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Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a)
(b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not
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We will study here one implication of this



Outgoing Hawking mode at time t=0.

Infalling particle at time t=0.

Outgoing Hawking mode at time t

Relatively small interaction between 
an infalling particle at time t=0 and the 
outgoing mode at that time. 

However, if we consider the outgoing Hawking
mode at time t, and we trace it back in time, 
then it is very highly boosted relative to the 
infalling particle at time t=0. 

Center of mass energy grows as this factor: 

Large gravitational interactions 
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GNs / GNe⌧
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e⌧ = et = e
2⇡t
� = e2⇡Tt

𝜅 = surface gravity or acceleration



Is this relevant ?

• If we have the usual vacuum, we know that an infalling particle does not feel 
anything special when it crosses the horizon. 

• The later Hawking mode was not ``created’’ yet… 

• Modes have a time delay, but the vacuum is invariant under translations, so one 
mode is replaced by another, and we do not see any local changes. 

• Spherically symmetric waves à time delay is independent of the angular 
directions “y”. No tidal forces. 

• It does not look observable…



Gravitational interactions between highly 
boosted particles in flat space. 

• We can look at the gravitational field of a fast moving particle 

X+X-
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x̃� = x� �GN (�P�)
1

|y|D�4
✓(x+)

"𝑥! is continuous à jump for 𝑥!
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ds2 = �dx+dx̃� + d~y 2 + · · ·

Define: 
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p+ = �i@x+ ,  ⇠ eip+x++p�x�+pix
i

(no metric)

Time delay !
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• The main effect is a time delay. 

• Other effects à small angle deflection. Involves first derivative in the 
y directions.   

• Tidal forces, proportional to the  second derivative in the y directions, 
R+i+j . It can be relevant for strings, or other extended objects. A string can get excited by 
crossing the shock wave. Graviton à massive string state. 

Horowitz -Steif



• There is an interaction between the infalling particles and the 
outgoing particles.

• This interaction is mainly a time delay. 

• It grows at the relative boost increases



We will now stop talking about black holes and 
talk about quantum manybody systems.

In particular, chaos in many body systems. 



Chaos in classical systems

• Similar initial conditions à rather different outcomes

Initially à exponential deviation

At later times à far away in phase space. Two generic points



• If we look at a thermal state, we do not see any of this because a 
uniform density in phase space goes to a uniform density in phase 
space. 
•à not visible in simple expectation values in a thermal state. 



Sensitivity to initial conditions 
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Quantum mechanical system
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h[V (t),W (0)]2i = hV (t)W (0)V (t)W (0)i+ hW (0)V (t)W (0)V (t)i
� hV (t)W (0)W (0)V (t)i � hW (0)V (t)V (t)W (0)i

h[V (t),W (0)]2i ⇠ 1

N
e�t

Out of time order correlator:  OTOC  

time ordered 

V, W  simple operators in the large N system (eg. Single trace operators, or operators acting on only one particle)

Initially, each is of order one and they cancel.  The 1/N correction grows exponentially.  The OTOC decays.

Shenker, Stanford
Kitaev



Out of time order correlator

Does not grow with time

At longer times,  𝑡 > "
#
log𝑁 , the commutator is expected to be of order one.  OTOC decays to zero. 

Shenker, Stanford
Kitaev
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hV (t)W (0)V (t)W (0)i
hV (t)V (t)ihW (0)W (0)i = 1 + o(1/N)� 1

N
e�t

1/N correction that
grows with time. 



Operator growth picture

Imagine a large set of qubits interacting via a k-local Hamiltonian (acts on k qubits at a time).

Large N gauge theories are of this type, where the interaction acts on three or four fields at a time. 
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V (0) ! [iH, V (0)] ! i
2[H, [H,V (0)]]

Number of different operators grows exponentially.

Until the operator V à consists of a sum of terms, each of which contains 
roughly all operators in the system. This happens at the 
“scrambling time”.

Stops growing at the scrambling time, but it continues to get more and more complex
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hV (t)W (0)V (t)W (0)i = h�| i
| i = V (t)W (0)|TFDi
|�i = W (0)V (t)|TFDi

OTOC as the overlap between two states



Out of time order correlators in a black hole 
background
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| i = V (t)W (0)|TFDi
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V(t)
V(t)

W(0)

W(0)



OTOC = Scattering amplitude
<latexit sha1_base64="ICCOQivtwX/ZRm3RzBHZPsCaIGg="></latexit>

hV (t)W (0)V (t)W (0)i = h�| i

For times less than the scrambling time

Exponential growth due to gravitational scattering 
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� =
2⇡

�
= 2⇡T Shenker, Stanford

Kitaev
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• It is possible to argue that for general many body systems, this is the 
maximal possible value. 
• Let’s give only a bulk rationale for this. 

• Causality implies that the scattering S-matrix should be analytic in the 
upper half s-plane due to causality and also 𝑆 ! ≤ 1

s plane

S is real and decaying
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S = 1 + iGNs+ · · ·
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• Causality implies that the scattering S-matrix should be analytic in the 
upper half s-plane due to causality and also 𝑆 ! ≤ 1

s plane

S is real and decaying
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Different exponent
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Black holes are maximally chaotic

𝜆 ≤
2𝜋
𝛽 = 2𝜋 𝑇

à Quantum describing the black hole should be strongly coupled!

Weakly coupled systems have 𝜆 ∼ 𝑔$= coupling strength

These features of chaos also suggest that the dual quantum system has a k-local Hamiltonian. 



Thinking about black holes à inspiration for a 
bound that applies to any many body quantum 
system



What looks like chaos in the quantum description à
looks like classical (tree level) gravitational dynamics in 
the bulk 



Non-maximal chaos and stringy corrections

• Gravity gives rise to maximal chaos. 
• General quantum systems can have non-maximal chaos. 
• What modification of gravity gives non-maximal chaos? 
• Chaos is maximal due to the spin of the graviton à spin =2. 
• String amplitudes can give rise to non-maximal chaos 

Shenker, Stanford
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Chaos in the S-matrix



Chaos in the S-matrix

• Imagine sending particles into a black hole and watching the ones 
coming out. 
• This defines a ``black hole S-matrix’’
• If we send an additional particle at time t=0, then the particles 

coming out at time t suffer a time delay relative to what we would 
have had if we had not sent the additional particle. 

Polchinski



Longer times

• If the time delay is large à the amplitude becomes naively very small. 
• However, the wavefunctions are not very sharply localized, so the 

particle we sent at t=0 has a tail that extends to larger times.

• OTOC at late times approaches zero, with a rate governed by the 
lowest quasinormal mode frequency associated to such fields, 
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A more explicit discussion for JT gravity

• Recall that all gravitational effects in JT gravity are given by the 
motion of the boundary particle. 



Emission of a bulk excitation

The boundary trajectory gets 
a “kick” determined by local 
energy momentum conservation. 

New position of the horizon

Dynamics

Trajectories diverge exponentially à classical 
chaos of motion in AdS space (similar to hyperbolic 
space). 

To detect it we need to compute an OTOC correlator. 



• The various solutions for the boundary particle are specified by 4 
parameters: 
• 1- The energy
• 2- Moving the boundary particle trajectory with the action of the SL(2) 

charges
• 1- Moving the boundary time relative to AdS2 time along the trajectory. 

The exponential growth is purely geometric, resulting from 
properties of the isometries of AdS2



W

OTOC
To detect it we need to compute an OTOC correlator. 

xx We compute  <W(0) V(t) W(0) V(t) > V

W



Two sided correlators

W(0)xx

xx

W(0)

V(t) V(t) V(t) V(t)

x

x

x

x

x xW(0)

x

x

V(t)

V(t)
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Traversable wormholes  



Eddington, Lemaitre, Einstein, 
Rosen, Finkelstein, 
Kruskal

Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a)
(b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not
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TFD = “Wheeler-de-Witt patch” = spacelike separated points. 

The full geometry = decoupled evolution.

Evolving the TFD
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entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the
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Making the wormhole traversable

Simplest modification to the evolution:

Add an operator that couples the two sides
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Makes the wormhole traversable!

x xOL OR

For a suitable choice of the sign of g, this produces 
a  negative energy shock wave. 
This produces a time advance.

Negative energy

Time advance

Gao, Jafferis, Wall



• Given that we have coupled the two sides, it is not surprising that a 
signal goes between the left and the right. 
• What is interesting is how the signal goes. 
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Rosen, Finkelstein, 
Kruskal

Figure 2: Maximally extended Schwarzschild spacetime. There are two asymptotic regions.
The blue spatial slice contains the Einstein-Rosen bridge connecting the two regions.

not in causal contact and information cannot be transmitted across the bridge. This can

easily seen from the Penrose diagram, and is consistent with the fact that entanglement

does not imply non-local signal propagation.

(a)
(b)

Figure 3: (a) Another representation of the blue spatial slice of figure 2. It contains a neck
connecting two asymptotically flat regions. (b) Here we have two distant entangled black
holes in the same space. The horizons are identified as indicated. This is not an exact
solution of the equations but an approximate solution where we can ignore the small force
between the black holes.

All of this is well known, but what may be less familiar is a third interpretation of the

eternal Schwarzschild black hole. Instead of black holes on two disconnected sheets, we

can consider two very distant black holes in the same space. If the black holes were not

entangled we would not connect them by a Einstein-Rosen bridge. But if they are somehow

created at t = 0 in the entangled state (2.1), then the bridge between them represents the

entanglement. See figure 3(b). Of course, in this case, the dynamical decoupling is not
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What one might have naively expected



Quantum teleportation

• Bob and Alice share an entangled pair of qubits. 

• Charlie gives Bob  a qubit and he wants to send it to Alice. 

• Bob mixes Charlies qubit with his share of the entangled pair (unitary operation)

• Bob does a joint measurement of both qubits. 

• Sends the the result to Alice  as classical information 

• Alice  does an operation on his qubit that depends on Bob’s result. 

• Alice  gets the qubit. 

• Resources needed to send a qubit:  One entangled qubit and 2 bits of classical information. 

Bennett, Brassard, Crepeau, Jozsa, Peres, Woetters

Entangled

Classical 
information

Would you like to be teleported ?

Charlie’s
qubit

Bob Alice

--

- -
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Quantum teleportation

Simplest modification to the evolution:

Measure the left operator à classical eigenvalue  o_L

Makes the wormhole traversable!

x xoL OR

For a suitable choice of the sign of g, this produces 
a  negative energy shock wave. 
This produces a time advance.

Negative energy

Time advance

Positive
energy

<latexit sha1_base64="2Qch7YdpBTCYBXvJT46ih4C422w=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRS1GXRjQvBKvYBbQiT6aQdOsmEmUmhhP6JGxeKuPVP3Pk3TtsstPXA5R7OuZe5c4KEM6Ud59taWV1b39gsbBW3d3b39u2Dw6YSqSS0QQQXsh1gRTmLaUMzzWk7kRRHAaetYHgz9VsjKhUT8ZMeJ9SLcD9mISNYG8m3bdRHwr8rO2fo3n80zbdLTsWZAS0TNyclyFH37a9uT5A0orEmHCvVcZ1EexmWmhFOJ8VuqmiCyRD3acfQGEdUedns8gk6NUoPhUKaijWaqb83MhwpNY4CMxlhPVCL3lT8z+ukOrzyMhYnqaYxmT8UphxpgaYxoB6TlGg+NgQTycytiAywxESbsIomBHfxy8ukeV5xLyrVh2qpdp3HUYBjOIEyuHAJNbiFOjSAwAie4RXerMx6sd6tj/noipXvHMEfWJ8/2HSRNw==</latexit>

goL(0)OR(0)

We only need to send classical information from the left to the right side. 



Quantum gravity in the lab

• People are devising simple enough systems that display this type of 
quantum teleportation. 
• You would send just qubits. 
• It is inspired by the connection to gravity. 

Schuster, Kobrin, Gao, Cong, Khabiboulline, Linke, Lukin, Monroe, Yosihda, Yao

Nezami, Lin, Brown, Ghharibyan, Leichenauer, Salton, Susskind, Swingle, Walter



Application to the Hayden Preskill
problem



Figure from the paper of Preskill and Hayden. 

Duplication of information in the geometry.  In the black hole interior. 

Suppose that  Bob has been observing 
the black hole for a long time, 
and has a quantum system
maximally entangled with it. 

Alice drops in a single qubit message. 

Bob waits for a scrambling time, and 
then collects a few qubits of the radiation.

Then Bob can recover the message. 

But then he can jump in and see another
copy of the message. 



Bob’s computer  

Maximally entangled

Old black hole



Bob  à produces a second black hole, 
maximally entangled with the first. 

Maximally entangled

Old black hole

(This is hard to do
Harlow Hayden )



Bob  à produces a second black hole, 
maximally entangled with the first. 

Maximally entangled



Say they are nearly AdS2 black holes…  



Alice’s message

Bob’s black 
Hole, which is
Part of 
Bob’s computer Alice’s black

hole 

Trajectories of the boundaries
Before Bob catches the Hawking mode



Alice’s message

Bob’s black 
Hole, which is
Part of 
Bob’s computer Alice’s black

hole 

Bob gets some radiation and feeds it to his computer. 

Bob getting radiation

Feeding
his computer = 
black hole. Trajectories of the boundaries

before Bob catches the Hawking mode

Trajectories of the boundaries
after Bob catches the Hawking mode



Alice’s message

Bob’s black 
Hole, which is
Part of 
Bob’s computer Alice’s black

hole 

Bob now gets the message at P

Trajectories of the boundaries
Before Bob catches the Hawking mode

P



Alice’s message

Bob’s black 
Hole, which is
Part of 
Bob’s computer Alice’s black

hole 

The message switched sides !

Bob getting radiation

Feeding
his computer = 
black hole. Trajectories of the boundaries

Before Bob catches the Hawking mode

P

Backward 
extrapolation

Of the state 
of Alice’s boundary

after  Bob’s
extraction, using
the unperturbed 
Hamiltonian. 

New horizon



Alice’s message

Bob

Alice’s black
hole 

Before transfer: Alice has the message but Bob does not
After transfer: Bob has it but Alice does not !

Bob getting radiation

P

Backward 
extrapolation

Of the state 
of Alice’s boundary

after  Bob’s
extraction, using
the unperturbed 
Hamiltonian. 

Only one copy of the message throughout!



Alice’s message

Bob

Alice’s black
hole 

More like the HP figure

Bob getting radiation

P

Now Bob cannot get the message !, it is still in Alice’s possesion. 



Alice’s message

Bob
Alice’s black
hole 

Now Alice send is later…

Bob getting radiation

PBob will not get it here.

Bob gets the 
machinery that sent
Alice’s message, but
with no message. 



Alice’s message

Bob
Alice’s black
hole 

Now Alice send is later…

Bob getting radiation

PBob will not get it here.

Bob can extract
that machinery



Alice’s message

Bob
Alice’s black
hole 

Now Alice send is later…

Bob getting radiation

PBob will not get it here.

Bob can extract
that machinery



Alice’s message

Bob
Alice’s black
hole 

Now Alice send is later…

Bob getting radiation

Bob can evolve 
his side backwards in 
time and recover the message
here



• There are never two copies of the message.

• The message is snatched from the interior of the first black hole…

• When we do a complicated quantum computation, we should include 
the spacetime ``generated’’ by such a computation! 



One other variant of the same basic 
traversable wormhole idea



Eternal traversable wormholes

Leave the interaction on. 

It works nicely in Nearly-AdS2

If OO is relevant à flows to a gapped system, whose ground state is close to the TFD of the 
decoupled system

JM & Qi

<latexit sha1_base64="+zMXoLwziMXg7FYyZ4EZZhXRDGs=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoCCWRom6EopsuBGuxD2himEyn7dCZJMxMhBL6C278FTcuFHHrzp1/46TNQlsvzOFwzr3cucePGJXKsr6N3NLyyupafr2wsbm1vWPu7rVkGAtMmjhkoej4SBJGA9JUVDHSiQRB3Gek7Y+uUr/9QISkYXCnxhFxORoEtE8xUlryzBKswQtY867hscaGRofH0JEx9yi8uafaSLEBPbNola1pwUViZ6QIsqp75pfTC3HMSaAwQ1J2bStSboKEopiRScGJJYkQHqEB6WoaIE6km0wvmsAjrfRgPxT6BQpO1d8TCeJSjrmvOzlSQznvpeJ/XjdW/XM3oUEUKxLg2aJ+zKAKYRoP7FFBsGJjTRAWVP8V4iESCCsdYkGHYM+fvEhaJ2X7tFy5rRSrl1kceXAADkEJ2OAMVEEN1EETYPAInsEreDOejBfj3fiYteaMbGYf/Cnj8wdl1Zmq</latexit>

H = HL +HR + µ
X

i

Oi
LO

i
R



AdS2   - Global coordinates

ds2 =
�dT 2 + d�2

(sin�)2

T

�

- SL(2,R) isometries

- Two boundaries 

- Causally connected

- Particle dynamics à oscillatory behavior à
gapped spectrum

- Global coordinates



AdS2 gravity + 

Interaction

AdS2



Consequences of the symmetries

• Spectrum = Part determined by the SL(2) symmetry  + part coming 
from the boundary degree of freedom. 

E = w0

"
m
p
2(1��) +

X

i

(ni +�i)

#
, m, ni = Integers

Not determined by the
symmetries, depends on μ

SL(2) representations. Bulk fields or conformal 
sector of the SYK model. 

Motion of the boundary particles, 
of the Schwarzian action. 



Making the TFD 
• Create two SYK systems. 
• Couple term. 
• Couple them further to a heat sink and let them cool down to 

find its ground state.
• At t=0, turn off the left-right coupling. 

• à Get a state that is close to the TFD.

T=0, we turn off the coupling

µ 6= 0

µ = 0

µ = 0

µ 6= 0

TFD

Ground state of 
coupled system



µ = 0

µ 6= 0

Blackness (horizon) of the black hole depends on the evolution. 
It is not a property of the state, but of how it evolves. 

We could evolve the same state with the coupled 
Hamiltonian and we would not get a horizon. 

The black hole is not a state but a state together with some
particular evolution law. 



Meeting behind the horizon

µ = 0

µ 6= 0

Send signals after we decouple. 

They meet behind the horizon. 

But we do not see any effect of their meeting if we look at only 
one side. 

If we look at both sides? 

We can choose to evolve with the coupled Hamiltonian à we 
would see the effects of their meeting. 



End of lecture 2


