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Generalities on local-global principles

Classical examples: Hasse Norm Theorem

We consider:

e K = a number field
o V = set of all places of K
e K, = completion of K at veV.

Hasse Norm Theorem

Let L/K be a cyclic extension. An element x € K* is norm from
L (ie. x &€ Npx(L*)) if and only if x as an element of K is
a norm from Ly (9|v) for all veV.

Equivalently: For a cyclic extension L/K, the natural map

K*/Np/x(L*) = [T K& /Ny sk, (L5)
veV
is injective.
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Generalities on local-global principles
Classical examples: Albert-Brauer-Hasse-Noether theorem

Recall: For any field F and any cyclic extension T/F,
F*/N7,p(T*) ~ Br(T/F) := ker (Br(F) — Br(T)).

Thus, Hasse Norm Theorem implies that the natural map

Br(L/K) — [ [Br(Ls/Ko), [A] — [A®k K]

veV

is injective for any cyclic extension L/K.

More generally, Albert-Brauer-Hasse-Noether Theorem (ABHN)

yields injectivity of the natural map

Br(K) — [ [Br(Ky).

veV
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Generalities on local-global principles
Cohomological perspective

Recall: For any cyclic extension P/F, one has
F*/Np,p(P*) = H(P/F,P*) (Tate cohomology)
and H°(P/F,P*) ~ H*(P/F,P*) by periodicity of cohomology.

Thus, Hasse Norm Theorem implies global-to-local maps

HY(L/K,L*) — []H(Lo/Ko,Ly) and H2(L/K,L*) — [[H*(Ls/Ko, LY)
veV veV
are injective.

Furthermore, since Br(F) ~ H?(F,(F*P)*) for any field F,
(ABHN) vyields injectivity of global-to-local map
H2(K, (Ke)") — [ [H* (Ko, (Ko)%),

veV

Thus, Hasse Norm Theorem and (ABHN) can be interpreted
as cohomological local-global principles.
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Generalities on local-global principles

Cohomological perspective (cont.)

In fact, both results can be viewed in the general context of
the Galois cohomology of algebraic groups.

For any finite sep. extension P/F, there exists an algebraic

group T = RI(,l/)F(Gm) defined over F with the property that

T(F) = {s € P* | Np;p(s) =1} (norm torus).

Setting H'(F,T) = H!(Gal(F*P /F), T(F*®P)), one shows that
HY(F,T) ~ F*/Np,r(P*).

Thus, Hasse Norm Theorem means that global-to-local map
HY (K, T) = [[H" (Ko, T)

veV
is injective for any cyclic extension of number fields.

To go further, one needs to consider cohomology of
noncommutative algebraic groups.
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Generalities on local-global principles

Cohomological perspective (cont.)

Recall: For any field F and alg. F-gp G, one sets
HY(F,G) = {cont. 1-cocycles f: Gal(F**P/F) — G(F*¢P)}/ ~

Note: H!(F,G) generally not a group, only a pointed set.

H'(F,G) can often be interpreted in terms of twisted forms.

For any field F, we have
Autr g (My(F)) = PGL,(F)  (Skolem-Noether Theorem).

Also, for any central simple F-algebra A with deg.A =n, one
has

A @p PP ~ M, (F*P).
Using this, one shows
HY(F,PGL,) +> {F-isom. classes of CSA A/F | deg;A = n}.
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Generalities on local-global principles

Cohomological perspective (cont.)

Thus, (ABHN) implies that for any number field K,
global-to-local map
H(K,PGL,) — [ [H" (Ko, PGLy)

veV
is injective for all n > 2.

Another example: Let f be n-dim non-deg. quadratic form
over F. Then

HY(F,04(f)) <+ {F-equiv. classes of non-deg. f’ | dimgf’ =n}

Thus, Hasse-Minkowski Theorem implies that for any number

field K, global-to-local map
H'(K,On(f)) — [ [H' (Ko, On(f))
veV
is injective for any non-deg. quadratic form f over K.
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Generalities on local-global principles
General set-up and terminology

Let
e K be a field

o V a set of rank 1 valuations of K
o K, = completion of K at v
e G an algebraic group over K.
One says that the Hasse principle holds if global-to-local map
0c,v: H(K,G) = [ [ H' (Ko, G)

veV
is injective.

Kernel of 6gy is called Tate-Shafarevich set
III(G, V) := kerfg,y.
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Generalities on local-global principles
Some known cases of Hasse principle

K = number field, V = set of all places of K. )

e We have seen Hasse principle holds for G :Rg/)K(Gm)

(L/K cyclic), PGL,, Oy(f).
o In general, it is known that if G is simply-connected or
adjoint alg. K-group, then
Oc,v: H'(k,G) — [ H' (ko, G)

veV
is injective (i.e. Hasse principle holds).

K = func. field of p-adic curve, V = set of all discr. vals of K. )

e Hasse principle known to hold for simply-connected
K-groups of classical types (by work of Parimala, Suresh,
Preeti, Hu).
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Generalities on local-global principles
Properness of 0 v

e Hasse principle may fail for arbitrary alg. K-gps, even
over number fields.

e However, over number fields, 6gy is always proper (i.e.
pre-image of finite set is finite); in particular, III(G,V) is
finite.

@ Our recent results suggest that properness should hold
for reductive groups over arbitrary finitely generated fields
with respect to divisorial sets of places.
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Generalities on local-global principles
Divisorial valuations

We consider the following situation.

o Let K be a finitely generated field.
o Pick a normal integral affine model X for K.

o Let V=set of discrete valuations of K associated with
prime divisors on X (divisorial set).

Algebraically: We find R C K such that K = Frac(R) and

e R is a finitely generated Z-algebra (or IF,-algebra);
@ R is integrally closed in K.

Then: V corresponds to height one prime ideals of R.
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Generalities on local-global principles
Divisorial valuations: Example

Take K=Q(x) and R = Z[x].

Height one primes in R are principal and are of two types:
o p=(p(x)), with p(x) € Z[x] irreducible of content 1;
ep=(p), pEZ a prime.

Two corresponding types of discrete valuations:

e “geometric places” Vy;

e “arithmetic places” Vj.

Then V =VyUV; is divisorial set of discrete valuations
associated with the model X = Spec(R) of K.
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Generalities on local-global principles
Properness conjecture

Suppose
e K a finitely generated field;
e V a divisorial set of places of K.

If G is a (connected) reductive algebraic K-group, then 6gy is
proper. In particular, the Tate-Shafarevich set III(G,V) is finite.

We have resolved conjecture for:
o all algebraic tori over arbitrary finitely generated fields;

e certain semisimple groups over 2-dim. global fields (i.e.
K=k(C) for number field k), and some other cases.

For semisimple adjoint groups, conjecture is closely related to
study of groups with good reduction. J
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Local-global principles for algebraic tori

Suppose K is a finitely generated field and V is a divisorial set
of places. Then for any K-torus T, the global-to-local map
Orv: HY(K,T) — [ [H' (Ko, T)
veV

is proper. Equivalently, the Tate-Shafarevich group III(T,V) =

kerfry is finite.

e Same result holds for any alg. K-group whose connected
component is a torus.

o Classical proof for tori over number fields relies on
Tate-Nakayama duality, which is not available in general.

@ Our proof uses adelic methods. In particular, it shows
that finiteness of III(T,V) for a torus T over a number
field follows from finiteness of class number and finite
generation of group of S-units.
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Local-global principles for algebraic tori
Adelic set-up

Let
e K be a field

o V a set of discrete valuations of K such that
(*) for any a € K*, set V(a):={veV|v(a)#0} is finite.

For such V, we define Picard group Pic(V) = Div(V)/P(V),
Div(V) = free abelian group on veV,
P(V) = subgp of “principal divisors” ) v(a)v, a € K*.

veV

Example: If K is a number field and V is set of all finite
places of K, then Pic(V) = Cl(Ok).
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Local-global principles for algebraic tori

Adelic set-up (cont.)

The ring of adeles of K with respect to V is

Ak(V) = H’Kv = {(xv) € HKU | x, € Oy for almost all v € V}.

veV veV

Group Ig(V) of invertible elements is idele group.

Let
o AR(V)=]] O, (subring of integral adeles)
veV
o IR(V)=]] Oy (subgroup of integral ideles)
veV

Observe that condition (*) yields diagonal embeddings
K— Ag(V) and K* < Ig(V).
Note: The map Ix(V) — Div(V), (x,) — Y v(xy) v induces
veV
isom. Ig(V)/(AL(V)-K*) — Pic(V).
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Local-global principles for algebraic tori

Adelic set-up (cont.)

Let

e L/K finite field extension
o V = set of all extensions of valuations in V to L

Then Ag(V)®gL~ AL(V).
= for Galois L/K, Ar(V) has natural Gal(L/K)-action.

Next:
o T=a K-torus (thus, T ®gK*P ~ (G, gs=r)?)
e for each veV, let T(O,) C T(Ky) be the unique max.
bounded subgp.

Then
T(Ax(V)) = {(xv) e [[T(K) | xo € T(O,) for almost allv}.

veV
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Local-global principles for algebraic tori

Adelic set-up (cont.)

As before, we have

o T(AR(V)) =] T(O.) (subgroup of integral adeles)

veV
e diagonal embedding T(K) — T(Ak(V)).
Furthermore,

o T(AL(V)) and T(AP(V)) defined analogously for any
finite extension L/K;

e for L/K Galois, Gal(L/K)-action on Ap(V) induces
Gal(L/K)-action on T(AL(V));

e in particular, diagonal embedding T(L) < T(AL(V))
induces hom.

ALk HY(L/K,T) — HY(L/K, T(AL(V))).
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Local-global principles for algebraic tori

Sketch of argument over number fields

Let
e K a number field
o V =set of all finite places of K

o T a K-torus
o L/K finite Galois splitting field of T (i.e. T®gL =~ (Gy1)%)

Our goal is to show that

III(T, V) := ker (Hl (K,T) = []H" (K, T))
veV
is finite.
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Local-global principles for algebraic tori

Sketch of argument over number fields (cont.)

Step 1: Show that

veV

(T, V) = I(L/K,T, V) := ker (Hl (L/K,T) — [[H (Lo/ Ko, T)) :

This follows from Hilbert's Theorem 90.

Step 2: Show that
A / _
II(L/K, T, V') = ker (Hl(L/K,T) EA Hl(L/K,T(AL(V')))>

for any set V' C V.

Note: Both steps work for any field K.
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Local-global principles for algebraic tori

Sketch of argument over number fields (cont.)

Step 3: Show that there exists cofinite V' C V such that
T(AL(V')) = T(AF (V) - T(L). J

Since Cl(Op) is finite, we can find finite S C V such that for
S ={all extensions of v €S to L}, we have CI(O;3) = {e}.

Setting V' =V '\ S, we obtain
I (V') /(I (V") - L*) ~ Pic(L, V') = CI(O 5) = {e}.
= I(V)=IP(V)) - L*

Since T is split over L, we have
T(AL(V')) = T(AF (V")) - T(L).
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Local-global principles for algebraic tori

Sketch of argument over number fields (cont.)

Step4: Let E(T,V/,L) =T(L)NT(AP(V’")) for V' as in Step 3.
Show that III(T,V’) is contained in the image of the map

v: HY(L/K,E(T,V',L)) — HY(L/K,T).

This follows from a direct computation.

Step 5: Observe that E(T,V',L) =T(L)NT(AP(V’)) is finitely
generated, hence H'(L/K,E(T,V’,L)) is finite.

We have E(T,V/,L)~ U% (d =dimT), where
U={xeL*|ov(x)=0 forall ve V'},
which is finitely generated by Dirichlet’'s S-unit theorem.

Thus, H'(L/K,E(T,V’,L)) is a finitely generated torsion

abelian group, hence finite.
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Local-global principles for algebraic tori

Passing to arbitrary finitely generated fields

Suppose K is an arbitrary finitely generated field and V is
a divisorial set of places associated to a normal affine model
X =SpecA over Z.

We have two important facts:
o The group of units A* is finitely generated (P. Samuel)

e The Picard group Pic(V) ~ Pic(X) is finitely generated
(B. Kahn)

Suppose K is a finitely generated field and V is a divisorial set
of places. Then for any K-torus T, the global-to-local map
Orv: HY(K,T) = [[H' (Ko, T)
veV
is proper (equivalently, III(T,V) is finite.)
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Local-global principles for algebraic tori

Some modifications of the argument using Bertini-type
theorems yield:

Let X be a smooth geometrically integral variety over a number
field k and let V be the set of discrete valuations of function
field K = k(X) associated with prime divisors of X. Then
UI(T,V) is finite for any k-defined torus T.

Remarks:

o Case where X is a curve first studied by Harari and
Szamuely.

o If T is not assumed to be k-defined, then finiteness of
II(T,V) is an open probem even when X is a curve.
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Local-global principles for algebraic tori

Serre introduced condition (F) for perfect fields to study

finiteness properties of Galois cohomology.

Recall: A perfect field k is of type (F) if

(F) For every m >1, Gal(k/k) has finitely many open
subgroups of index m.

Examples: finite fields, p-adic fields, C((t)), etc.

Suppose k is a field of char.0 that is of type (F). Let X be a
smooth geometrically integral wvariety over k and V be the set of

discrete valuations of function field K =k(X) associated with prime
divisors of X. Then III(T,V) is finite for any K-defined torus T.

Proof depends on purity results and finiteness statements for

étale cohomology.
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Local-global principles for semisimple groups

Since the Properness Conjecture is known for tori, a natural

problem is the following:

For finitely generated fields of char. 0, reduce Properness

Conjecture from arbitrary reductive groups to (adjoint)

semisimple groups.

Conceptually, such a reduction is desirable due to the fact
that Properness Conjecture for adjoint semisimple groups is

closely related to analysis of groups with good reduction.
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Local-global principles for semisimple groups

Let K be a field equipped with discrete valuation v.

Definition

A reductive K-group G has good reduction at v if there exists
a reductive group scheme § (which is unique) over valuation

ring O, C K, such that

generic fiber G®p, K, is isomorphic to G ®k Ko.

Then special fiber (reduction)
G¥ = §®p, KW

is a connected reductive group over residue field K.
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Local-global principles for semisimple groups

0.If G is K-split then G has a good reduction at any v

(follows from Chevalley’s construction).

1. For a central simple K-algebra A, group G = SL;j4 has
good reduction at v if there exists an Azumaya algebra A
over O, such that

ARk K, ~ A®p, Ky

(in other words, A is unramified at v).

2. G = Spin,(q) has good reduction at v if (over Ky)
g ~ AMmx3+ - +aux3) with A €KY, a; € OF
(assuming that char K@ £ 2).

v
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Local-global principles for semisimple groups

A K-group G’ is a K-form (or K/K-form) of G if

G @k K ~ G ®x K (where K is a sep. closure of K).

1.If A is a central simple algebra of degree n over K, then

A ®KK ~ MH(K)
and G'=SL;4 is a K-form of G =SL,.
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Local-global principles for semisimple groups

Examples (cont.).

2.If g is a nondegenerate quadratic form in n variables over
K (charK #2) and

G = Spin, (),
then for any other nondegenerate quadratic form g in n
variables,

G’ = Spin, (')

is a K-form of G.

If n is odd, then these are all K-forms.

Otherwise, there may be K-forms coming from hermitian forms
over noncommutative division algebras.
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Local-global principles for semisimple groups
Main Finiteness Conjecture

Let:
e K a finitely generated field;
e V a divisorial set of places of K;

e G a (connected) reductive K-group.

Main Conjecture for Groups with Good Reduction

If charK is “good,” then the set of K-isomorphism classes of
(inner) K-forms G' of G having good reduction at all v eV is
finite.

(If G is absolutely almost simple, char K=p is “good” for G if
p=0 or p does not divide order of Weyl group of G. For non-

semisimple reductive groups only char. 0 is “good.”)
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Local-global principles for semisimple groups

Connection to Properness Conjecture

Suppose
e K a finitely generated field;

e V a divisorial set of places of K.

Recall that we have the global-to-local map
Ocv: H'(K,G) = [ H' (K., G)
veV

for any algebraic K-group G.

Proposition 4.

Assume Main Conjecture holds for an absolutely almost simple
simply connected K-group G and all divisorial sets of places of
K. Then 0g, is proper for corresponding adjoint group G and

any divisorial set V.
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Local-global principles for semisimple groups
Some results on the Main Conjecture

We have resolved the Main Conjecture in several cases.

For K an arbitrary finitely generated field: |

e Algebraic tori
o Inner forms of type A, (i.e. G=SL;4) —uses finiteness
results for unramified Brauer group.

For K=k(C) a 2-dimensional global field: |

e G=S5pin,(q) (n>=5), G of type Gy;

e G=SU,(L/K,h), L/K quadratic extension, & nondegenerate
hermitian form of dim > 2;

e G = universal cover of SU,(D,h), D quaternion algebra
over K, h nondeg. skew-hermitian form over D (LR.).

These results depend on finiteness of certain unramified
cohomology groups.
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Local-global principles for semisimple groups
Some results on the Properness Conjecture

Consider the global-to-local map
0c,v: H'(K,G) —» [[ H' (Ko, G).

veV

Several cases where we have established properness of 6gy:

@ PSL; 4 over arbitrary finitely generated fields.

e K a 2-dimensional global field and
o G=5S0,(g) (n>=5);
o G of type Gy
o G=SU,(L/K,h), L/K quadratic extension, h nondegenerate
hermitian form of dim > 2;
o G=SL14, A a csa/K of square-free degree.

e K a purely transcendental extension or function field of
Severi-Brauer variety over number field and G of type
Gy.
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Good reduction and the genus problem

The genus problem was inspired by Amitsur’s Theorem and
initially dealt with division algebras having the same

maximal subfields.

Definition.

Let D be a finite-dimensional central division algebra over K.
The genus of D is

gen(D) = { [D'] € Br(K) | D' division algebra with same
maximal subfields as D}.

Key result: The genus gen(D) is finite for any central
division K-algebra D over a finitely generated field K. J

Igor Rapinchuk (Michigan State University) ICTS January 2024 39 /45



Good reduction and the genus problem
Genus of an algebraic group
e To define the genus of an algebraic group, we replace

maximal subfields with maximal tori in the definition of

genus of division algebra.

elet G; and G, be semisimple groups over a field K.

We say: G; & Gy have same isomorphism classes of maximal
K-tori if every maximal K-torus T; of G; is K-isomorphic

to a maximal K-torus T, of Gp, and vice versa.

eLet G be an absolutely almost simple K-group.

gen, (G) =set of isomorphism classes of K-forms G’ of G having

same K-isomorphism classes of maximal K-tori as G.
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Good reduction and the genus problem

Question 1. When does geny(G) reduce to a single element?
Question 2. When is geny(G) finite?

Theorem 5. (G. Prasad-A. Rapinchuk)

Let G be an absolutely almost simple simply connected algebraic
group over a number field K.

(1) gen, (G) is finite;
() If G is not of type Ay, Dayy1, or Es then |geny(G)|=1.

(1) For K=k(x), k a number field, and G an absolutely almost
simple simply connected K-group with |Z(G)| < 2, we have
|geny (G)| = 1;

(2)If G is an absolutely almost simple group over a finitely

generated field K of “good” characteristic, then geng(G) is
finite.
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Good reduction and the genus problem
Connections to groups with good reduction

Theorem 6.

Let G be an absolutely almost simple simply connected group

over K, and v be a discrete valuation of K.

Assume that residue field K is finitely generated, and G

has good reduction at wv.

Then cvery G' € geng(G) has good reduction at v, and
) € geny (GV)).

reduction G

In particular, the Main Conjecture yields finiteness results for
the genus.
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Good reduction and the genus problem

A sampling of results

(1) Let D be a central division algebra of exponent 2 over
K = k(x1,...,x,) where k is a number field or a finite
field of characteristic # 2. Then for G =SL,p (m>1),
we have |geny (G)| = 1.

(2) Let G =SLy,p, where D is a central division algebra over
a finitely generated field K. Then genyg(G) is finite.

Theorem 8.
Let K = k(C) be a 2-dimensional global field for a number field
k, and set G = Spin,(q). Then for any n >10, the genus

gen, (G) is finite.

Remark: We previously showed this for odd n. My current
work establishes finiteness of genus for all n.
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Good reduction and the genus problem
Applications of the Main Finiteness Conjecture

The conjecture has close connections to:

o Local-global principles for algebraic groups.
o The genus problem for simple algebraic groups.
o Finiteness properties of unramified cohomology.

e Analysis of weakly commensurable Zariski-dense subgps
and applications to classical problems on locally
symmetric spaces.

Thus, study of groups with good reduction occupies a
central place in the emerging arithmetic theory of algebraic
groups over higher-dimensional fields.

Igor Rapinchuk (Michigan State University) ICTS January 2024 44 /45



[1] V.I. Chernousov, A.S.Rapinchuk, I.A. Rapinchuk, Spinor groups with
good reduction, Compositio Math. 155 (2019), no. 3, 484-527.

[2] —, The finiteness of the genus of a finite-dimensional division algebra,
and generalizations, Israel J. Math. 236 (2020), no. 2, 747-799.

[3] —, Simple algebraic groups with the same maximal tori, weakly commen-

surable Zariski-dense subgroups, and good reduction, to appear in Adwv.

Math.
[4] A.S. Rapinchuk, I.A. Rapinchuk, Some finiteness results for algebraic

groups and unramified cohomology over higher-dimensional fields, J.
Number Theory 233 (2022), 228-260.

[5] — Linear algebraic groups with good reduction, Res. Math. Sci. 7
(2020), no. 3, 28.

[6] —, Recent developments in the theory of linear algebraic groups: good
reduction and finiteness properties Notices Amer. Math. Soc. 68 (2021),
no. 6, 899-910.

[7] —, Properness of the global-to-local map for algebraic groups with toric
connected component and other finiteness properties, to appear in Math-
ematical Research Letters.

[8] —, The finiteness of the Tate-Shafarevich group over function fields for
algebraic tori defined over the base field, to appear in C.R. Math.
Acad. Sci. Paris

Igor Rapinchuk (Michigan State University) ICTS January 2024 45 /45



	Generalities on local-global principles
	Local-global principles for algebraic tori
	Local-global principles for semisimple groups
	Good reduction and the genus problem

