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Problem

Suppose

M1 ⊗M2 ⊗ · · · ⊗Mr
∼= N1 ⊗ N2 ⊗ · · · ⊗ Ns

Question 1: Is r = s?

Question 2: If r = s what more can be said about the families

{Mi} and {Nj}?

Question 3: What can be said about their characters?
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History

Theorem (CS Rajan)

Let g be a finite dimensional simple Lie algebra and

M1, · · · ,Mr ,N1, · · · ,Ns be finite dimensional non-trivial simple

modules of g such that

M1 ⊗M2 ⊗ · · · ⊗Mr
∼= N1 ⊗ N2 ⊗ · · · ⊗ Ns

Then,

1. r = s

2. Mi
∼= Nσ(i) for some permutation σ
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History

Theorem (Venkatesh, Viswanath)

Let g be an indecomposable symmetrizable Kac-Moody Lie

algebra and M1, · · · ,Mr ,N1, · · · ,Ns be irreducible integrable

modules of g with dimension ≥ 2 such that

M1 ⊗M2 ⊗ · · · ⊗Mr
∼= N1 ⊗ N2 ⊗ · · · ⊗ Ns

Then,

1. r = s

2. Mi
∼= Nσ(i) ⊗ Zi for some permutation σ and one dimensional

modules Zi

The second conclusion translates to the fact that the highest

weights are determined up to their action on the simple coroots.
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History

In other words,

Theorem (Venkatesh, Viswanath)

Let g be an indecomposable symmetrizable Kac-Moody Lie

algebra and V (λ1), · · · ,V (λr ),V (µ1), · · · ,V (µs) be irreducible

integrable modules of g with dimension ≥ 2 such that

V (λ1)⊗ · · · ⊗ V (λr ) ∼= V (µ1)⊗ · · · ⊗ V (µs)

Then,

1. r = s

2. For some permutation σ we have λi (α
∨) = µσ(i)(α

∨) for all

simple coroots α.
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Symmetrizable Kac Moody Algebras

Root space decomposition

• A - symmetrizable GCM

• g = g(A) - Kac Moody algebra corresponding to A

• h - Cartan subalgebra of g

• g = h⊕
⊕
α∈∆

gα, where [h, x ] = α(h)x for all x ∈ gα

• g is generated by {eαi , fαi ∈ g±αi | 1 ≤ i ≤ n} along with h

• Π := {α1, · · · , αn} - simple roots

• Π∨ = {α∨
1 , · · · , α∨

n } - simple coroots
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Symmetrizable Kac Moody Algebras

Weyl Group

For 1 ≤ i ≤ n the reflection si : h
∗ → h∗ is defined by

si (ν) = ν − ν(α∨
i )αi ∀ν ∈ h∗

The Weyl group of g is

W := ⟨s1, s2, · · · , sn⟩ ⊂ GL(h∗)
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Symmetrizable Kac Moody Algebras

Parabolic Weyl Group

For J ⊂ {1, 2, · · · , n}, the parabolic subgroup of the Weyl group

is

WJ := ⟨{sj : j ∈ J}⟩ ⊂ W

• Parabolic Weyl groups are Coxeter groups with generators

{sj : j ∈ J}
• For w ∈ WJ ,

I (w) := {sj1 , sj2 · · · , sjk}

where, sj1sj2 · · · sjk is a reduced expression for w
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Parabolic Verma Modules

• The integrability of λ ∈ h∗ is

Jλ := {i ∈ [n] | λ(α∨
i ) is a non-negative integer}

• P := {(λ, I ) | λ ∈ h∗ and I ⊂ Jλ}
• For λ ∈ h∗, the associated Verma module is

M(λ) :=
U(g)

⟨{eαi , h − λ(h) | 1 ≤ i ≤ n, h ∈ h}⟩

8/18



Parabolic Verma Modules

• For (λ, I ) ∈ P, the Parabolic Verma Module is

M(λ, I ) :=
M(λ)∑

α∈I U(g)f
λ(α∨)+1
α mλ

where, mλ is the cyclic generator (or highest weight vector) of

M(λ), the Verma module corresponding to λ.

• The characters of Parabolic Verma modules are given by

chh M(λ, I ) =

∑
w∈WI

(−1)ℓ(w)ew(λ+ρ)−ρ∏
α∈∆+(1− e−α)dim gα

.

9/18



Main theorem 1

Theorem ( , Raghavan, Venkatesh, Viswanath)

Let g = g(A) be a symmetrizable Kac-Moody algebra. Suppose

that

⊗r
k=1M(λk , Ik) ∼= ⊗r

k=1M(µk , Jk)

where ∀k ,

1. (λk , Ik), (µk , Jk) ∈ P.

2. Ik and Jk are connected.

Then,
∑r

k=1 λk =
∑r

k=1 µk and there exists σ ∈ Sr such that

1. Ik = Jσk and

2. λk(α
∨
i ) = µσk(α

∨
i ) for all i ∈ Ik .
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Diagram Automorphisms

• A map ω ∈ Sn is an automorphism of a GCM A = (aij) if

aij = aσ(i)σ(j) (1 ≤ i , j ≤ n)

• One can associate a graph to A with vertex set {1, 2, · · · , n}
and edges depending on the entries of A.

• Automorphisms of a GCM and graph automorphisms of the

(Dynkin) graphs of the GCM are one and the same.

• Any automorphism σ of the GCM A induces a (unique)
automorphism (of the same order) of the Lie algebra g(A)
satisfying:

1. ei → eσ(i)
2. fi → fσ(i)
3. σ(h) = h

4. (h, h′) = (σ(h), σ(h′)) for all h, h′ ∈ h
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Fixed point subalgebras

• ω ∈ Diagram Automorphisms(g)

• gω := {x ∈ g|ω(x) = x} is a Lie algebra
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Fixed point subalgebras
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Fixed point subalgebras
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Main theorem 2

Theorem ( , Raghavan, Venkatesh, Viswanath)

Let An×n be a GCM of finite, affine, or hyperbolic type. Let Γ be

a group of diagram automorphisms of g. Let gΓ denote the fixed

point subalgebra. Suppose that

⊗r
k=1ResgΓM(λk , Ik) = ⊗r

k=1ResgΓM(µk , Jk)

where ∀k ,

1. (λk , Ik), (µk , Jk) ∈ P
2. λk , µk ∈ h∗ is Γ-invariant

3. Ik , Jk are connected subsets of [n] and are Γ-stable

Then,
∑r

k=1 λk =
∑r

k=1 µk and ∃σ ∈ Sr such that Ik = Jσk

and λk(α
∨
i ) = µσk(α

∨
i ) for all i ∈ Ik .
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Thank you for your attention!
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