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Overview and motivation

In this talk I shall discuss about the classification of symmetric
closed subsets of real affine root systems and their correspondence
with the regular subalgebras of affine Lie algebras generated by
them. This is a joint work with Dipnit Biswas and Venkatesh R.
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Finite and affine Lie algebras and their root systems

g(resp. g)— finite dimensional semi-simple Lie algebra (resp.
affine Lie algebra).

o

h(resp.h)— a Cartan subalgebra of g(resp. g).

®(resp. ®)— the set of all roots (resp. real roots) of § (resp. g).
A— the set of roots of g.

W(resp.W)— the Weyl group of ® (resp. D).

Irreducible finite root systems are classified in terms of their
Dynkin diagrams. They are of type A, B,C, D, E¢ 78, Fi, Go.
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Closed subroot systems and regular subalgebras

A subset U of @ is called
@ a symmetric subset if U =—10.
e a subroot system if so(3) € W for all a, 8 € V.
@ a closed subset if a, 5 € U and a + B € ® implies oo + 3 € U,

@ a closed subroot system if U is a closed subset and a subroot
system.
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Closed subroot systems and regular subalgebras

A subset U of @ is called
@ a symmetric subset if U =—10.
e a subroot system if so(3) € W for all a, 8 € V.
@ a closed subset if a, 5 € U and a + B € ® implies oo + 3 € U,
@ a closed subroot system if U is a closed subset and a subroot
system.

A subalgebra § of g is called a regular subalgebra if

5= (hn3) © Plaa N9,
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An example

Figure: finite root system of type Gs

°

The set of short roots ®; is a non-closed subroot system but the set
of long roots @y is a closed subroot system of ®.
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Known results in finite dimensional theory

@ There is a one to one correspondence between the subroot
systems of ® and the subgroups of W which are generated by
reflections and the correspondence is given by

U —s (50 : € W),
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Known results in finite dimensional theory

@ There is a one to one correspondence between the subroot
systems of ® and the subgroups of W which are generated by
reflections and the correspondence is given by

U —s (50 : € W),

@ Any symmetric closed subsets of ® is a closed subroot system of
D,
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Known results in finite dimensional theory

@ There is a one to one correspondence between the subroot
systems of ® and the subgroups of W which are generated by
reflections and the correspondence is given by

U —s (50 : € W),

@ Any symmetric closed subsets of ® is a closed subroot system of
D,

© There is a one to one correspondence between the closed subsets
of ® and the regular subalgebras of g and the correspondence is
given by
U (h,§a: a € U).
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Definitions in the affine setting

Definition
A subset ¥ C ® is called a
e (real) subroot system of A if s,(8) € ¥ for o, € V.

o (real) closed subset of A if a, 8 € ¥ and o + 8 € ® implies
a+pBeVv.
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Definitions in the affine setting

Definition
A subset ¥ C ® is called a
e (real) subroot system of A if s,(8) € ¥ for o, € V.

o (real) closed subset of A if o, 8 € ¥ and a + € ® implies
a+pBeVv.

For a symmetric subset ¥ of ® we define g(¥) := (go : a € V).
A subalgebra s of g is called regular if s = (s N h) © P ca (5N ga)-
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Borel- de Siebenthal classified the maximal closed subroot systems
back in 1949. In 1972, Carter proved that classification of closed
subroot systems reduces to the classification of maximal closed
subroot systems of P.
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Borel- de Siebenthal classified the maximal closed subroot systems
back in 1949. In 1972, Carter proved that classification of closed
subroot systems reduces to the classification of maximal closed
subroot systems of P.

Dyer and Lehrer classified reflection subgroups of finite and affine
Weyl groups in 2011 in Trans. Amer. Math. Soc.
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Borel- de Siebenthal classified the maximal closed subroot systems
back in 1949. In 1972, Carter proved that classification of closed
subroot systems reduces to the classification of maximal closed
subroot systems of P.

Dyer and Lehrer classified reflection subgroups of finite and affine
Weyl groups in 2011 in Trans. Amer. Math. Soc.

Recently in 2019, Roy and Venkatesh studied the (maximal) closed
subroot systems and their correspondence with regular subalgerbas.
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Subroot systems of affine root systems

For a subroot system W of ® define
Gr(¥) :={a€®:a+rdec W for some r € Z},

Zo(U):={reZ:a+ri eV}, acd.
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Subroot systems of affine root systems

For a subroot system W of ® define
Gr(¥):={ac d:a+rd eV for some r € 7},

Zo(U):={reZ:a+ri eV}, acd.

The next Proposition has proved by Dyer and Lehrer in 2011 for
untwisted affine root systems and has been generalized by by Roy
and Venkatesh in 2019.

Proposition
Let ¥ be a subroot system of an affine root system ®. Then there

exists a function p¥ : Gr(¥) — Z/2 and non-negative integers
ny,a € Gr(¥) such that

Za(9) = p* () + 13 Z,

Moreover p? is Z-linear if Gr(¥) is reduced and we have
ny =nr., wew.

wao?

™ = — — Y0

Irfan Habib Symmetric closed subsets and regular subalgebras



Classification of closed subroot system

Roy and Venkatesh classified the closed subroot systems of affine
root systems in 2019.

Let W be an irreducible closed subroot system of a reduced affine root
system ®. Then there exists a Z-linear function p : Gr(¥) — Z and a
non-negative integer n such that ¥ is one of the following form:

e m|n and
U ={a+ (pa+nZ):acGr(¥)},

e m fn and

U = {a+(po +nZ)d : o € Gr(¥)s U
U{a+ (pa + mnZ)é : a € Gr(¥),}
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Closed subroot systems and regular subalgebras

The following has been proved by Roy and Venkatesh in 2019.

The map

Set of all closed subroot Set of all regular
systems of ¢ subalgebras of g

U — g(P)

defines an injection from the real closed subroot systems of A and
the regular subalgebras of g
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Classification for the reduced case

Let ¥ be a symmetric closed subset of a reduced affine root system ®
and let ¥ = Wy U --- W, be the decomposition of ¥ into irreducible
components.
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Classification for the reduced case

Let ¥ be a symmetric closed subset of a reduced affine root system ®
and let ¥ = Wy U --- W, be the decomposition of ¥ into irreducible
components.

Result (Dipnit,I-,Venkatesh’23)

There exists a Z-linear function p : Gr(¥) — Z such that
Pa € Zo(V), Ya € Gr(¥) and a non-negative integer n such that ¥
is one of the following forms:
(1) \I’l = {Oé aF (pa aF nZ)5 o€ GT(\I/Z)}
Q@ VU, ={a+ (pa+nZ)d:acGr(¥)s} U{a+ (po+mnZ)d:ac
Gr(¥;)e}
Q@ U,N®" = {e+ (pe, + 4:)6 : i = 1,2} U{a+ (pa +nZ)§ : o € D}
where A; = nyZ U (a; + nyZ), ng € 2Z+, 0 < a1, as < ng such

that a; + ag =0 (mod ny) and both ay, ay are odd.

Irfan Habib Symmetric closed subsets and regular subalgebras



First theorem

Theorem (Dipnit,I-,Venkatesh, 2023)

Let ¥ be a symmetric closed subset of an untwisted affine root
system. Then WV is a closed subroot system.
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First theorem

Theorem (Dipnit,I-,Venkatesh, 2023)

Let ¥ be a symmetric closed subset of an untwisted affine root
system. Then WV is a closed subroot system.

If any irreducible component of W is of type (3) in the list above,
then W is a closed subroot system if and only if a; = ag = n/2. In
particular, any symmetric real closed subsets of real affine root
systems need not be a closed subroot system.
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Regular subalgebras generated by symmetric closed

subsets

Csym(g)— the set of symmetric closed subsets of ®.
R(g) = {g(¥) : ¥ € Coym(g)}— the set of all regular subalgebras of g
generated by the symmetric closed subsets of ®. Define a map

lg : Csym(g) — R(g)

U — g(P).
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Regular subalgebras generated by symmetric closed

subsets

Csym(g)— the set of symmetric closed subsets of ®.
R(g) = {g(¥) : ¥ € Coym(g)}— the set of all regular subalgebras of g
generated by the symmetric closed subsets of ®. Define a map

lg : Csym(g) — R(g)

U — g(P).

As we mentioned earlier, the restriction of ¢4 to the set of closed
subroot systems is injective.
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Regular subalgebras generated by symmetric closed

subsets

Csym(g)— the set of symmetric closed subsets of ®.
R(g) = {g(¥) : ¥ € Coym(g)}— the set of all regular subalgebras of g
generated by the symmetric closed subsets of ®. Define a map

lg : Csym(g) — R(g)

U — g(P).

As we mentioned earlier, the restriction of ¢4 to the set of closed
subroot systems is injective.

Is this map injective? If not, then what is the pre-image Lgl(g(\ll))?
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A counter-example

Unlike in the finite case, the map ¢4 is not injective for any g, even if
we restrict it to symmetric closed subsets of ®.
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A counter-example

Unlike in the finite case, the map ¢4 is not injective for any g, even if
we restrict it to symmetric closed subsets of ®.

Let g be any affine Lie algebra not of type Agn) and « be a short root

in . Consider two symmetric, real closed subsets ¥y, Wy of ®
defined by

Uy = {a+d, —a+d, —a—d,a—0}, ¥y :={a+3), a+d, —a—36, —a—i}.
Then we have

g(V1) = @giaJr 2r+1)8 D @(Ca ® .

r€Z rez
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The correspondence

Proposition (Dipnit,I-,Venkatesh, 2023)

Suppose S is a subclass of the set of symmetric closed subsets of ®
containing the closed subroot systems such that the restriction of ¢4
is injective, then S must be the set of all closed subroot systems of ®.
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The correspondence

Proposition (Dipnit,I-,Venkatesh, 2023)

Suppose S is a subclass of the set of symmetric closed subsets of ®
containing the closed subroot systems such that the restriction of ¢4
is injective, then S must be the set of all closed subroot systems of ®.

Let ¥ be a symmetric closed subset of ®. Then A(g(¥))N® = U if
and only if W is a closed subroot system of ®.
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Inverse images

The next Lemma provides the inverse image of g(V) when V¥ is given
by (2) in the classification list.

Lemma (Dipnit,I-, Venkatesh 2023)

Let ¥ be an irreducible closed subroot system of ® given by (2) in
the classification list.

e For any given positive integer r, there are exactly ¢(2r)
symmetric, real closed subsets W' in 17! (g(¥)) such that
ng(V’) = 2rn, where ¢ is the Euler’s totient function.

e For a fixed n and r, all ¥’ € Lgl(g(\l')) with ng(¥’) = 2rn is of
the form (2) or (3) and a; is a cyclic generator of the group (n)
in Z/(2rn)Z.

o 17 (g(¥)) is infinite.
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Injectivity of the map

Proposition (Dipnit, I-,Venkatesh 2023)

For any irreducible real closed subroot system W of ®, we have

tg (a(D)) = {¥}

if one of the following holds

e Gr(V) is not of type Ay, Ba.

e if Gr(¥) = By and V¥ is given by (1) in the classification list.
And Lg_l(g(\ll)) is infinite for all other cases.
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A few questions

@ Does the statement ‘A(g(V¥)) N A™ = V¥ if and only if U is a real
closed subroot system’ hold for Kac-Moody algebras or
Extended affine Lie algebras? (For rank 2 Kac-Moody Lie
algebras it is known to be true).
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A few questions

@ Does the statement ‘A(g(V¥)) N A™ = V¥ if and only if U is a real
closed subroot system’ hold for Kac-Moody algebras or
Extended affine Lie algebras? (For rank 2 Kac-Moody Lie
algebras it is known to be true).

e What are all the imaginary roots in A(g(¥))? (we don’t know
the answer even for rank 2 Kac-Moody algebras).

Irfan Habib Symmetric closed subsets and regular subalgebras



A few questions

@ Does the statement ‘A(g(V¥)) N A™ = V¥ if and only if U is a real
closed subroot system’ hold for Kac-Moody algebras or
Extended affine Lie algebras? (For rank 2 Kac-Moody Lie
algebras it is known to be true).

e What are all the imaginary roots in A(g(¥))? (we don’t know
the answer even for rank 2 Kac-Moody algebras).

o Any geometric description of maximal closed subroot systems in
affine root systems?
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Thank You for your attention!
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Thank You for your attention!

Questions?
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