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Introduction

@ Polarized deep inelastic scattering (DIS) experiments suggest that only
one-third of nucleon spin is coming from the quark’s intrinsic spin.
[J. Ashman et al. (1988). Phys. Lett. B, 206:364]

@ RHIC-spin experiments have provided important constraints on the
contribution of gluon's helicity to the proton spin.
[D. de Florian, R. Sassot, M. Stratmann, and W. Vogelsang (2014). Phys. Rev. Lett., 113(1):012001]

@ These observations make the orbital angular momentum (OAM) of the
quarks and gluons a good candidate.

@ Future experiments like Jlab 12 GeV and Electron-lon Collider (EIC) will
provide valuable inputs on the OAM contribution of quarks and gluons.

[J. Dudek et al. (2012). Eur. Phys. J. A, 48:187] [R. Abdul Khalek et al. (2022). Nucl. Phys. A, 1026:122447]
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Introduction

@ It was believed that the angular momentum of gluons cannot be separated
into intrinsic and orbital parts in a gauge-invariant way.

@ In polarized electron-proton and proton-proton scattering experiments have
been measuring AG(z), is referred to as the helicity distribution of the gluon
in a nucleon.

[S E. Kuhn, J P. Chen, and E. Leader (2009). Prog. Part. Nucl. Phys., 63:1-50]
e AG(z) coincides with a gauge non-invariant gluon spin in a particular gauge:

light-front gauge AT = 0.
[X D. Ji (1997). Phys. Rev. Lett., 78:610-613]

@ Chen et. al. proposed a gauge-invariant decomposition of gluon angular
momentum into spin and OAM parts!

[X S. Chen, X F. Lu, W M. Sun, F. Wang, and T. Goldman (2008). Phys. Rev. Lett., 100:232002]
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Introduction

@ Split the gauge field:
A = Apure + Aphys, (1)
A A= Ape =V 3V A (o) =~ [t L
@ Transformation properties:
Apure = UApureUT + gUVUT
Aphys — U-AphysUT

@ Chen et. al. decomposition for nucleon spin in QCD:

1
Tchen = / Pr ot T+ / P §T (X iDpure) ¥ + / Pr B x A%,

Sghen Lghen Sghen
+ /d3:r: E% (x x V) A%, (2)
L(gihen

where Dyure = V + igApure, Apure = A%, T and Aphys = AT
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Introduction

@ Wakamatsu's decomposition for nucleon spin in QCD:

1
we= [ @a vt 20t [ Pavtex o -ga)o+ [ B x Ag,

St L S
+ /d3a: (B (@ x V) Al + @ x o Adys] - (3)
Liak

[M. Wakamatsu (2010). Phys. Rev. D, 81:114010]

o Theterm [d3z @ x p*AS = [d3z 7@ x Apnyst), is called “potential

angular momentum”. Here p® = gyt T%).
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Introduction

@ The gluon field is decomposed into two parts as

AM _Aghys + A{)Lurev
Fpﬁbﬁe = aHA;;ulre -0 Apure - [Agurev Agure] =0,
A (@)~ U(@) A% (@)U (2)

Ae(2) = U(@) (A + 20 ) U1 0

o Covariant version of the Chen et. al. decomposition [gauge-invariant
canonical (gic)]

TH () = %E(x) Hi T Y et (x) — 2Te [GH (@) D

gic pure

Ap () (4)

pure
1— = 1 Voo T v
TP @) = @ ali Dfheb(@) + 5P B @5 (@) - 2Te G AT (@)]
— 2Tr [GHeal” Dgle AR (a)| (5)

pure __ . pure .
where D™ = 9, —igAR"™ for quark fields.
[M. Wakamatsu (2011). Phys. Rev. D, 83:014012]

[E. Leader and C. Lorcé (2014). Phys. Rept., 541(3):163-248]
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Introduction

@ The gauge-invariant kinetic (gik) decomposition

Th () = SB@" B(a) — 2T [G4 () D ABY(2) — (DaG¥(2) Afy ()]

(6)
v 1— v, 1 vpo v

TaP@) = Sl i Brlp(@) + SR esi(a) — 2T [GH AT (2)]

— 2Tr [G° (2)2l Dl AR () — (Da G (2)) 2 AL), ()] (7)
[M. Wakamatsu (2011). Phys. Rev. D, 83:014012]
@ The Jaffe-Manohar decomposition:

TH (z) = %E(x)’y“ig')d)(m) —2Tr [GRYOY A (8)

JHP(z) = %E(x)’y“m[”i?p]w(x) + %e“”p(’@(z)'yg'yg,w(x) —2Tr [G“[”Ap]]
—oTr [wa[vaﬂ] Aa} (9)

[R L. Jaffe and A. Manohar (1990). Nucl. Phys. B, 337:509-546]

[E. Leader and C. Lorcé (2014). Phys. Rept., 541(3):163-248]
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Introduction

@ The Belinfante-decomposition:
TE (z) :%@(m) [w“i(ﬁ)" + sz‘B“] () — 2Tr [GHOGY] (10)

1 1 ,—
JEa? (x) :Zw'y“x[”i(ﬁ)p]zﬂ + Zx[wyp]z‘ﬁw = 2Tr[a" GHOGE, — 2PGPGY]  (11)

[F J. Belinfante (1939). Physica D: Nonlinear Phenomena, 6:887-898]
[E. Leader and C. Lorcé (2014). Phys. Rept., 541(3):163-248]

@ The Ji's decomposition:

Ty (x) = Tji (@) + T,

1—
=5 P@*i D u(e) - 2Tr [GHGY) (12)
JEVP(x) = Lfii’; (@) + SEVP(z) + Jﬁ:’;(ac)
1— 1 _
=5 al i Dy 4 S (@) s u(e) - 2Tr e GHOGH — P GG
(13)
[X D. Ji (1997). Phys. Rev. Lett., 78:610-613]

[C. Lorcé, L. Mantovani, and B. Pasquini (2018). Phys. Lett. B, 776:38-47]
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Introduction

Class EMT AM densities | Gauge invariant | Follow SU(2) algebra
JBeI,q
JBelg
Lijig
Ji Sig
Kinetic JJivg
Lgicq
Wakamatsu (gik) Sg'_c'q

gIc.g

gic.g
Livag
Jaffe-Manohar Simg
Limg
Simg
Lgic,q

. S ic,

Chen et al. (gic) £ca
gicg
gic.g

Belinfante

Canonical

SN ENANEN P P RN P EN ENENENENENENENEN

XX NN X XN S X] XN X XS] X)X X

Table: Properties of all the angular momentum operators.

[R. Singh, S. Saha, A. Mukherjee, and N. Mathur (2024). Phys. Rev. D, 109(1):016022]
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Introduction

o Different decompositions of angular momentum differ from each other by
surface terms.
@ The kinetic and Belinfante-improved tensors in QCD are related as

v v 1 v v v
Tliitn,q (z) :Tgel,q (z) — 580453‘” (z), Tli:n,g(x) = Téfel,g’ (z) (14)

v v v 1 Vv Qo Lg% v v
Lgn2(1)4-5# P(z)::JQQZ(z)—-iaa[r Sg1P(z) — aP STH ()], Jﬁmg(m)::Jgaz(xy

(15)
[C. Lorcé, L. Mantovani, and B. Pasquini (2018). Phys. Lett. B, 776:38-47]

@ The total angular momentum density cannot be interpreted as a sum of the
OAM and spin density only.
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Introduction

Generalized parton distributions (GPDs) contain information about the
spatial distribution of quarks and gluons.

[M. Burkardt (2003). Int. J. Mod. Phys. A, 18:173-208]

Polyakov showed how hard exclusive processes allow us to access the spatial
distribution of angular momentum.

[M V. Polyakov (2003). Phys. Lett. B, 555:57-62]

Two-dimensional distributions in the light-front framework are free from
relativistic corrections.

@ We have investigated different decompositions of angular momentum and
their contribution to the intrinsic spin and orbital angular momentum
distributions.

Relativistic spin—% composite state of a quark dressed with a gluon at one
loop in QCD.
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Work Methodology

@ We are working in light-front (LF) coordinates
(Ei _ (10 i$5) , oMt = <x+7x_,mJ‘) (16)

where zt is the light-front time, z— and = are the longitudinal and
transverse spatial coordinates respectively.
@ Light-front four-momentum:

pH = (p+,p’,pL) , (17)

where pT is the longitudinal momentum, p~ and p* are the energy and
transverse momentum respectively.
@ Drell-Yan frame defined by At =0 and P+ = 0.

Al 1 AL Al 1 Al2
U + = - 2 7 + = - 2
p - (P ) 2 ) P+ (m + 4 )’ p - (P bl 2 k) P+ m + 4 )’
(18)

Ak = (p' —p)* =(0, AL,O). (19)
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Work Methodology

@ The impact-parameter distribution of orbital angular momentum is

(LF)(bL) = —ie3ik PAL iatpt | KT )e (20)
(2m)2 and |7
@ Spin distribution in light-front is
. 1 5. 2A+ _ialopl )

(59)(b*) = 5t [ G AT (21)

@ Belinfante-improved total angular momentum distribution is

L B2AL o [0TER e
JZ V(b :_-3Jk/ —iat.p Bel. . 2
g (64 = —ie* [ e o) (22)

(08I T (0)|p.s)

2+/p’tpt

where bt is the impact parameter and (T#") =

[C. Lorcé, L. Mantovani, and B. Pasquini (2018). Phys. Lett. B, 776:38-47]
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Work Methodology

@ To make a proper comparison between Belinfante and Ji's decomposition, we
need to include the correction term

v v v 1 v (o8 ouv
Lf(‘m’;( )+ S§7P () Jgel‘;( x) — 580 E SqtP(x) — =P SgH (z)] (23)

Correction term

1 g0 [d2AL o(Sttk
() (bt) =5t [ oot g 5 (24)
2 (21)2 ond.
where bl is the impact parameter.
[C. Lorcé, L. Mantovani, and B. Pasquini (2018). Phys. Lett. B, 776:38-47]

@ A Gaussian wave packet state has been considered, where the system is
confined in transverse momentum space with definite longitudinal
momentum:

1 d?ptdp*t TR pt?
o | Tt et i) e B It (25)

where o is the width of the Gaussian wave packet.

[D. Chakrabarti and A. Mukherjee (2005). Phys. Rev. D, 72:034013]
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Work Methodology

The Dressed Quark State

@ We consider a relativistic spin-% state of a quark dressed with a gluon at one
loop in QCD as a perturbative model with a gluon degree of freedom.

@ The dressed quark state can be expanded in Fock space in terms of
multiparton light-front wave functions (LFWFs) which can be calculated
using the light-front Hamiltonian in perturbation theory.

[A. Harindranath, A. Mukherjee, and R. Ratabole (2001). Phys. Rev. D, 63:045006]

@ We can write the LFWFs in a boost invariant way in terms of relative

momenta that are frame-independent.

[S J. Brodsky, H C. Pauli, and S S. Pinsky (1998). Phys. Rept., 301:299-486]
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Work Methodology

@ Up to two-particle sector, dressed quark state is given by

b, X) =1 (p, \)b1, (0)|0)

k'*'d?ki k+d2ki
/ \/ - / \/ pvk‘klv)\hk27}\2)\/w

2(27)3k; 2(27) 3k+

)\1 A2
5% (p— k1 — ko) bl (k1)al, (k2)[0), (26)

1(p, \) is normalization, 2 (p, A\|k1, A1; k2, A2) is the probability of finding a
quark and gluon with momentum (helicity) k1 (\1) & k2(\2) respectively.
[A. Harindranath, R. Kundu, and W M. Zhang (1999). Phys. Rev. D, 59:094013]

@ o (p, Mk1,A1; k2, X2) can be calculated from the following equation

+ pLQ

H|p, >‘> - |p7 >7 (27)

where H is the light-front QCD Hamiltonian.

[W M. Zhang and A. Harindranath (1993). Phys. Rev. D, 48:4881-4902]
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Work Methodology

@ Boost invariant two-particle LFWF can be written as

BN, 2y (@i i) = /Do (p, Alk1, Ars k2, Az) (28)
DX 2 (i Ki)

_ g { z(1— ) }T"

/2(271_)3 rl2 + m2(1 _ x)Q T—z X

: _92 (RJ‘ . ef\;*) 1 N N B n n L 11—z A
X, 777@ K )(& -EM*)Jr’im(& -6;5)7 XA

11—z T
(29)
Jacobi momentum
kF =apt, ki = ki +apt, (30)
1+ w2 =1, Kl 4+ Ky =0, (31)

where m is quark mass, g is gluon coupling constant, 7¢ are SU(3) colour
matrices, ey, is gluon polarization vector and x, is two-component spinor.

[A. Harindranath, R. Kundu, and W M. Zhang (1999). Phys. Rev. D, 59:094013]
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Work Methodology

Two-Component QCD

@ In light-front coordinates, the unphysical degrees of freedom of the gauge
field are eliminated by light-front gauge Af = A9 + 43 =o.
@ In the light-front Hamiltonian framework, the quark fields are decomposed as

Y=vy+9P_, (32)

where ¢4 = ALy and AL are the projection operators.

@ The ¢»_ component and longitudinal gauge field A, are constrained fields and
can be determined from the following equations

ioty_ = (iocl 20t 4+ gat - AL+ /5m) Py, (33)
1 — Yl abc At i a
SOTEL = (a EL +gfeb AbEC) — gl T, (34)

where ot =7041, g =40 and E; " = ~10TA", (i =1,2).

[W M. Zhang and A. Harindranath (1993). Phys. Rev. D, 48:4881-4902]
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Work Methodology

@ Independent dynamical degrees of freedom in light-front QCD is ¥ and the
transverse gauge fields A%.

@ In light-front coordinates, four-component fermion field can be reduced to a
two-component field in a light-front representation of gamma matrices

defined as
= o) = %) @
X i 3
= ( o 222) ;7= (GO _?,3) : (36)

@ In this representation, the projection operators become

A+:<(1) 8) A_=(8 (1’) (37)

@ The quark fields decompose as

ve=[5]. w-=1[)]- (38)

[W M. Zhang and A. Harindranath (1993). Phys. Rev. D, 48:4881-4902]
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Work Methodology

@ The two-component quark fields are given by

dk ) )
W = T / V%[W)e%y+d*_k(k>e”*y], (39)
w) = (7)) [ (0 + 94t 0) +im] e (40)

@ The dynamical components of the gluon field are given by

[dk ik * ik-
R B e O e S
where [dk] = -4 d’k"_ s the eigenstate of 0% and e, is the polarization

V2@m)3kt "

vector of transverse gauge field.

[A. Harindranath, R. Kundu, and W M. Zhang (1999). Phys. Rev. D, 59:094013]

@ Here, we have suppressed the colour indices.
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Results

@ We have taken only the quark part of the EMT.
@ Quark part of the canonical EMT:

1— _
Tk (@) =5 (@19 (@) + gh@)r* AL (a), (42)
—_—
(Potential term = 0)
T q fwv LR (43)

The potential term is also found to be zero for an electron in QED at one
|00p level. [X. Ji, A. Schifer, F. Yuan, J H. Zhang, and Y. Zhao (2016). Phys. Rev. D, 93(5):054013]
@ Gauge-invariant canonical decomposition EMT:

1— =
Tl = SP@iD pet(@),  TEE =T, (44)
where, T bure = Gu 2igAbie and Afy. = AH — Aphys.
@ Gauge-invariant kinetic decomposition EMT:
THE — Ttk (45)

gik, q kin,q
[R. Singh, S. Saha, A. Mukherjee, and N. Mathur (2024). Phys. Rev. D, 109(1):016022]
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@ longitudinal component of OAM distribution:

2 2 AL 2
Cp d“A+- 1 AL 6 2m 1+w
Lz ply =9 / tatl . 60 I
(Liin, o) (07) =5 (2m)2 ¢ o Ut ar))lel o

oo ()], (9

@ Intrinsic spin distribution of quarks:

2 2 A L
. g°C d*A~ _ALlpl dx
(Sfn, (1) == £ eriater [

32m2 (2m)?2 l—atx
1+w 1—w? 14w
14 22)1 1
oty (755 ) + (5 ) s (555
2 A2
-1 1 — ). 47
a8 (i) “n
where w = /1 + “Alf and A is the ultraviolet cutoff on the transverse
momentum.
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@ Belinfante-improved total angular momentum distribution:

(Jel, o) (07)

_ gQCF/dQAJ' eiibL,AL/ dx 1
(2m)?2 1672 (1 — z)Atw?

x {(Sm‘*(l —2z)(1 —z(1 —z)) + 6m2(1 — (2 — x)z(1 + 2z))AZ

+ (1= (2 - 2)z(1 + 22)) A1) log ( 1w )

14w
—wA? (4m2(1 —(1—2)z)+ (1+2?)A?
2
+ (1 — (2 — z)z(1 + 22))(4m? + A?) log <m) )], (48)

where w = 4/1+ “AL; and A is the ultraviolet cutoff on the transverse
momentum.
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@ Distribution of the superpotential term

()t = £C8 [ LA iater [ Lo
q 3272 (2m)2 (1 —z) w3A4

|:wA2 ((4m2 + A1 +2?) - 4m2x)
—2m? ((4m2 + A1+ 2?) — 4mPx — 2mA2) ] (49)

where w=4/1+ ‘*AL; and A is the ultraviolet cutoff on the transverse

momentum.
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o Gravitational form factor D:

¥, "7 (0)|p, s)

_ pPrpY PHigVAA AFAY — gVV A2
= /8 | ———At)+ ————2 (A+B+D)(t)+ ——=—— C(t
() | AW+ S A+ B D) () + S ®
_ PYigh A
+mg"O(t) + 22X A+ B— D) (t)| u(p,s), (50)

4M

where M is the nucleon mass, s,s’ denotes the rest frame polarization of the
initial and the final states respectively, and

/
P:%7 A:p'—p, t= A2
@ The antisymmetric part of the EMT is related to the divergence of the spin

density operator THv — Tvk = —§, 5B (z).
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@ The matrix element of the quark spin density operator is also parameterized
by two form factors

1 A
W, 'IS5°PO)lp,s) = 5P u(p', ') [msci,(m ;jcyt)} u(p.s),  (51)

where G%(t) and G%(t) are axial vector and pseudoscalar form factors
respectively.

@ The antisymmetric part of the quark EMT is given by
Ua) [y D? = 1P () = —e#P0, [b@)nsv(@)] (52)

thus

Dy(t) = =G4 (1) (53)
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@ To extract this form factor we have used the following relation

¥, 5847*(0)Ip, s)

1 .
_ ~ tik—z e
e = 26 5% GY (1), (54)

where we have used the relation @(p’, s’)ytysu(p, s) =4P+s* in Drell-Yan
frame with light-front spinors by taking n.r = (1,0,0,—1)

@ Thus
_ _¢°Cp [ dz ) T+w 1—w? 14w
Dy(t) =— 62 /l_x[w(l-i-x )log<_1+w)+( » )mlog(_1+w)
AQ
— (1+ %) log (m)} (55)

where w = /1 + 412 and t = A2,
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Figure: Plots of longitudinal angular momentum distribution of quarks as a function of impact parameter
by . Left: Sum of the kinetic orbital AM b (L*) (dot-dashed line) and spin AM b, (S*) (dashed line) given
by kinetic total AM b (J*) (solid line). Right: Kinetic total AM b (J*) (solid line) is given by the sum of
Belinfante total AM b, (Jg,;) (dot-dashed line) and the correction term corresponding to the total divergence
by (M*) (dashed line). Here, m = 0.3 GeV, g =1, Cy =1, and A = 1.7 GeV. We choose the Gaussian

width o = 0.1 GeV. [R. Singh, S. Saha, A. Mukherjee, and N. Mathur (2024). Phys. Rev. D, 109(1):016022]

@ Analysis done for proton using the basis light-front quantization spin contribution dominates over OAM.

[Y. Liu, S. Xu, C. Mondal, X. Zhao, and J P. Vary (2022). Phys. Rev. D, 105(9):094018]

@ Correction term has both positive and negative regions in a similar analysis using scalar diquark model.

[C. Lorcé, L. Mantovani, and B. Pasquini (2018). Phys. Lett. B, 776:38-47]
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Figure: Plot of the dependence of different components of AM distribution on transverse momentum UV
cutoff. Top-left: Variation of b1 (Lg,, ,) with A. Top-right: Variation of b, (Sg, ,) with A. Bottom:
Variation of b (Jg, q) with A. Five different values of A are considered for the analysis:
A=1.5,1.6,1.7,1.8,1.9 GeV. The Gaussian width is o = 0.1 GeV. [R. Singh, S. Saha, A. Mukherjee, and N. Mathur

(2024). Phys. Rev. D, 109(1):016022]
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of b (Lg, ) with . Top-right: Variation of b, (S, ) with
. Bottom-right: Variation of b, (M) with o. Four different
0.05,0.10, 0.15, 0.20 GeV. Here, m = 0.3 GeV, A = 1.7

GeV, and g = Cy = Ny = 1. [R. Singh, S. Saha, A. Mukherjee, and N. Mathur (2024). Phys. Rev. D, 109(1):016022]
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A = 1.7 GeV and Cy = 1. [R. Singh, S. Saha, A. Mukherjee, and N. Mathur (2024). Phys. Rev. D, 109(1):016022]

® D,(AY) = ~G4(AY), G5 (0) = 0.36
@ Qualitatively behaviour is similar to other model-based and lattice calculations.

[A. Silva, H C. Kim, D. Urbano, and K. Goeke (2005). Phys. Rev. D, 72:094011], [Y C. Jang, R. Gupta, B. Yoon, and T. Bhattacharya

(2020). Phys. Rev. Lett., 124(7):072002]
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Conclusions

Conclusions

@ We have calculated the spatial distribution of angular momentum for
different decompositions for a relativistic spin—% state, namely quark dressed
with a gluon.

@ We have calculated the gravitational form factor D related to the
antisymmetric part of the energy-momentum tensor.

@ We have calculated the superpotential term at the density level in the dressed
quark state, which is responsible for the disparity between the total angular
momentum density of Ji and Belinfante decomposition.

The potential angular momentum which relates to the Jaffe-Manohar and Ji
decomposition vanishes at one loop level in the dressed quark state.

@ Decomposition of Wakamatsu and Chen et. al. gives the same result as Ji
and Jaffe-Manohar.

@ We have taken only the quark part of the EMT, we are calculating the gluon
part contribution to these observables.

Sudeep Saha (IIT Bombay) ICTS Workshop 24 February 6, 2024



Thank you!



	Introduction
	Work Methodology
	Results
	Conclusions
	Acknowledgement

