by approximate type Poincaré lemma and Cauchy transform.
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Quasiconformal change of variable
Starting point: —V - (p?(Vv+ WV))=0in QL =B\ F., W = W; — Wh.
Lemma (Le Balc’h, Souza (2023))

There exists an homeomorphic mapping L of B(0,2) into itself, L(0) = 0 such that
e L € Hi_(B>) satisfies the following Beltrami equation

= . X ] q
OzL = pd,L in By, = r& . Z i_xy, (Equation L)
x y

e [ is a K-quasiconformal mapping of By into itself, with K satisfying
1<K<1+C (62/@”) | Wall oy + € ||V||LM(BZ)) : (Estimate K)
e h=vol™! e Hi (L(QL)) satisfies in the weak sense
~Ah—V-(Wh)=0in L(Q)~Q., (h)

with W = 8,L7T- Wo L7, ||Wl|oe < WAl + [Wall. -
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Approximate type Poincare lemma in polar coordinates
Starting from —Ah — V- (Wh) =0 in L(Q.) =~ Q., then

—V - (x(Vh+ Wh)) = =Vx - (Vh+ Wh) in R2. (Cut-off equation)
Lemma (Le Balc’h, Souza (2023))
Let us define for (p,0) € (0,2) x (0,27),
h(p,0) = — / " (5.0) [189/7(5,0) _ [WAk(s, 0) sin(0) + [Wahl(s, e)cos(e)] o5
0 s
Then, h € HY(By) and satisfies for (p,0) € (0,2) x (0,2x),
0,0, 0= ~x(0.6) | 900, 6) ~ LA HL(p.0)sin(6) + W) cos(9)
doh(p,0)= px(p,0) [0,h(p,0) + [Wah](p,0) cos(8) + [Wah](p, 0) sin(0)] + En,

En(p, ) = Error term non-local in the radial variable p.

Equivalently, x(Vh + Wh) = curl(h) + E, in Bo.

(Error term)

v
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Simplification to a Beltrami equation
Starting from

xX(Vh+ Wh) = curl(h) + E, in B, (Poincare Lemma)

the simplification is done in three steps:
1. v = xh + ih in B, satisfies

dsy = oy + (8sx)h + Ej in Ba, (Equation )

and
el s,y < ClIWAll + CIIW2| - (Estimate «)

2. There exists 3 € L°°(B,) such that
970 = . (Cauchy transform)
Moreover,

1Bl 18,y < C Wl 18(z21) = B(22)| < C W[l |21 — 2/ 3+
(Estimate 3)
3. ¢ = exp(—p)y in B, satisfies the following Beltrami equation

92¢ = exp(—pB)[(9zx)h + Ep] =: F in Bs. (Beltrami)
February 23th 2024 28 / 32
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Plan of Step 3

We start from: ~
0z¢ = exp(—B)[(9zx)h + Ep] in Bo. (Beltrami)

@ [?-Carleman estimate for 05 applied to y, a cut-off version of ¢ near 0,

‘y|2e—25 Iog(|z|)+2|z|2dz <C |(9;y|2€_2s Iog(|z\)+2|z\2dz. (Carleman)
B, By

Elimination of cut-off terms involving F. by Harnack's inequality,

s> Ce tlog(Ce™). (Choice of s)

Elimination of the boundary cut-off terms by using ||uHLoC(Bz) < ek l[ull o sy)

s> CK. (Choice of s)

Maximal regularity estimates and Sobolev embeddings to get Vr € (0,1/2),

lull e <
&
exp (C (WAL + Wl + VI + K ) Hog(r)) el s
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Results and perspectives
Theorem (Le Balc'h, Souza (2023)):

o For Wi, W, € LOO(BQ;R2)7 V € L*(By;R),
—Au—V - (Wiu)+ W, -Vu+ Vu=0in B,.
o For K >2, |[ull ;e (g, < € [|ull =g,y (“boundary condition”).

Then, [[ul[js(g,) <
5 1/2+46
exp (C(IWAILE + W25 + VIR + K ) [og(n)]) lulle s,
Vre (0,1/2).
= Landis conjecture for —Au — V- (Wyu) + Wa - Vu+ Vu =0 in R?.

Perspectives:
o Optimality of | W4 |52 + || Wa||1% + | V|&£2+°2
@ Source terms: —Au—V - (Wyu) + Ws - Vu+ Vu = f.
o Control of elliptic equations, see Ervedoza, Le Balc'h (2023).
@ Homogeneous Dirichlet boundary conditions.
o Wi, Wr e LP (p>2), L9 (g > 1) potentials?
o Landis conjecture for N > 3 in the real-valued setting?
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