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1. In 1D (“spin chains”), we know well the ground states of models like the Heisenberg chain, 
but basic facts about dynamics were only understood recently.  Experiment on KCuF3.

Why are there new kinds of hydrodynamics in 1D electron and spin systems?

V. Bulchandani, R. Vasseur, C. Karrasch, JEM, PRL 2018

Does this lead to anything really new and observable about actual spin chains?

M. Dupont, JEM PRB RC 2020
A. Scheie, N. Sherman, M. Dupont, S. Nagler, G. Granroth, M. Stone, JEM, A. Tennant, Nat. Phys. 2021
M. Dupont, N. Sherman, JEM arXiv 2021
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Outline, part 2

1. What are new hydrodynamical behaviors at long time and space scales 
enabled by quantum mechanics?  Can evidence for these be seen 
experimentally?

2. How do the non-integrable perturbations present in various experiments 
modify the hydrodynamical limit?

(Bulchandani, Karrasch, JEM PNAS 2020; Cao, Bulchandani, JEM PRL 2018)

The hydrodynamics of quantum integrable systems has been a very active field: 
see recent review by Bulchandani, Gopalakrishnan, Ilievski, arXiv:2103.01976



Motivation

Conventional thermodynamics of large systems rests on the assumption that 
initial states thermalize to a “Gibbs ensemble”, determined by the conserved 
quantities (e.g., energy, particle number, maybe momentum).

Other possibilities include many-body localization = failure to thermalize 
from disorder.

We start with extended quantum interacting systems in d=1.

1. What about “integrable” (Yang-Baxter) systems with infinitely many 
conservation laws?

2. (Real systems are not exactly integrable and there is no “KAM 
theorem”.  Does any of this survive in slightly perturbed d=1 systems?)

3. Does this all have anything to do with experiments on real materials?

(#1 has been a very active field: see recent review by Bulchandani, Gopalakrishnan, Ilievski, arXiv:2103.01976)



How thermalization relates to what we measure in solids:
Linear response theory

Einstein’s theory of motion of Brownian particles:

the diffusion constant D that appears in Fick’s law
(which is the restoration to equilibrium from a density perturbation)

is given by the dynamical correlation function of velocity at equilibrium:

Philosophy: how a system returns to equilibrium is independent of whether it was driven away or 
fluctuated away

Kubo formula for electrical conductivity in metals: dynamical correlation function of electrical current

j = �Drn

D =
1
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Phenomenological description of most 
spin chains at high temperatures
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n(x, t)dx = N ∀t

local density

# of particles 
N conserved

∂t n (x, t) − D∇2 n (x, t) = 0

The diffusion equation

M̂z = ∑n
̂Sz
n ≡ # of particles

Analogy with magnets
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Emergent fluid-like 
spin diffusion?
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Standard hydrodynamics
(0th order)

The “zeroth-order” hydrodynamical equations in three dimensions, which
neglect dissipative behavior such as viscosity, are
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These come from the Boltzmann equation assuming local equilibrium.

Hydrodynamics: how does local equilibrium become global equilibrium?



Models to be studied

Let’s start with two examples of Yang-Baxter “integrable” systems:

the 1D Bose gas with delta-function interaction (Lieb-Liniger model);

the 1D “XXZ” spin chain.

The latter has a more complicated Bethe ansatz formulation, but is easier to 
compare to microscopic DMRG numerics and to experiments.

By adding a random field (last term), we could obtain a localized phase.

The “Heisenberg chain” we discuss in most detail is just Jz = Jxx.
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An important consequence of integrability for dynamics and thermalization is that there exists an 
infinite number of conserved quantities, although these become quite complicated for XXZ.
There the conserved charges and currents are (notation from T. Prosen), after spin and E,

Note that these are local in real space; the momentum-space occupancies only work for the non-
interacting system.



Some history

The ground state of the Heisenberg chain was solved 
by Bethe (1931) and the thermodynamics was 
understood in the 1970s.

However, dynamical questions such as whether there 
is a nonzero “Drude weight” remained perplexing

2011: it turns out that half of the conserved 
quantities had been missed, including those that 
control the spin dynamics.  This yields a nonzero 
Drude weight, matching computations that became 
available at that time.

One can use these conservation laws to get some 
far-from-equilibrium results that pass tests against 
DMRG-type numerical calculations.



Emergent hydrodynamics in Heisenberg 
spin chain at infinite temperature

4

⟨∇h(x, t) ⋅ ∇h(0,0)⟩ ∼ t−2/3 fKPZ(x /t−2/3)Solution:

Where to find it? Profile of a growing interface, disordered 
conductors, traffic flow, spin-1/2 
Heisenberg chain…

∂th(x, t) − D∇2h(x, t) = λ[∇h(x, t)]2 + ση(x, t)What is KPZ?

In the thermodynamic limit L ! ! the second term
vanishes as there are no correlations across infinite dis-
tances, and using the cyclic property of the trace we get

hsz0!0"szr!t"i # lim
!!0

hszr"1!t"i! " hszr!t"i!
2!

: !7"

This is our first main result. It shows that a weak domain
wall initial state can be seen as a trick that allows us to
calculate the infinite-temperature spin-spin correlation. We
next recall [8] why the left-hand side of Eq. (7) is in certain
classical systems described by the KPZ scaling function.
Kardar-Parisi-Zhang equation.—The KPZ stochastic

partial differential equation was initially suggested to
model the growth of surface h!r; t" through random
deposition [2]

!th # 1

2
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where $!r; t" is a space-time uncorrelated noise.

Of particular interest to us will be the correlation function
C!r; t" # h%h!r; t" " h!0; 0" " th!thi&2i—representing the
fluctuations of the height around the expected value—and
its second derivative 1

2 !2
rC!r; t" # h!rh!0; 0"!rh!r; t"i—

describing the slope correlations (here brackets denote noise
averaging). In terms of scaling functions g!%" and f!%"
one has

g!%" # lim
t!!

C(!2"2t2!#"1""1=3%; t)
!12 "t!

2#"2"2=3
;

f!%" # 1

4
g00!%" # !2

rC!r; t": !9"

These can be obtained from the exact solution of the
polynuclear growth model [9] (a model in the KPZ
universality class), and have been tabulated with high
precision in Ref. [26]. Nonlinear fluctuating hydrodynam-
ics predicts that the correlation function of a conserved
quantity, in our case hsz0!0"szr!t"i, should be given by the
so-called KPZ scaling function f!%".

FIG. 2. Scaling functions and numerical data: the left column corresponds to the continuous-time model while the right corresponds to
the discrete-time model. We show data for the spin current density hji! and the discrete spin derivative "z, defined as "z #
"!hszri! " hszr"1i!" in the continuous-time model and "z # " 1

4 !hs
z
r$1i! $ hszri! " hszr"1i! " hszr"2i!" in the discrete-time model. All

numerical data (yellow and red points) are appropriately scaled to the KPZ scaling functions, see Eqs. (10) and (11). The blue curves
represent the KPZ scaling functions while the green ones are the best-fitting Gaussian profiles. We note that relatively long times are
needed in order to observe the KPZ scaling, namely, t!50 for the continuous-time model and t!600 for the discrete-time model.
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M. LJUBOTINA, ET AL. 
PRL 122, 210602 (2019)
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Kardar-Parisi-Zhang 
 “KPZ” hydrodynamics

z = 3/2Dynamical 
exponent:



Emergent hydrodynamics in Heisenberg 
spin chain at infinite temperature
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Old: exact far-from-equilibrium energy expansion in XXZ
(Vasseur, Karrasch, JEM 2015)
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Recent progress

We had some specialized tricks to get exact far-from 
-equilibrium results for a few models.  Can one 
develop a more general approach for hydrodynamics 
in integrable models?

Yes: started from work on (almost certainly) 
asymptotically exact solutions for the two-reservoir 
initial condition in

1. Key steps of approach (in one language)
Physical picture of kinetic theory (Boltzmann equation):
same classical spirit as El and Kamchatnov, PRL 2005

2. Does it pass XXZ numerical comparisons that 
previous similar ansatzes failed?

Castro-Alvaredo/Doyon/Yoshimura, PRX 2016 (Lieb-Liniger)
Bertini/Collura/De Nardis/Fagotti, PRL 2016 (XXZ)



Our starting point: think of particles in an integrable model 
as streaming (with self-consistent velocity) but not colliding

“Bethe-Boltzmann equation”

No collision term since quasiparticles retain their identity;
however, they modify each other’s velocities via phase shifts

This type of equation was written down in various older contexts:
I think the most relevant for the models here is

@t⇢(k, x, t) + @x [v({⇢(k0, x, t)})⇢(k, x, t)] = 0



Why Boltzmann equation gets modified in (classical or 
quantum) integrable systems

Solitons/particles pass through each other even in dense system;
no randomization of momentum and no collision term.

However, there is an interaction:

Classical Quantum

Phase shift from Bethe equations

but semiclassically an energy-dependent phase
shift is also just a time delay (Wigner)

Solitons delay each other

so velocity depends on other
solitons at spacetime point

⌧ = 2~ d�

dE



So we are now in the case N = 3, 0  c  1. We have the condition

A(123)

A(213)
=

k1 � k2 + ic

k1 � k2 � ic
;

A(123)

A(132)
=

k2 � k3 + ic

k2 � k3 + ic
.

We have 6 ratios, one for each pair of permutations related by two-cycles, but

because of normalization we only get 5 constraints. In general, there is no

solution that will even fix these 5 pairs. What’s special about this situation?

This satisfies theYang-Baxter Equation or the Star-Triangle Relation.
Define some notation

Y12 =
A(123)

A(213)
;Y23 =

A(123)

A(132)
, . . . .

So we can go between di↵erent A’s by various equivalent paths, where Y 0
s act

on the right:

A(321) = Y12Y13Y23A(123) = Y23Y13Y12A(123).

In general, scattering depends on what scatters o↵ what first. However, for this

particular problem, everything is independent of the order of scattering. This

always works for � function scattering, but mathematicians also write down

other systems where scattering works like this.

Let’s write this as a picture:



Integrable hydrodynamics
Simplest case is Bose gas with delta-function repulsion.

GGE = Generalized Gibbs Ensemble = includes an infinite number of 
conservation laws:

GGE (conserved quantities) is equivalent to distribution 
function, rather than containing less information.

Somewhat surprising for XXZ, where the charges are quite complicated; 
somehow Takahashi’s old TBA and Bertini et al. backflow leads to Drude 
weight, i.e., it “knows about” the deep quasilocal charges.

⇢(k, x, t)

Z
⇢(k, x, t) dk = n(x, t)

Z
k⇢(k, x, t) = mv(x, t)

Z
k2⇢(k, x, t) = 2m✏(x, t)

...
Z

kn⇢(k, x, t)

Kinetic theory: might as well work
with

instead of its moments.



Summary of when this is useful

Normal fluid:
Initial state → Local equilibrium → Hydrodynamics

Integrable fluid:
Initial state → Local GGE → Boltzmann/hydrodynamics

So, for non-local-GGE initial conditions, still need to solve 
difficult “quench” problem, at least locally.

Two-reservoir problem already solved in 2016 papers: solution is 
function of one variable (x/t).

Let’s look for full (x,t) solutions: are quantum dynamics really 
describable by these classical particle equations?

Mathematical properties of solutions (“semi-Hamiltonian structure”): Bulchandani, 
2017, as for NLS
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These are comparisons for interacting spinless fermions (XXZ) between backwards 
Euler solution of Bethe-Boltzmann and microscopic DMRG simulations.
(figure from “Solvable quantum hydrodynamics”, V. Bulchandani, R. Vasseur, C. Karrasch, and JEM, arXiv April 2017)

Take XXZ in zero magnetic field.  Make a spatial variation of initial temperature.
Watch the energy spread out in time.

Note: nonzero temperature is required for coarse-graining time to be finite, 
according to basic principle that systems can’t relax faster than hbar/kT.
(Hence more physically generic than T=0 or Bethe-Bethe comparisons.)
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What else can happen?

Another reason people care about spin chains and DMRG:

They are an example of a physical system that we can 
understand “beyond the diagonalization limit”, and simulate 

on quantum hardware

The previous examples were for the gapless 
regime, with ultimately ballistic scaling.

The gapped, easy-axis regime is diffusive.

What about the last gapless point, the Heisenberg point?



Ballistic 
dynamics

z = 1

𝔇(T) > 0

Hydrodynamics beyond diffusion
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T ∑i

⟨ ̂JQ̂i⟩2

⟨Q̂2
i ⟩

1
T

lim
t→∞ ⟨ ̂J(t) ̂J(0)⟩kBT Drude weight

= 𝔇(T)Relation to spin 
transport/currents

[ℋ̂, Q̂i] = 0The spin-1/2 Heisenberg 
chain is integrable

Extensive # of 
conserved quantities

𝔇(T) = 0 ⟨ ̂J(t) ̂J(0)⟩ ∼ t−2/3but

Superdiffusion 
Kardar-Parisi-Zhang

z = 3/2

𝔇(T) = 0

Diffusion
z = 2

Example: ℋ̂ = J∑n
̂Sx
n

̂Sx
n+1 + ̂Sy

n
̂Sy
n+1+Δ ̂Sz

n
̂Sz
n+1

Δ = 1 Δ > 1
Δ < 1

Integrable + spin isotropyIntegrable Integrable + easy-
axis anisotropy

Or absence of 
integrability

M. DUPONT AND J.E. MOORE 
PRB 101, 121106(R) (2020) 



Are there experimental consequences of this 
“generalized hydrodynamics” structure?

1. There are Lieb-Liniger atomic experiments (Bouchoule et al.).  
Here: how neutron scattering on a model Heisenberg chain 
compound shows Kardar-Parisi-Zhang superdiffusive 
behavior as a consequence of extra conservation laws. 


2. The generic state of 1D metals is a “Luttinger liquid” but with 
irrelevant, integrability-breaking perturbations.  We can 
realize this by adding integrability-breaking terms that retain 
lattice translation invariance.  Conclusion: there are at least 
two different mechanisms for adjustable power-laws in LL 
transport, and a surprising consequence for experiments.




Experimentally looking for hydrodynamics

6

Superdiffusive Kardar-Parisi-Zhang 
“KPZ” hydrodynamics expected

J = 33.5 meV ≫ J⊥ = − 1.6 meV
Weakly coupled spin-1/2 chains

Cu2+ has a single free electron: S=1/2.

Cu orbital order gives a strong exchange in c 
(vertical) direction, and weak exchange in the 
ab (horizontal) directions.

Result: 1D chains of S=1/2.

The material KCuF3: a 1D Heisenberg antiferromagnet

Hutchings, Phys. Rev. 1969

KCuF3

Well described by the 
1D Heisenberg model ℋ̂ = J∑n

̂Sn ⋅ ̂Sn+1

Corresponds to the neutron 
scattering intensity

⟨ ̂Sz
x(t) ̂Sz

0(0)⟩ S(Q, ω)Fourier transformsA. SCHEIE, ET AL. 
NAT. PHYS. (2021) 



Neutron scattering measurements

7

It emerges in the long time 
and wavelength limits

Where to look for hydrodynamics?

Q → 0, ω → 0
S(Q → 0, ω ≈ 0) ∼ Q−3/2

Dynamical exponent z

Figure 2: Measured neutron spectrum of KCuF3. a Cartoon of the KCuF3 spinon spectrum. The
gray region at the bottom shows the region measured. b Zoom in on the region measured in the
SEQUOIA experiment, also showing three cuts (cut a, cut b, and cut c) used to approximate the
~! ! 0 scattering. c and d show measured spectra at 75 K and 100 K, respectively. Cut a is
indicated by the horizontal red bar. It is not possible to directly measure the magnetic scattering
at ~! ! 0 due to the strong elastic incoherent scattering. Therefore, we take the lowest energy
cuts where magnetic scattering dominates, cut a, as shown in Fig. 3.
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Kardar-Parisi-Zhang universality at high 
temperatures in the Heisenberg spin chain

Diffusion, another classical stochastic description, is thought to 
emerge in purely quantum systems, so why not others?


Experiment: look for KPZ scaling in frequency integrations near q=0 

Numerical observation: (starting c. 2017;

most convincing is Ljubotina, Znidaric, Prosen, 2019)


At infinite temperature, the spin correlations in the quantum spin-half Heisenberg 
chain are in a famous classical stochastic universality class.


(This is not true for the non-integrable classical Heisenberg model.)
<latexit sha1_base64="iqb8665bMtwScfJ8y8qsnYPgiMk="></latexit>

@h(x, t)

@t
= ⌫r2h+

�

2
(rh)2 + ⌘(x, t)

In XXZ, the Heisenberg point separates diffusion from ballistic behavior…
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KCuF3

a b c

A. Scheie, N. Sherman, M. Dupont, S. Nagler, G. Granroth, M. Stone, JEM, A. Tennant, Nat. Phys. 2021



A. Scheie, N. Sherman, M. Dupont, S. Nagler, G. Granroth, M. Stone, JEM, A. Tennant, arXiv:2009.13535



Dynamics of the quantum spin-1/2 
Heisenberg chain

9

Kardar-Parisi-Zhang “KPZ” 
Hydrodynamics

High-temperature

Tomonaga-Luttinger 
liquid physics

Low-temperature
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FIG. 1. Log-scale intensity plot of the Euclidean norm of the spin-
spin correlation (2) at ) = 0.25. Simulation obtained for ! = 256
with j = 1024. The goal of this work is to determine and study the
superdi�usive region delimited by the spatiotemporal crossover C¢ of
Eq. (3) versus the temperature (white circles and dashed white line).
As the temperature is decreased, we find that the superdi�usive region
is shifted vertically to longer and longer times by a factor / 1/) , and
eventually disappear at exactly zero temperature.

periments on the nearly ideal Heisenberg spin-1/2 compound
Sr2CuO3 [41].

Model and method.— The 1D spin-1/2 Heisenberg model
is described by the lattice Hamiltonian,

Ĥ = �
’

9

Ŷ 9 · Ŷ 9+1, (1)

with Ŷ 9 = ((̂G
9
, (̂H

9
, (̂I

9
) and � > 0 the nearest-neighbor antifer-

romagnetic exchange. To investigate the thermal equilibrium
spin dynamics, we consider the time-dependent spin-spin cor-
relation function,

⇠
�
) , G, C

�
= tr

⇣
ŶG

�
C
�
· Ŷ0

�
0
�
d̂)

⌘
2 C, (2)

with d̂) = e�Ĥ/:B) /tr(e�Ĥ/:B) ) the thermal density matrix
of the system at temperature ) and Ŷ 9

�
C
�
= e8ĤC/~ Ŷ 9e�8ĤC/~

the time-dependent spin operator in the Heisenberg picture.
We set � = :B = ~ = 1 in the following. We compute the
correlation function (2) based on a numerical matrix product
state (MPS) approach [42, 43] where we represent the mixed
state as a pure state in an enlarged Hilbert space [44, 45].
We use the time-evolving block decimation algorithm [46]
along with a fourth-order Trotter decomposition [47] to handle
the exponential operators [48]. To ensure convergence of the
numerical data, we study in the Supplementary Information
(SI) the e�ect of the bond dimension j of the MPS, which is
the control parameter of the simulations (larger is better, but
computationally more expensive) [49].

At fixed distance G and temperature ) , the hydrodynamics
regime is characterized by an algebraic decay of the Euclidean

0.1 1 10 100
C

0.0001

0.001

0.01

0.1

1

� � ⇠� )
,G

=
0,
C�� � 1/) = 0.0

1/) = 0.1
1/) = 0.2
1/) = 0.5
1/) = 1.0
1/) = 2.0
1/) = 3.0
1/) = 4.0
1/) = 5.0
1/) = 6.0
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FIG. 2. Time dependence of the norm of the spin-spin correlation (2)
at G = 0 for various temperatures) . Simulations obtained for ! = 256
with j = 1024. At long time, it displays an algebraic decay with time,
according to Eq. (3). It is well-fitted by the form⌥()) C�2/3 with⌥())
a temperature-dependent prefactor decreasing with the temperature
reported in Fig. 3(b). The deviation from the genuine power-law at
long-time is the result of the bond dimension being too small [49].

norm of the spin-spin correlation (2) function at long time,��⇠ �
) , G, C

� �� / C�1/I for C & C¢
�
G,)

�
, (3)

with I the dynamical exponent. The long-time limit is denoted
by the crossover time C¢ which we aim to identify, see Fig. 1.
Depending on the microscopic model, three values for the
exponent I have been reported for 1D quantum magnets: I =
3/2 corresponding to superdi�usion, I = 1 for ballistic and
I = 2 for di�usion [24, 25]. Superdi�usion is expected for the
isotropic spin-1/2 Heisenberg model of Eq. (1).

Autocorrelation.— We first consider the autocorrelation
function (G = 0) versus time for di�erent temperatures, as
plotted in Fig. 2. Two regimes are clearly visible, delimited by
the crossover time C¢(G = 0,)). Beyond the crossover time and
for all temperatures, one finds the expected power-law decay
/ C�2/3 of superdi�usive hydrodynamics. Note that the rapid
change of slope from the genuine power-law, at the longest
times displayed, is the result of the bond dimension being too
small and not a physical e�ect [49].

With high-temperature physics beyond C¢, one can suspect
low-temperature features at shorter times. For instance, the
oscillating behavior observed in the norm of the autocor-
relation is reminiscent of a change of sign in the real and
imaginary part [49], signaling antiferromagnetic correlations
as the temperature is lowered. The long-time asymptotic of
⇠ () = 0, G = 0, C) have been studied at exactly zero tempera-
ture [50, 51]. It is composed by several power-law decaying
contributions with the slowest one being / C�1 (up to logarith-
mic corrections inherent to the isotropic spin-1/2 Heisenberg
antiferromagnet [52–59]). We cannot identify this regime in
Fig. 2, which we attribute to insu�ciently low temperatures,
see the SI for additional data [49].
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FIG. 3. The data points are extracted from Fig. 2. (a) Temperature
dependence of the crossover timescale C¢

�
G = 0,)

�
beyond which the

algebraic decay / C�2/3 for superdi�usive hydrodynamics emerges,
see Eq. (3). It shows a linear dependence with the inverse temperature
(dashed line). (b) Temperature dependence of the prefactor ⌥()) of
the algebraic decay/ C�2/3 for superdi�usive hydrodynamics. At low
temperatures ) . 1, it follows a quadratic dependence / )2 (dashed
line).

We now turn our attention to the temperature dependence
of the crossover time C¢(G = 0,)). It is plotted in Fig. 3(a)
versus the inverse temperature and shows a linear dependence.
It can be understood as follows. It is well-known that a fi-
nite temperature induces a thermal correlation length b which
diverges as ) ! 0 as / D/) (up to logarithmic corrections)
with D the velocity of low-energy excitations in the spin-1/2
chain [53]. Moreover, the dynamical correlation function (2)
can also be thought of as measuring the spreading of a spin
excitation. In this picture, the system behaves like a TLL
for C . b/D, which can be identified as the crossover time
C¢(G = 0,)) / 1/) . Hence, the onset of superdi�usive hydro-
dynamics simply takes place as the low-energy physics gets
suppressed by the finite temperature. It is only at zero tem-
perature that the system is strictly critical and thus does not
display any sign of anomalous high-energy dynamics. In ad-
dition to the linear dependence with / 1/) , there is an $ (1)
constant in Fig. 3(a) which coincides with the very short-time
dynamics where |⇠ () , G = 0, C ' 0) | ' 0.75.

At infinite temperature, it has been established that the dy-
namics belong to the 1+1 KPZ universality class [20, 40], as
it shows the same scaling laws as appear in the KPZ equa-
tion itself: mC⌘ = 1

2_
�
mG⌘

�2
+ am2

G
⌘ + f[ with ⌘ ⌘ ⌘(G, C),

[ ⌘ [(G, C) a normalized Gaussian white noise, and _, a, f
parameters. It is a Langevin equation, with no quantum roots
– and which makes the observation of its physics in a quantum
magnet rather puzzling. In the right limits, the noise-averaged
slope correlations behave as [60],

⇠KPZ
�
G, C

�
'

✓
f2

2a

◆ ⇣p
2_C

⌘�2/3
5KPZ


G
⇣p

2_C
⌘�2/3

�
, (4)

with 5KPZ the KPZ scaling function [61]. The numerical obser-
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FIG. 4. (a) Time dependence of the norm of the spin-spin correla-
tion (2) at ) = 0.25 for various distances G. Simulations obtained
for ! = 256 with j = 1024. The curves have been shifted verti-
cally for visibility. At long time, it displays an algebraic decay with
time, according to Eq. (3), well-fitted by the form / C�2/3. The de-
viation from the genuine power-law at long time is the result of the
bond dimension being too small [49]. (b) Spatial dependence of the
crossover time C¢(G,)) beyond which the algebraic decay / C�2/3 for
superdi�usive hydrodynamics emerges, see Eq. (3). The dashed lines
are fits of the form � + ⌫|G |3/2 with � ⌘ C¢(0,)) and ⌫ = 0.17(3)
found to be temperature-independent.

vation of the scaling (4) for the Heisenberg spin chain through
the spin-spin correlation (2) served as a conjecture regarding
the nature of its dynamics [20]. A theoretical scenario for
how KPZ hydrodynamics emerges in the Heisenberg chain
has been advanced [30]. A relation between the parameters
of the KPZ equation with those of the microscopic quantum
model has been proposed [26]. Here, by identifying the pref-
actor of ⇠KPZ (G = 0, C) in Eq. (4) with the prefactor ⌥()) of
the power-law decay / C�2/3 shown in Fig. 3(b), we are able
to report on the temperature dependence of the parameters.
The high-temperature data points are compatible with Ref. 26.
In addition, for ) . 1, we find that ⌥()) = 0.13(1))2, and
therefore that f

2

2a

�p
2_

��2/3
5KPZ (0) / )2. We argue in the

following that this behavior is compatible with earlier NMR
experiments on Sr2CuO3 [41, 49].

The definition of the crossover time C¢ in Eq. (3) for the
onset of superdi�usion is related to the power-law dependence
/ C�2/3 and not 5KPZ of Eq. (4). It is well-known that unam-
biguously identifying the scaling function from microscopic
simulations with 5KPZ requires great numerical precision and
long-time data for all distances G [20]. This is beyond the
capability of our simulations at low temperatures. Instead, we
consider the spatial dependence of C¢ for |G | > 0.

Spatiotemporal crossover.— The time-dependent spin-spin
correlation function (2) is associated with a light-cone struc-
ture and we therefore expect C¢(G,)) to be an increasing func-
tion with the distance |G |. It is verified in Fig. 4(a) where we
plot its time dependence at fixed temperature () = 0.25). As
|G | increases, the onset of superdi�usion takes place at longer
and longer times, and we display the crossover timescale in

J/kBT

t⋆
(x

=
0,

T )
J /

ℏ Onset of KPZ 
hydrodynamics
t⋆(x = 0, T) ∼ 1/T



Conclusion: the data are strong evidence for z=1.5 rather than z=1 or z=2 

(Can’t directly probe the full KPZ spectral function with neutrons, but can see it 
in the MPS calculation)


Current experimental work: details of finite-T crossover, B fields, …


Status of related theory: 

1. There is an understanding of which spin chains have the KPZ universality 
class behavior, and which do not.  Both integrability and “isotropy” are crucial.

(Dupont and JEM, PRB RC 2020; confirmed analytically in paper below) 


2. It is possible to compute z=3/2 using integrability (Ilievski et al., arXiv 2020), 
but not yet the full KPZ scaling function.


3. There are some ideas for how the KPZ universality class might emerge 
(Bulchandani, PRB RC 2020, other talks in this meeting)




Another “thermalization” question
How does a localized lump of energy spread out in a many-body system?

Some well-known possibilities:

1. Free particles: ballistic, possibly with a dispersion of velocities
2. Fluids: can have wave fronts, again ballistic in scaling terms
3. Diffusion: finite transport coefficients (𝜅 ≠ 0, ∞)

4. Subdiffusive: quantum Hall plateau transition
5. Localization: eventually energy ceases to spread

Next section of this talk:
Realistic (non-integrable) Luttinger liquids have superdiffusive spread of 
energy in a system initially prepared at low temperature.

Can build on developments in DMRG used for integrable hydrodynamics.
Relevant to Hensel-Dynes type experiments on spin chains or wires.



1D strategy: start with simple models

H = Jxx
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(Clean XXZ chain + random z-directed Zeeman field)
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Equivalent by Jordan-Wigner transformation to spinless fermions with 
nearest-neighbor interactions.

Advantages:

1. “Solvable” (integrable) without random field.  Can add a staggered 
field to break integrability while keeping translation invariance.

2. Can check predictions with DMRG/matrix product numerics.
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One example of the Luttinger liquid idea

Consider the XXZ model when it describes a gapless, linearly 
dispersing system.  (|Δ| < 1).

Some things are independent of the precise value of interaction:

for example, the free energy at finite temperature is

with central charge c=1 everywhere along this line.

Actually interactions are marginal, not irrelevant, and there is a line of 
critical points that differ in several transport measurements.

These are Luttinger liquids with varying Luttinger parameter.
Dynamics of energy in the pure LL limit is free/ballistic.

f =
F

L
= f0 !

!

6
c(kT )2h̄v



Momentum distribution n(k)

Tests of Luttinger liquid behavior in the XXZ model 

(C. Karrasch and JEM, PRB)

Check of leading staggered and uniform 
correlators against Lukyanov and Terras

Current ground-state applications moving to 2D: FQHE, spin liquids, … 
Next: try to solve an open problem of dynamical properties at finite temperature.



Staggered field non-integrability

Level statistics become
Wigner-Dyson (level repulsion)

rather than Poisson
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In one region, of the phase diagram, h is 
irrelevant (system remains Luttinger 

liquid), and we can track RG flow

Argument for Poisson statistics: two nearby states are likely to be in different symmetry sectors, and 
hence do not repel each other as they are not mixed by a perturbation.
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Result: “Conventional” conductivity scaling

� = lim
tM!1

lim
L!1

1

LT
Re

Z tM

0
hJ(t)J(0)i dt.

For K not too large, linear prediction 
is self-consistent and power-laws are 
observed that are consistent with 
bosonization predictions.

Conductivity diverges at low 
temperature as the integrability-
breaking perturbation is irrelevant.

(Huang, Karrasch, Moore PRB 2013)



A general model predicting superdiffusive energy expansion into the ground state,  even 

if local thermalization applies (Bulchandani-Karrasch-JEM, PNAS 2020):

Notes:

1. ordinary linear response works for a small perturbation on top of constant-

temperature background.  In expansion into T=0, the system is never close to 

nonzero-T equilibrium.

2. Can we trust DMRG numerics to compute spatially resolved expansion of energy?

Based on the integrable case, yes (next two slides).

3. Is the above anomalous diffusion model appropriate?



Non-integrable case: numerical results

1. Superdiffusion is seen, with 
exponents depending on 
Luttinger parameter.

2. The collapse onto a single 
scaling curve is surprisingly 
good.

3. The precise shape of the 
scaling curve is not that of the 
Barenblatt-Pattle solution of 
the fast diffusion equation.



Non-integrable case: numerical results

1. Superdiffusion is seen, with 
exponents depending on 
Luttinger parameter.

Check: a small hump above nonzero 
T is indeed diffusive at long times.



What if we break integrability
by imposing an external global potential?
The hard-rod gas in a harmonic trap is equivalent to N one-dimensional har-

monic oscillators with hard-core repulsive interaction. The Hamiltonian reads

H =

NX

j=1


1

2
p
2
j + V (xj)

�
+

X
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U(xj � xk) (1)

with

V (x) =
1

2
!
2
x
2
, U(�x) =

(
0 |�x| > a

1 |�x|  a ,
(2)

where a > 0 denotes the rod length, and xj and pj denote positions and mo-

menta (we set m = 1). Upon re-scaling time as t ! t!, we may set ! = 1 with-

out loss of generality. Starting from a configuration such that xj+1 � xj � a,

j = 1, . . . , N � 1, the gas evolves as N decoupled oscillators, until the next

collision (i.e., xj+1 � xj = a for some j) in which the rods j and j+1 exchange

their velocities spontaneously. Such a dynamics can be e�ciently and exactly

simulated. There are two integrable limits. Upon removing the trap, one re-

covers the usual hard-rod gas. Its momentum distribution is conserved and its

dynamics map to those of N independent particles. Meanwhile, in the limit of

vanishing rod length a = 0, we obtain N decoupled harmonic oscillators. Yet, in

the presence of both trap and interaction, we find no other conserved quantities

besides the total energy and the center-of-mass energy which we set to 0.



© 2006 Nature Publishing Group 

 

A quantum Newton’s cradle
Toshiya Kinoshita1, Trevor Wenger1 & David S. Weiss1

It is a fundamental assumption of statistical mechanics that a
closed system with many degrees of freedom ergodically samples
all equal energy points in phase space. To understand the limits of
this assumption, it is important to find and study systems that are
not ergodic, and thus do not reach thermal equilibrium. A few
complex systems have been proposed that are expected not to
thermalize because their dynamics are integrable1,2. Some nearly
integrable systems of many particles have been studied numeri-
cally, and shown not to ergodically sample phase space3. However,
there has been no experimental demonstration of such a system
with many degrees of freedom that does not approach thermal
equilibrium. Here we report the preparation of out-of-equili-
brium arrays of trapped one-dimensional (1D) Bose gases, each
containing from 40 to 250 87Rb atoms, which do not noticeably
equilibrate even after thousands of collisions. Our results are
probably explainable by the well-known fact that a homogeneous
1D Bose gas with point-like collisional interactions is integrable.
Until now, however, the time evolution of out-of-equilibrium 1D
Bose gases has been a theoretically unsettled issue4–6, as practical
factors such as harmonic trapping and imperfectly point-like
interactions may compromise integrability. The absence of damp-
ing in 1D Bose gases may lead to potential applications in force
sensing and atom interferometry.
To see qualitatively why 1D gases might not thermalize, consider

the elastic collision of two isolated, identical mass classical particles in
one dimension. Energy and momentum are conserved only if they
simply exchange momenta. Clearly, the momentum distribution of a
1D ensemble of particles will not be altered by such pairwise
collisions. The well-known behaviour of Newton’s cradle (see
Fig. 1a) is most easily understood in this way. Even when several
balls are simultaneously in contact, particles in an idealized Newton’s
cradle just exchange specific momentum values, though the expla-
nation is more subtle7. Generalization of the Newton’s cradle to
quantum mechanical particles lends it a ghostly air. Rather than just
reflecting off each other, colliding particles can also transmit through
each other. When the particles are identical, the final states after
transmission and reflection are indistinguishable.
In general, correlations and overlap among 1D Bose gas wavefunc-

tions complicate the picture of independent particles colliding as in a
Newton’s cradle. In fact, there are circumstances in which 1D
momentum distributions are known to change in time. For example,
when weakly coupled bosons are released from a trap, the conversion
of mean field energy to kinetic energy changes the momentum
distribution. In the Tonks–Girardeau limit of infinite strength
interactions8, although the 1D bosons interact locally like non-
interacting fermions, their momentum distribution is not fermio-
nic9,10. When a Tonks–Girardeau gas is released from a trap and
expands in one dimension, its momentum distribution evolves into
that of a trapped Fermi gas11–13. The quantum Newton’s cradle view
of particles colliding with each other and either reflecting or
transmitting can only be applied when the kinetic energy of the
collision greatly exceeds the energy per atom at zero temperature at

the prevailing density14. The collisions that we study satisfy this
criterion well. Our observations extend from the Tonks–Girardeau
regime, where only pairwise collisions can occur15, to the intermediate
coupling regime, where there can be three- (or more) body col-
lisions15–17. In both regimes, atoms that are set oscillating and colliding
in a trap do not appreciably thermalize during our experiment.
We start our experiments with a Bose–Einstein condensate (BEC)

loaded into the combination of a blue-detuned two-dimensional
(2D) optical lattice and a red-detuned crossed dipole trap (see
Methods). The combination of light trapsmakes a 2D array of distinct,
parallel Bose gases, with the 2D lattice providing tight transverse
confinement and the crossed dipole trap providing weak axial trap-
ping11. The dynamics within each tube of the 2D array are strictly 1D
because the lowest transverse excitation, "q r (where q r/2p ! 67 kHz
is the transverse oscillation frequency), far exceeds all other energies in

LETTERS

Figure 1 |Classical and quantumNewton’s cradles. a, Diagram of a classical
Newton’s cradle. b, Sketches at various times of two out of equilibrium
clouds of atoms in a 1D anharmonic trap,U(z). At time t ! 0, the atoms are
put into a momentum superposition with 2"k to the right and 2"k to the
left. The two parts of the wavefunction oscillate out of phase with each other
with a period t. Each atom collides with the opposite momentum group
twice every full cycle, for instance, at t ! 0 and t/2. Anharmonicity causes
each group to gradually expand, until ultimately the atoms have fully
dephased. Even after dephasing, each atom still collides with half the other
atoms twice each cycle.

1Department of Physics, The Pennsylvania State University, 104 Davey Laboratory, University Park, Pennsylvania 16802, USA.

Vol 440|13 April 2006|doi:10.1038/nature04693
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Integrability vs. thermalization 
in 1D Bose gas



This is a famous example of an integrable classical model where 
hydrodynamical approaches have a long history.

We study it because it has the same type of integrable kinetic 
theory (Boltzmann equation) as Lieb-Liniger or XXZ, but long-time 
numerics are much easier than in the quantum problems.

Simple guess:

at short times, the system will look like the integrable system;

at long times, the system will thermalize.

Hard rods in 1D



Three regimes, none thermal

Figures from Cao et al., PRL 2018

1. integrable hydrodynamics
2. development of chaos
3. hydrodynamical (not thermal) steady state



Large-N limit: continuum 
hydrodynamics (Percus)

@t⇢+ @x(v⇢) = 0, v[⇢](p) = p+
a
R
p0(p� p0)⇢(x, p0)

1� a
R
p0 ⇢(x, p0)

Can add forcing from external potential to this Boltzmann-like equation.


Hydrodynamics works until a time scale determined by the initial density 
in units of rod length.  Then non-integrability takes over and we see 
exponential separation of trajectories.


Strength of chaos: Lyapunov exponent observed to scale as � ⇠ N�0.25



However, final state does not seem
to be thermal (Maxwellian)



Why?
Go back to three rods

3D phase space: make Poincare map by looking just after a collision to reduce 
to 2 parameters.  Orbits do not look integrable (since fractal structure) but 
also do not look micro canonical (ergodic over all possibilities of constant 
energy).

So the final state need not be thermal.  What is it?



A constraint on final ensemble
We find that the final ensemble, for more than a few rods, is a solution of the 
steady-state hydrodynamical equation at every (x,p):

We do not see additional thermalization on the accessible time scale 
(hundreds of thousands of periods for small number of rods).

So at least in this classical problem the hydrodynamical approach is not just 
useful for time evolution, but gives (partial) information about the final 
ensemble.

What if the trap does not break integrability?

@x(v[⇢]⇢)� @xV @p⇢ = 0

Kinetic theory of Calogero particles
Vir B. Bulchandani, Manas Kulkarni, Joel E. Moore, Xiangyu CaoarXiv:2107.06157

https://arxiv.org/search/cond-mat?searchtype=author&query=Bulchandani%2C+V+B
https://arxiv.org/search/cond-mat?searchtype=author&query=Kulkarni%2C+M
https://arxiv.org/search/cond-mat?searchtype=author&query=Moore%2C+J+E
https://arxiv.org/search/cond-mat?searchtype=author&query=Cao%2C+X


Conclusions: 

1. KCuF3 is a cubic lattice spin chain material whose behavior from 75 K up 
to room temperature contains strong signs of z=3/2 behavior, consistent 
with the KPZ universality class.


2. Even though 1D metals are in general not integrable and have finite 
conductivity, there is a low-temperature regime with a competition between 
thermalization and ballistic Luttinger liquid behavior, leading to a different 
mechanism (beyond linear response) for superdiffusion of an energy packet.


3. Breaking integrability with a trap can lead to long-time steady states 
different from the thermal ensemble but with a hydrodynamical equilibrium.
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Kardar-Parisi-Zhang universality at high 
temperatures in the Heisenberg spin chain

Diffusion, another classical stochastic description, is thought to 
emerge in purely quantum systems, so why not others?


Experiment: look for KPZ scaling in frequency integrations near q=0 

Numerical observation: (starting c. 2017;

most convincing is Ljubotina, Znidaric, Prosen, 2019)


At infinite temperature, the spin correlations in the quantum spin-half Heisenberg 
chain are in a famous classical stochastic universality class.


(This is not true for the non-integrable classical Heisenberg model.)
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In XXZ, the Heisenberg point separates diffusion from ballistic behavior…



What observables are related to KPZ?


Derivatives of height are like spin


Why?  Simple reason: boundary between easy-plane and easy-axis


More complicated reason: nonlinearity of the sigma-model on the sphere.  But the role of integrability 
doesn’t come out so clearly here—it gives the right “partial” noise in the noisy Burgers equation that I 

wrote before


Later: systematics of Zaletel-Pollmann stuff


