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The Pi0 cluster at Fermilab. 

Background: One of the four fundamental interaction of nature: 
Strong Interaction

Quantum Chromodynamics 

Color-singlet composite particles:

LATTICE QCD 

• LGT: Gauge theory formulated on space-time 
lattice (Wilson’74). 

• Non-perturbative calculations using classical 
computational techniques: an extremely useful 
tool for nuclear and particle physics. 

• Certain inaccessible regime: SIGN PROBLEM. 

• Real time dynamics is non-trivial to compute/
simulate in Euclidean formalism-Monte Carlo 
simulation. 

• Quantum Simulation is 
expected to be useful!

Quark 
Confinement?

The 12s cluster at JLab. 

Largest Supercomputers

and 
many 
more..

Quantum simulating or 
quantum computing  

for Lattice QCD

GOAL
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Our role
Identifying the physics problem that would benefit from quantum computation

Reformulating the problem suitable for quantum computation

Propose and construct analog quantum simulators 

Constructing quantum algorithms for the particular problems


Quantum Computation EraClassical Computation Era
Lattice gauge theory Computations

Requires different theoretical framework.

Addressed different objectives

Computational Methods are entirely different.
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   Simplest, non-abelian gauge theory: SU(2) gauge theory

  Simple theory: discrete gauge theories  gauge theory;  gauge theory in 2+1 dimensions ℤN ℤ2

Schwinger Model: QED in 1+1d

Captures all of the non-trivialities of actual QCD

Let’s concentrate on this
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   Simplest, non-abelian gauge theory: SU(2) gauge theory

No Experimental Demonstration Yet!

State of the art:

Proposals for

 analog 


simulation:

Digital implementation:

Recent proposal:

Why?

Not too many attempts!



Framework: Hamiltonian Formalism



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i
g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

Kogut-Susskind ‘74

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

Kogut-Susskind ‘74



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0
Uplaquette = U1U2U†

3 U†
4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

Kogut-Susskind ‘74



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0

Strong Coupling Vacuum:    

 
     

E2 |0⟩ = 0

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

(g → ∞, a → finite)

Strong Coupling Basis:    

     E2 (Un |0⟩) = n2 |n⟩

Kogut-Susskind ‘74



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0

Strong Coupling Vacuum:    

 
     

E2 |0⟩ = 0

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

(g → ∞, a → finite)

Strong Coupling Basis:    

     E2 (Un |0⟩) = n2 |n⟩

U(1): U(n, I) = eiθ(n,I)

Kogut-Susskind ‘74



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0

Strong Coupling Vacuum:    

 
     

E2 |0⟩ = 0

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

(g → ∞, a → finite)

Strong Coupling Basis:    

     E2 (Un |0⟩) = n2 |n⟩

U(1): U(n, I) = eiθ(n,I)

Schwinger Model : U(1) in 1+1d,  term absentHB

Kogut-Susskind ‘74



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0

Strong Coupling Vacuum:    

 
     

E2 |0⟩ = 0

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

(g → ∞, a → finite)

Strong Coupling Basis:    

     E2 (Un |0⟩) = n2 |n⟩

U(1): U(n, I) = eiθ(n,I)

Schwinger Model : U(1) in 1+1d,  term absentHB

SU(2): E → Ea, a = 1,2,3

U → Uαβ, α, β = 1,2

ψ → ψα, α = 1,2

Kogut-Susskind ‘74

G(n) → Ga(n) = ∑
I

[Ea
L(n, I) + Ea

R(n − I, I)] + ψ(n)† σa

2
ψ(n)



Framework: Hamiltonian Formalism

Time

2d space

H = HE + HM + HI + HB
EL(n, i) U(n, i) ER(n, i)
ψ(n) ψ(n + i)

n n + i

E2
L = E2

R = E2

[EL, U] = U
[ER, U] = − U

G(n) = ∑
I

[EL(n, I) − ER(n − I, I)] − ψ(n)†ψ(n)

Gauss’ law constraint: G(n) |Ψphys⟩ = 0

Strong Coupling Vacuum:    

 
     

E2 |0⟩ = 0

Uplaquette = U1U2U†
3 U†

4

g2a
2 ∑

n,I

E2(n, I)

m∑
n

(−1)n ψ†(n)ψ(n)
Staggered fermion

1
2a ∑

n,I

(−1)n ψ†(n)U(n, I)ψ(n + I)

2a
g2 ∑

plaquettes
[TrUplaquette + h . c]

(g → ∞, a → finite)

Strong Coupling Basis:    

     E2 (Un |0⟩) = n2 |n⟩

U(1): U(n, I) = eiθ(n,I)

Schwinger Model : U(1) in 1+1d,  term absentHB

SU(2): E → Ea, a = 1,2,3

U → Uαβ, α, β = 1,2

ψ → ψα, α = 1,2

G(n) → Ga(n) = ∑
I

[Ea
L(n, I) + Ea

R(n − I, I)] + ψ(n)† σa

2
ψ(n)

Kogut-Susskind ‘74

SU(3): a = 1,2,3,...,8.



Efforts in simulating KS Hamiltonian

Gauge invariance  conservation of angular 
momentum in a scattering event

≡

Plaquette term is simulated at the 
4th order effective Hamiltonian of 

the simulating system

Uses prepotential formalism for gauge fields



Quantum Link Model 
gauge theory with finite dimensional 

Hilbert space 
Qualitative proposal for the simulation 

Not implemented experimentally

Gauge invariant initial state,  
Hamiltonian is gauge invariant, 
Imperfections may take the system away from gauge invariance gauge ~10%

Efforts in simulating QLM



Efforts in simulating QLM

Implementing gauge symmetry 
Protecting gauge symmetry 
Scaling and imperfections
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Way out?



Collaborators:

Zohreh Davoudi, UMD

Andrew Shaw, UMD
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ove
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Formalism

Kogut Susskind Formalism 
[SU(2), staggered fermions  

in 1+1 d]
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Another (also most popular) candidate: 

Quantum Link Model

SU(2) rishon representation of gauge fields

Produces a different spectrum. 



Prepotential Formulation of Gauge Theories

Reformulation of the original Kogut-Susskind Formalism in terms of Schwinger bosons

Formulated for SU(2), SU(3) and arbitrary SU(N)

Formulated for any dimension

Describes dynamics of only physical degrees of freedom 

Ref:  
Manu Mathur, JPA 2005; NPB 2007; 
Ramesh Anishetty, Manu Mathur, IR  
JPA 2009; JPA 2010; JMP 2009; JMP 2010; JMP 2011 
IR, PhD Thesis, 2014; 
Ramesh Anishetty, IR, PRD 2014; 
IR, arXiv: 1507.07305; EPJC 2019; 

GAUGE INVARIANCE + PROLIFERATION OF LOOP DEGREES OF FREEDOM

Manu Mathur, SNBNCBS, India

Ramesh Anishetty, IMSc, India

Collaborators:
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LSH Formulation: key ingredients

Local SU(2) invariant Hilbert space

Local constraint on each link: Abelian Gauss’ law



Pictorially global LSH states in 1d

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6

|ΨLSH⟩ = |nl, ni, no⟩1 ⊗ |nl, ni, no⟩2 ⊗ |nl, ni, no⟩3 ⊗ |nl, ni, no⟩4 ⊗ |nl, ni, no⟩5 ⊗ |nl, ni, no⟩6

|nl = 0,ni = 0,no = 1⟩1 |nl = 1,ni = 0,no = 1⟩2 |nl = 2,ni = 0,no = 1⟩3 |nl = 2,ni = 1,no = 0⟩4
|nl = 1,ni = 1,no = 0⟩5 |nl = 0,ni = 1,no = 0⟩6
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Practical benefits of working with LSH in 1d

No need to impose Gauss law constraint: Significant 
reduction in the cost of Hilbert space generation. 

LSH basis is the physical basis: unlike KS, no nontrivial 
linear combinations of states are involved
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Local SU(2) invariant Hilbert space

|nl, ni, no⟩ | l12, l23, l31⟩
at matter gauge vertex in any dimension at pure gauge vertex in d > 1

ni, no ∈ {0, 1}
nl, {lij} ∈ {0, ∞}

Impose a cut-off j̄

nl, {lij} ∈ {0, 2j̄}

d = 1 d = 2
nl + no(1 − ni)

x
= nl + ni(1 − no)

x+1

staggered site x
<latexit sha1_base64="PADzTBLRNjG7pHL/69N6vZgDrbI=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUpSBT0WvHisYD+gDWWznaZLNx/sTqQlVLz4V7x4UMSrf8Kb/8akzUFbHww83pthZp4bSaHRsr6NpeWV1bX1wkZxc2t7Z9fc22/oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmO7zO/OY9KC3C4A7HETg+8wLRF5xhKnXNw47vhqNEI/M8UNCjWiDQCX0YFbtmySpbU9BFYuekRHLUuuZXpxfy2IcAuWRat20rQidhCgWXMCl2Yg0R40PmQTulAfNBO8n0hwk9SZUe7YcqrQDpVP09kTBf67Hvpp0+w4Ge9zLxP68dY//KSUQQxQgBny3qx5JiSLNAaE8o4CjHKWFcifRWygdMMY5pbFkI9vzLi6RRKdvn5crtRal6lsdRIEfkmJwSm1ySKrkhNVInnDySZ/JK3own48V4Nz5mrUtGPnNA/sD4/AGsGJdy</latexit>

staggered site x+ 1
<latexit sha1_base64="4qFvZMwsiRiwiJn8kN3Zz7SDw6w=">AAACBXicbVDLSgNBEJyNrxhfqx71MBgEQQm7UdBjwIvHCOYByRJmZzvJkNkHM72SsMSDF3/FiwdFvPoP3vwbd5McNLGgoajqprvLjaTQaFnfRm5peWV1Lb9e2Njc2t4xd/fqOowVhxoPZaiaLtMgRQA1FCihGSlgviuh4Q6uM79xD0qLMLjDUQSOz3qB6ArOMJU65mHbd8NhopH1eqDAo1og0DF9GJ7ahY5ZtErWBHSR2DNSJDNUO+ZX2wt57EOAXDKtW7YVoZMwhYJLGBfasYaI8QHrQSulAfNBO8nkizE9ThWPdkOVVoB0ov6eSJiv9ch3006fYV/Pe5n4n9eKsXvlJCKIYoSATxd1Y0kxpFkk1BMKOMpRShhXIr2V8j5TjGMaXBaCPf/yIqmXS/Z5qXx7UayczeLIkwNyRE6ITS5JhdyQKqkRTh7JM3klb8aT8WK8Gx/T1pwxm9knf2B8/gCWIJfi</latexit>

ni(x)
<latexit sha1_base64="S/eCbcXd3NWZXylrU7KXkDy0TT8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOWPXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AJgOOtw==</latexit>

no(x)
<latexit sha1_base64="ME0Q9U8/FGZn/0vlnhR2rBSLFZY=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO49UaSbFg5nG1I/wSLCQEWys1BEDWX06Lw3KFbfmzoFWiZeTCuRoDspf/aEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10fu4MnVlliEKpbAmD5urviRRHWk+jwHZG2Iz1speJ/3m9xIQ3fspEnBgqyGJRmHBkJMp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8ALzOOvQ==</latexit>

no(x+ 1)
<latexit sha1_base64="J94h1drC9pEX8rU4HYUWjI2Egr0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNzSZLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJP5rUeqNJPi3oxj6kd4IFjICDZWehA9WX46804LvWLJrbhToGXizUkJ5qj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR68ASdWKWPQqlsCYOm6u+JFEdaj6PAdkbYDPWil4n/eZ3EhNd+ykScGCrIbFGYcGQkyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQieIZXeHOU8+K8Ox+z1pwznzmEP3A+fwAJL48t</latexit>

ni(x+ 1)
<latexit sha1_base64="C46UB8MJelIfEd1pRAqdVCM/KWo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2WPnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifP//kjyc=</latexit>

nl(x+ 1)
<latexit sha1_base64="ku24w/TUUZlPrJqUixxHVdVnLX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2ePnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifPwSRjyo=</latexit>

nl(x)
<latexit sha1_base64="gkaW9S0o6r8/FB4QmTB1+jZbxvc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOePXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AKpuOug==</latexit>

Local constraint on each link: Abelian Gauss’ law



LSH Formulation: key ingredients

Local SU(2) invariant Hilbert space

|nl, ni, no⟩ | l12, l23, l31⟩
at matter gauge vertex in any dimension at pure gauge vertex in d > 1

ni, no ∈ {0, 1}
nl, {lij} ∈ {0, ∞}

Impose a cut-off j̄

nl, {lij} ∈ {0, 2j̄}

d = 1 d = 2
nl + no(1 − ni)

x
= nl + ni(1 − no)

x+1
l23 + l31

x
= nl + ni(1 − no)

xm

l23 + l31
x+e3

= nl + no(1 − ni)
xm

staggered site x
<latexit sha1_base64="PADzTBLRNjG7pHL/69N6vZgDrbI=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUpSBT0WvHisYD+gDWWznaZLNx/sTqQlVLz4V7x4UMSrf8Kb/8akzUFbHww83pthZp4bSaHRsr6NpeWV1bX1wkZxc2t7Z9fc22/oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmO7zO/OY9KC3C4A7HETg+8wLRF5xhKnXNw47vhqNEI/M8UNCjWiDQCX0YFbtmySpbU9BFYuekRHLUuuZXpxfy2IcAuWRat20rQidhCgWXMCl2Yg0R40PmQTulAfNBO8n0hwk9SZUe7YcqrQDpVP09kTBf67Hvpp0+w4Ge9zLxP68dY//KSUQQxQgBny3qx5JiSLNAaE8o4CjHKWFcifRWygdMMY5pbFkI9vzLi6RRKdvn5crtRal6lsdRIEfkmJwSm1ySKrkhNVInnDySZ/JK3own48V4Nz5mrUtGPnNA/sD4/AGsGJdy</latexit>

staggered site x+ 1
<latexit sha1_base64="4qFvZMwsiRiwiJn8kN3Zz7SDw6w=">AAACBXicbVDLSgNBEJyNrxhfqx71MBgEQQm7UdBjwIvHCOYByRJmZzvJkNkHM72SsMSDF3/FiwdFvPoP3vwbd5McNLGgoajqprvLjaTQaFnfRm5peWV1Lb9e2Njc2t4xd/fqOowVhxoPZaiaLtMgRQA1FCihGSlgviuh4Q6uM79xD0qLMLjDUQSOz3qB6ArOMJU65mHbd8NhopH1eqDAo1og0DF9GJ7ahY5ZtErWBHSR2DNSJDNUO+ZX2wt57EOAXDKtW7YVoZMwhYJLGBfasYaI8QHrQSulAfNBO8nkizE9ThWPdkOVVoB0ov6eSJiv9ch3006fYV/Pe5n4n9eKsXvlJCKIYoSATxd1Y0kxpFkk1BMKOMpRShhXIr2V8j5TjGMaXBaCPf/yIqmXS/Z5qXx7UayczeLIkwNyRE6ITS5JhdyQKqkRTh7JM3klb8aT8WK8Gx/T1pwxm9knf2B8/gCWIJfi</latexit>

ni(x)
<latexit sha1_base64="S/eCbcXd3NWZXylrU7KXkDy0TT8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOWPXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AJgOOtw==</latexit>

no(x)
<latexit sha1_base64="ME0Q9U8/FGZn/0vlnhR2rBSLFZY=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO49UaSbFg5nG1I/wSLCQEWys1BEDWX06Lw3KFbfmzoFWiZeTCuRoDspf/aEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10fu4MnVlliEKpbAmD5urviRRHWk+jwHZG2Iz1speJ/3m9xIQ3fspEnBgqyGJRmHBkJMp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8ALzOOvQ==</latexit>

no(x+ 1)
<latexit sha1_base64="J94h1drC9pEX8rU4HYUWjI2Egr0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNzSZLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJP5rUeqNJPi3oxj6kd4IFjICDZWehA9WX46804LvWLJrbhToGXizUkJ5qj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR68ASdWKWPQqlsCYOm6u+JFEdaj6PAdkbYDPWil4n/eZ3EhNd+ykScGCrIbFGYcGQkyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQieIZXeHOU8+K8Ox+z1pwznzmEP3A+fwAJL48t</latexit>

ni(x+ 1)
<latexit sha1_base64="C46UB8MJelIfEd1pRAqdVCM/KWo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2WPnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifP//kjyc=</latexit>

nl(x+ 1)
<latexit sha1_base64="ku24w/TUUZlPrJqUixxHVdVnLX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2ePnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifPwSRjyo=</latexit>

nl(x)
<latexit sha1_base64="gkaW9S0o6r8/FB4QmTB1+jZbxvc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOePXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AKpuOug==</latexit>

x
xm

x + e3

Local constraint on each link: Abelian Gauss’ law



LSH Formulation: key ingredients

Local SU(2) invariant Hilbert space

|nl, ni, no⟩ | l12, l23, l31⟩
at matter gauge vertex in any dimension at pure gauge vertex in d > 1

ni, no ∈ {0, 1}
nl, {lij} ∈ {0, ∞}

Impose a cut-off j̄

nl, {lij} ∈ {0, 2j̄}

d = 1 d = 2
nl + no(1 − ni)

x
= nl + ni(1 − no)

x+1
l23 + l31

x
= nl + ni(1 − no)

xm

l23 + l31
x+e3

= nl + no(1 − ni)
xm

l12 + l23
x

= l1̄2̄ + l2̄3̄
x+e2

staggered site x
<latexit sha1_base64="PADzTBLRNjG7pHL/69N6vZgDrbI=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUpSBT0WvHisYD+gDWWznaZLNx/sTqQlVLz4V7x4UMSrf8Kb/8akzUFbHww83pthZp4bSaHRsr6NpeWV1bX1wkZxc2t7Z9fc22/oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmO7zO/OY9KC3C4A7HETg+8wLRF5xhKnXNw47vhqNEI/M8UNCjWiDQCX0YFbtmySpbU9BFYuekRHLUuuZXpxfy2IcAuWRat20rQidhCgWXMCl2Yg0R40PmQTulAfNBO8n0hwk9SZUe7YcqrQDpVP09kTBf67Hvpp0+w4Ge9zLxP68dY//KSUQQxQgBny3qx5JiSLNAaE8o4CjHKWFcifRWygdMMY5pbFkI9vzLi6RRKdvn5crtRal6lsdRIEfkmJwSm1ySKrkhNVInnDySZ/JK3own48V4Nz5mrUtGPnNA/sD4/AGsGJdy</latexit>

staggered site x+ 1
<latexit sha1_base64="4qFvZMwsiRiwiJn8kN3Zz7SDw6w=">AAACBXicbVDLSgNBEJyNrxhfqx71MBgEQQm7UdBjwIvHCOYByRJmZzvJkNkHM72SsMSDF3/FiwdFvPoP3vwbd5McNLGgoajqprvLjaTQaFnfRm5peWV1Lb9e2Njc2t4xd/fqOowVhxoPZaiaLtMgRQA1FCihGSlgviuh4Q6uM79xD0qLMLjDUQSOz3qB6ArOMJU65mHbd8NhopH1eqDAo1og0DF9GJ7ahY5ZtErWBHSR2DNSJDNUO+ZX2wt57EOAXDKtW7YVoZMwhYJLGBfasYaI8QHrQSulAfNBO8nkizE9ThWPdkOVVoB0ov6eSJiv9ch3006fYV/Pe5n4n9eKsXvlJCKIYoSATxd1Y0kxpFkk1BMKOMpRShhXIr2V8j5TjGMaXBaCPf/yIqmXS/Z5qXx7UayczeLIkwNyRE6ITS5JhdyQKqkRTh7JM3klb8aT8WK8Gx/T1pwxm9knf2B8/gCWIJfi</latexit>

ni(x)
<latexit sha1_base64="S/eCbcXd3NWZXylrU7KXkDy0TT8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOWPXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AJgOOtw==</latexit>

no(x)
<latexit sha1_base64="ME0Q9U8/FGZn/0vlnhR2rBSLFZY=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO49UaSbFg5nG1I/wSLCQEWys1BEDWX06Lw3KFbfmzoFWiZeTCuRoDspf/aEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10fu4MnVlliEKpbAmD5urviRRHWk+jwHZG2Iz1speJ/3m9xIQ3fspEnBgqyGJRmHBkJMp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8ALzOOvQ==</latexit>

no(x+ 1)
<latexit sha1_base64="J94h1drC9pEX8rU4HYUWjI2Egr0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNzSZLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJP5rUeqNJPi3oxj6kd4IFjICDZWehA9WX46804LvWLJrbhToGXizUkJ5qj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR68ASdWKWPQqlsCYOm6u+JFEdaj6PAdkbYDPWil4n/eZ3EhNd+ykScGCrIbFGYcGQkyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQieIZXeHOU8+K8Ox+z1pwznzmEP3A+fwAJL48t</latexit>

ni(x+ 1)
<latexit sha1_base64="C46UB8MJelIfEd1pRAqdVCM/KWo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2WPnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifP//kjyc=</latexit>

nl(x+ 1)
<latexit sha1_base64="ku24w/TUUZlPrJqUixxHVdVnLX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2ePnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifPwSRjyo=</latexit>

nl(x)
<latexit sha1_base64="gkaW9S0o6r8/FB4QmTB1+jZbxvc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOePXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AKpuOug==</latexit>

x
xm

x + e3

x x + e1l12 + l31
x

= l1̄2̄ + l3̄1̄
x+e1

x

x + e2

Local constraint on each link: Abelian Gauss’ law



LSH Formulation: key ingredients

Local SU(2) invariant Hilbert space

|nl, ni, no⟩ | l12, l23, l31⟩
at matter gauge vertex in any dimension at pure gauge vertex in d > 1

ni, no ∈ {0, 1}
nl, {lij} ∈ {0, ∞}

Impose a cut-off j̄

nl, {lij} ∈ {0, 2j̄}

d = 1 d = 2
nl + no(1 − ni)

x
= nl + ni(1 − no)

x+1
l23 + l31

x
= nl + ni(1 − no)

xm

l23 + l31
x+e3

= nl + no(1 − ni)
xm

l12 + l23
x

= l1̄2̄ + l2̄3̄
x+e2

staggered site x
<latexit sha1_base64="PADzTBLRNjG7pHL/69N6vZgDrbI=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUpSBT0WvHisYD+gDWWznaZLNx/sTqQlVLz4V7x4UMSrf8Kb/8akzUFbHww83pthZp4bSaHRsr6NpeWV1bX1wkZxc2t7Z9fc22/oMFYc6jyUoWq5TIMUAdRRoIRWpID5roSmO7zO/OY9KC3C4A7HETg+8wLRF5xhKnXNw47vhqNEI/M8UNCjWiDQCX0YFbtmySpbU9BFYuekRHLUuuZXpxfy2IcAuWRat20rQidhCgWXMCl2Yg0R40PmQTulAfNBO8n0hwk9SZUe7YcqrQDpVP09kTBf67Hvpp0+w4Ge9zLxP68dY//KSUQQxQgBny3qx5JiSLNAaE8o4CjHKWFcifRWygdMMY5pbFkI9vzLi6RRKdvn5crtRal6lsdRIEfkmJwSm1ySKrkhNVInnDySZ/JK3own48V4Nz5mrUtGPnNA/sD4/AGsGJdy</latexit>

staggered site x+ 1
<latexit sha1_base64="4qFvZMwsiRiwiJn8kN3Zz7SDw6w=">AAACBXicbVDLSgNBEJyNrxhfqx71MBgEQQm7UdBjwIvHCOYByRJmZzvJkNkHM72SsMSDF3/FiwdFvPoP3vwbd5McNLGgoajqprvLjaTQaFnfRm5peWV1Lb9e2Njc2t4xd/fqOowVhxoPZaiaLtMgRQA1FCihGSlgviuh4Q6uM79xD0qLMLjDUQSOz3qB6ArOMJU65mHbd8NhopH1eqDAo1og0DF9GJ7ahY5ZtErWBHSR2DNSJDNUO+ZX2wt57EOAXDKtW7YVoZMwhYJLGBfasYaI8QHrQSulAfNBO8nkizE9ThWPdkOVVoB0ov6eSJiv9ch3006fYV/Pe5n4n9eKsXvlJCKIYoSATxd1Y0kxpFkk1BMKOMpRShhXIr2V8j5TjGMaXBaCPf/yIqmXS/Z5qXx7UayczeLIkwNyRE6ITS5JhdyQKqkRTh7JM3klb8aT8WK8Gx/T1pwxm9knf2B8/gCWIJfi</latexit>

ni(x)
<latexit sha1_base64="S/eCbcXd3NWZXylrU7KXkDy0TT8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOWPXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AJgOOtw==</latexit>

no(x)
<latexit sha1_base64="ME0Q9U8/FGZn/0vlnhR2rBSLFZY=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNzSZLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5DbzO49UaSbFg5nG1I/wSLCQEWys1BEDWX06Lw3KFbfmzoFWiZeTCuRoDspf/aEkSUSFIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUoEjqv10fu4MnVlliEKpbAmD5urviRRHWk+jwHZG2Iz1speJ/3m9xIQ3fspEnBgqyGJRmHBkJMp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8ALzOOvQ==</latexit>

no(x+ 1)
<latexit sha1_base64="J94h1drC9pEX8rU4HYUWjI2Egr0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNzSZLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdJP5rUeqNJPi3oxj6kd4IFjICDZWehA9WX46804LvWLJrbhToGXizUkJ5qj3il/dviRJRIUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSgSOq/XR68ASdWKWPQqlsCYOm6u+JFEdaj6PAdkbYDPWil4n/eZ3EhNd+ykScGCrIbFGYcGQkyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQieIZXeHOU8+K8Ox+z1pwznzmEP3A+fwAJL48t</latexit>

ni(x+ 1)
<latexit sha1_base64="C46UB8MJelIfEd1pRAqdVCM/KWo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2WPnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifP//kjyc=</latexit>

nl(x+ 1)
<latexit sha1_base64="ku24w/TUUZlPrJqUixxHVdVnLX8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahopTdKuix4MVjBfsh7VKyabYNTbJLkhXL0l/hxYMiXv053vw3ZtsetPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0U3mtx6p0iyS92YcU1/ggWQhI9hY6UH2ePnpzDst9Iolt+JOgZaJNyclmKPeK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++n04Ak6sUofhZGyJQ2aqr8nUiy0HovAdgpshnrRy8T/vE5iwms/ZTJODJVktihMODIRyr5HfaYoMXxsCSaK2VsRGWKFibEZZSF4iy8vk2a14l1UqneXpdr5PI48HMExlMGDK6jBLdShAQQEPMMrvDnKeXHenY9Za86ZzxzCHzifPwSRjyo=</latexit>

nl(x)
<latexit sha1_base64="gkaW9S0o6r8/FB4QmTB1+jZbxvc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix4MVjBfsB7VKyabYNTbJLkhXL0h/hxYMiXv093vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxSpVkkH8w0pr7AI8lCRrCxUkcOePXpvDQoV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NwZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcp+R0OmKDF8agkmitlbERljhYmxCWUheMsvr5J2veZd1ur3V5XGRR5HEU7gFKrgwTU04A6a0AICE3iGV3hzYufFeXc+Fq0FJ585hj9wPn8AKpuOug==</latexit>

x
xm

x + e3

x x + e1l12 + l31
x

= l1̄2̄ + l3̄1̄
x+e1

x

x + e2

d > 2 straightforward generalization

Local constraint on each link: Abelian Gauss’ law



Digitization of LSH Hilbert space

Binary Representation of Loop Quantum Numbers

Matter site Gluonic site



Application of LSH: Digital Quantum Computation



Qubit Cost Analysis



Oracle to check the Abelian Gauss law

d >1

1d



arXiv:2009.13969

Recent proposal for Analog Quantum Simulation

https://arxiv.org/abs/2009.13969
https://arxiv.org/abs/2009.13969


Application: Analog Quantum computation

Simulated system Simulating system

SU(2) gauge theory 
coupled to staggered 

fermions 
in 1+1 dimension 

described by  
Kogut-Susskind 

Hamiltonian

A system of ultracold 
fermions trapped in 

optical lattices 
described by the 
Hamiltonian of  

ionic  Hubbard model
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Application: Analog Quantum computation

Simulated system Simulating system

SU(2) gauge theory 
coupled to staggered 

fermions 
in 1+1 dimension 

described by  
Kogut-Susskind 

Hamiltonian

A system of ultracold 
fermions trapped in 

optical lattices 
described by the 
Hamiltonian of  

ionic  Hubbard model

LSH Hamiltonian Manifestly gauge invariant 
simulation scheme

Simulates string and hadron dynamics at 
weak and intermediate coupling regime



Experimental Demonstration: minor modification/combination of 

Pair creation dynamics in lattice gauge theory

Application: Analog Quantum computation



Simulated Dynamics: cartoon
Recent Analog Simulation Proposal



Numerical Comparison: Exact diagonalization for small lattice
Recent Analog Simulation Proposal



Other recent efforts: Digital quantum computing for SU(2)

Not a scalable scheme!



Other recent efforts: Digital quantum computing for SU(2)

Not generalisable to higher dimensions!



Other recent efforts: Digital quantum computing for SU(2)

Alternative for gate based quantum computing: D-wave annealer

Promising as the data points are more precise than NISQ hardwares



Most promising recent effort: SU(3) gauge theory on a quantum computer



Most promising recent effort: SU(3) gauge theory on a quantum computer

Actual implementation:

Global basis for a 2 plaquette system

With minimal cut-off.

Local multiplet basis at each site: 



Summary

Quantum computation/simulation of LGT demands for convenient framework and basis.


With the original Kogut-Susskind formalism: beyond Schwinger model is extremely difficult.


LSH formalism: takes care of most of the complications,

                          exactly equivalent to the original formulation,

                          transforms SU(2) LGT in any dimension equivalent to Schwinger model, 

                         

Immediate and straightforward applications of LSH both in analog and digital simulation 
has demonstrated profound advantages over any other framework

LSH formalism for SU(3) in 3+1 dimensions

——> expected to be useful for quantum computing QCD.


Future goal:



Current Collaborators

Jesse Stryker

Przemyslaw Bienias

Zohreh Davoudi Niklas Mueller

Aniruddha Bapat

Raka Dasgupta

Thank You
Alexey Gorshkov Mohammad Hafezi Victor Albert

Saurabh Kadam



Back-up slides



Loop String Hadron (LSH) Formulation in 1 spatial dimension

Abelian Gauss’ Law



Local SU(2) Invariant Operators in 1d: loops-strings- hadrons



Local SU(2) Invariant Operators in 1d: loops-strings- hadrons

Gauge singlets 
constructed out of 

 1 boson and  
 1 fermions

Gauge singlets 
constructed out of 

 1 boson and  
 1 fermions

Gauge singlets 
constructed out of 

two fermions

Gauge singlets 
constructed out of  

left and right bosons

Gauge singlets 
constructed out of 

left bosons and  
 fermions

Gauge singlets 
constructed out of 
 Right boson and  

 fermions



|nl, ni, no⟩ = (ℒ++)nl (𝒮++
i )ni (𝒮++

o )no |0⟩

LSH Formulation: local LSH basis 

At each site define:

Abelian weaving along the link:



Hamiltonian, describing dynamics of loops, strings and hadrons.

Hamiltonian, describing dynamics of loops, strings and hadrons: Identical spectrum to KS 



LSH framework in d > 1

3 physical d.o.f = 6 (local loop quantum numbers in 2d)

                                                       - 2( Abelian Gauss’ law constraint along 2 link directions) 


             -1 (Mandelstam constraint )

Prepotential Formulation for 2+1 d:
a†(1)

a†(2)

a†(2̄)
a†(1̄)

Local Loop Operator: ℒ++
ij = ϵαβa†

α(i)a†
β ( j)

Pictorial representation: 

Overcomplete 

Non-linear constraints, become increasingly complicated with increasing dimension

Way out? Virtual point splitting scheme:

3 physical d.o.f = 2 x 3 (local loop quantum numbers in 2d)

              - 3( Abelian Gauss’ law constraint) 


        + 0 (Mandelstam constraint )

Generalized for arbitrary dimension!



LSH Formalism: 2+1 d

Matter-Gauge interactions  
are same as in 1d



LSH Formalism: 3+1 d

Matter-Gauge interactions are same as in 1+1d 
Pure gauge interactions are same as in 2+1d



Mean Field Approximaton for LSH

Low energy sector of weak coupling limit:

Approximation:

Valid Approximation in weak coupling regime!

In 1d, loop flux is not independent dynamical 
observable

Application: Analog Quantum computation



Simulated Hamiltonian

g → 0 g → ∞

Application: Analog Quantum computation

Approximated electric term + correction, 
significant  contribution

Approximated electric term, 
negligible  contribution

Approximated hopping term, 
good approximation, 
significant contribution

Approximated hopping term, 
bad approximation, 

negligible contribution


