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Dynamics of open quantum systems based on three quantum features ! K psim

1. Schrédinger (h = 1): wave funct. |¢) € H, density op. p ~ [¢) (¢

d . .
E|¢):—/H|¢), H = Ho + uH; = HT, —i[H, p].

d —

dat’ =

2. Origin of dissipation: collapse of the wave packet induced by the
measurement of O = OT with spectral decomp. >, APy

» measurement outcome y with proba.
P, = (¥|P,|y)= Tr(pP,) depending on |¢), p just before the

measurement
» measurement back-action if outcome y:
Pylv) PypPy
W) = ()4 = ===, P pr= =25
(¥[Py 1) Tr(pPy)

3. Tensor product for the description of composite systems (S, C):
» Hilbert space H = Hs @ H.
» Hamiltonian H = H; ® I + Hyc + 1s ® He
» observable on sub-system C only: O =15 ® O..

!S. Haroche and J.M. Raimond (2006). Exploring the Quantum: Atoms,
Cavities and Photons. Oxford Graduate Texts.
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Diffusive stochastic master equation? . psLm

- W W EE R o

-
- = Hilbert space p ]ﬂdecoherence ~ N

- (dissipation) CLASSICAL WORLD
# |quantum state p (24 1 )
u _'_} dp = i[Hy+uly,p) di+ (LapLy  S(E{Lap+ pIiLa)) dt —‘—) dy =i Tt(Lymp + pL},) dt + dW
\ +(I_,,,,;I_f,, %(L,T“I_q,,p+,;L,"“I_,,,)) m+ﬁ(1.,,,,,+,,r‘7“ 1.-[1_,,,,,+,,Lj,,j,,) aw
s ~ QUANTUM WORLD 4
N e m mE =

t — p; continuous time function (not differentiable), solution of

dpe = _i[Ho+uH1,pt] di+ [ S Lopel] — S(LiLupe + peliLy) | de+...

v=d,m

ot (L peLly = Te(Lmpe + pelhy)pe ) dWs,

where 7 € [0, 1] and the same Wiener process W, is shared by the state
dynamics and the output map

dye = /0 Te(Lpnpe + peLl) dt + dW,.

2A. Barchielli and M. Gregoratti. Quantum Trajectories and Measurements

in Continuous Time: the Diffusive Case. Springer Verlag, 2009.
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. . 24
Jump stochastic master equation 3 &, 1oLz

t — p; piece wise smooth time function, solution of
dpe = (—i[H, pe] + VeV — 3(VIVp, + pVIV)) dt

Op: + Vpe V1 B ) (7= T
() (- (15770 ) )

where 6 > 0 (dark count rate) and 7 € [0, 1] (detection efficiency) and
where the counting detector outcome dy; € {0,1} with

> dy, = 0 with probability 1 — (9‘+ 7 Tr (VoY) ) dt and then

Pt+dt = Pt + ( —i[H, pe] + thVJr - % VTVPt + p:VTV)
+a(Tr (thvT) pr — thVT)) dt
» dy, =1 with probability (§+ 1 Tr (VpeVY) ) dt, and then

Ope + 7V pe VT
0+7 Tr(Vp V)
3see, e.g., J. Dalibard, Y. Castin, and K. Mglmer. Wave-function approach

to dissipative processes in quantum optics. Phys. Rev. Lett., 68(5):580-583,
February 1992. 5/38
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LKB photon box* &, 1oLz

> Dispersive qubit/photon interaction: Hine = —x(|e)(e| — |g)g]) ® n (with
X a constant parameter) yields e~ THint  the Schrédinger propagator
during the time T > 0, given with 6 = xT by
Up = Ig)gl @ e

» resonant qubit/photon interaction: Hin = i%(\g}(e\ ®al —|e)g|® a)
—iTH

+ le)e| ® ™.

(with w a constant parameter) yields e it the Schrédinger propagator
during the time T > 0, given with § = wT /2 by

Us = |g)g| ® cos(8v/n) + |e)e| ® cos(dv/n + 1)

+laxel & ot — ey a T,

4LKB for Laboratoire Kastler Brossel. ,
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Photons measured by dispersive qubits (1) | PSL

MINES PARIS

Ry

U= (((252) el + (1242 (el) @)

(IeXgl® e + le)e| & &™)

(23 tel + (=) ¢el) 1)
applied on |V) = |g) ® [¢) yields

U (Ig)l)) = lg) cos(On)[s) + [e) isin(6n)).

Markov process induced by the passage of qubit number k:

__isin(On)lyw) — e wi il in2 .
R if yx = e with probability (1| sin®(6n)|vx) ;

where y, € {g, e} classical signal produced by measurement of qubit k.

es) { % if yx = g with probability (1x| cos®(0n)|¢x) ;
k+1) =
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Photons measured by dispersive qubits (2) AT |psLa

MINES PARIS

The density operator formulation (p = |){(¥] ):

s
MgpikMgT if yx = g with probability Tr (I\/IgpkMZ,) :

prit = Tr(Mg M} )
- MepkMZ . _ . . 1Y .
7Tr(Meple> if yx = e with probability Tr (MepkMe) ;

with measurement Kraus operators M, = cos(6n) and M. = sin(fn). Notice
that M{Mg + M{M. = I.

For 0/ irrational, almost sure convergence towards a Fock state |i) (| for
some 71 based on the Lyapunov function (super-martingale)

Vip)= > Vmlpln)(n2|p|n2)

0<n1 <nz

that converges in average towards 0 since

E (V(pkﬂ) ‘ pk) < ( max | cos(f(m + n2)|> V(r)-

0<n1<nz

Probability that a realisation converges towards |7) (7| given by its initial
population (1] po|71)
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Photons measured by resonant qubits (1) AT |psLa

5

Wave function |W) of the composite qubit/photon system just before D:

<Ig><g| cos(0v/n) + |e){(e| cos(0vn + 1)

vn vn

— &) cos(OvA)Y) — |e) a S'“(“’fﬂ )

Resulting Markov process associated to the measurement of the observable
o, = |le)e| — |g)g| with classical output signal y € {g, e}:

M f — th b bl 2 9 .
(i | cos?(0+/n)[1y) Yk & with probability <'¢k| cos ( \/ﬁ)"l/]k) )
[Yrg1) = 2SO

VWil sin2(0v/m) k)

+ lg)el SOV o |e><g|as‘"("ﬁ)> 1£)19)

if yx = e with probability (¢x|sin®(6/n)]k) ;
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Photons measured by resonant qubits (2) AT |psLa

MINES PARIS

Density operator formulation;

Mg pi M7 . . -
e m if y« = g with probability Tr (MgpxM]) ;
o MepMJ : _ : i £ .
Tr(MepkM;() if yx = e with probability Tr (MepkMs) ;

with measurement Kraus operators M, = cos(6+/n) and M. = aw. Notice
that, once again, M;Mg +MiM. =1.

For 0y/n/m irrational for all n, almost surely towards vacuum state |0)(0].
Results from the following the Lyapunov function (super-martingale)

V(p) = Tr(np)
since

E (V(pm) ‘ pk) = V(px) — Tr (sin*(0v/n)px) -
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2%
Measurement errors (1) . psLm

With measurement imperfections, use Bayes rule by taking as quantum state,
the expectation value of pxy1 knowing px and the information provides by the
imperfect measurement outcome.
Assume detector D broken. From

:
Mgpikmgt if yx = g with probability Tr (I\/IgpkMg) :

Pri1 = T'(Mgpk';/'g)
MePkMe . _ . . 1 .
7Tr(Meple) if yx = e with probability Tr (MepkMe) ;

we get the quantum channel:

pri1 = K(px) £ E (pm ‘ pk) = MgpeME + Mep ML
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2%
Measurement errors (2) . psLm

When the qubit detector D, producing the classical measurement signal

yk € {g, e}, has errors characterized by the error rate n. € (0,1) (resp.

ng € (0,1)) the probability of detector outcome g (resp. e) knowing that the
perfect outcome is e (resp. g), Bayes law gives directly

_ _ (1_77g)MngM;+7IeMePkMZ
£ (pkﬂ ‘ Y= g7pk) N Tr((lfng)MgpkM}MeMepkMl)
with probability P(yx = glpx) = Tr ((1 — 77g)Mgp;<Mfg + neMepkMZ) ,

Pk+1 = . .
ngMgpiM;+(1—ne)Mep M
E(Pkﬂ ‘}/k:epk>: £
’ T"(ngMgpkM;+(1777e)Meple)

with probability P(yx = e|px) = Tr (ngMgpiM] + (1 — ne)MepiMY)

Notice that a broken detector corresponds to 7. = 1, = 1/2 and one recovers
the above quantum channel.
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Stochastic Master Equation (SME) in discrete-time FALt

General structure of discrete-time SME based on a quantum channel with the
following Kraus decomposition (which is not unique)

K(p) = _MupM], where Y MM, =1
I

o

and a left stochastic matrix (7,,,.) where y corresponds to the different
imperfect measurement outcomes. With K, (p) = >, Ny,uMupMJ, ones gets
the following SME:

Ky, (o)

= ——"— wh = y with probability T
P41 Tr (K, (o0) where yx = y with probability Tr (K, (p«))

Notice that K = K, since 7 is left stochastic.
y oy

Here the Hilbert space H is arbitrary and can be of infinite dimension, the
Kraus operator M, are bounded operator on # and p is a density operator on
‘H (Hermitian, trace-class with trace one, non-negative). When the index y or
4 are continuous, discrete sums are replaced by integrals and probabilities by
probability densities.
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Qubits measured by dispersive photons (discrete-time) (1) . psLm

Probe photon in the coherent state \1%) with o > 0. Just before D the
composite qubit/photon wave function |W) reads:

(IgXgle™ + leXele™ ) [0)li 55) = (gl 4) lg) lie™™25) + (el ) le) lie” 25).

Measurement outcome y € R corresponding to observable

T +oo
Q=212 - / qlg)qldg where (qq") = d(q —q').

V2 o0
. Lo . (gt asin 0)2
Since |/ei’9%) = 7,11/4 f:: B |g)dq, we have

(gl v) 1) lie™ %) + (el 6) le) i %)
oo iqoe cos O 7@ o sin 0) 7(q+u sin 0)
e[ e ( 5 (g1 0) ) + <|¢>|>)|q>dq

Thus

y, cysmﬂ y+o¢sm02
k— k

(i) = eMocsd €7 <g|¢k> lg) +e” +<elw>| )
Ve thmasinP] (g]ghy) [2 4 e~Drresin %] (e[ i) [2

ZUme 0P (gl et O e 2

™

where yi € [y, y + dy] with prob.
19/38



Qubits measured by dispersive photons (discrete-time) (2) . psLm

Density operator formulation
MYk Pk M}tk

— A where yx € [y, y + dy] with probability Tr (MypkMI) dy
7o (0,00

Pk+1 =

and measurement Kraus operators

1 _ (y—asin 0)2 (y+asin 6)2

My=—Sme 7= lgXel+ <me” = leXel.

Notice that
1 —(y—asin )2 1 — asin 6)2
Tr (M pM}) = 2T glolg) e el
and [T MIM, dy = |g)g| + le)e| = I.
For o # 0, almost sure convergence towards |g) or |e) deduced from Lyapunov
function

V(p) = VViglolg) (elple) with E (Vi) | ) = €% V(pu).
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Qubits measured by dispersive photons (discrete-time) (3) FALt

Detection imperfections: probability density of y knowing perfect detection g is
. . _=a?
a Gaussian given by 7= ° for some error parameter o > 0. Then the

_1
uged

above Markov process becomes

_ ICYk (Pk)
PR = T (K (00))

where

<, _u=a? 1
Ky(p) = F=€  ° MgpMg dg

— 0o

Standard computations using

1 _ (g—asin 0)? (g+asin 6)2

Mo=Hme 2 lgXel+ =me 2 le)el

(y—asin 0)2 (y+asin 9)2

Ky(p) = —= (ef o (glplg)lgXel + e e (elple)[e)el

46 ET O (elplg) el + lelplellelel) )
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A | psLm

Continuous-time diffusive limit (1)

Density operator formulation (perfect detection)
MYkpkML
e (M)

and measurement Kraus operators

Pry1 = where yix € [y, y + dy] with probability Tr (MypkMI) dy

_ (y—asin 0)2 _ (y+asin 0)2

My=Sme 7= leXegl+ <me = leXel

Since
]E(yk ‘ Pk :p) 2y=—asind Tr(op), E (yf ‘ Pk :p) £ y2 = 1/24(asinb)?.

When 0 < asinf = ¢ < 1, we have up-to third order terms versus ey,

M, pM] _ (cosh(ey) — sinh(ey)o;)p(cosh(ey) — sinh(ey)a:)

Tr (MyPMQ cosh(2ey) — sinh(2ey) Tr(ozp)

~ P &y(ep+po) + (ey)*(p + capo)
1 —2ey Tr(ozp) + 2(ey)?

= p+(ey)? (Uzpaz —p) + (Uzp+paz =2 Tr(ozp) p) (—ey—?(ey)2 Tr (czp) )

23/38



Continuous-time diffusive limit (2) . psLm

Replacing €?y? by its expectation value one gets, up to third order in ey and e:
M}/pM;r/ &2 2
—— Rt (Uzpaz—p)+(azp+paz—2 Tr (02p) p) (—ey—e Tr (0zp) )
Tr (Myplvl;)
Set ¢ = 2dt and ey = —2 Tr(a,p) dt — dW. Since by construction
E (eyk ‘ Pk = p) =—€ Tr(op) and E ((eyk)2 l Pk = p) = +¢

one has E (dW ‘ p) =0and E (dW2 ’ p) = dt up to order 4 versus €. Thus

for dt very small, we recover the following diffusive SM E®
Prede = pr+dt (Gzpfaz — p) + (Uzpt + proz —2 Tr(ozp¢) p) (dyt —2 Tr(ozp:) dt)

with dy; = 2 Tr(c.p:) dt + dW, replacing —ey and dy? = dW? = dt (lto rules).

5Convergence in distribution when dt — 07: tightness property

2 2
YT > 0,3M > 0,Vdt > 0, %k, ki, ka € {0, .., [T/del} E (llokg — pull®ll lloky — pill® | o) < Mika—ka) dt,
Ii‘3("(pk+1 ‘ Pk:P>*f(P)
and (Markov generator) convergence of R S— towards E (dft ‘ pt = p) /dt for any

C? real function f.
24/38



Continuous-time diffusive limit (3) . psLm

With measurement errors parameterized by o > 0, the partial Kraus map

)2

Ky(p) = —=2 (e—%<g|p|g>\g><g| +e T (e|ple)eNe]

7(1+0)
e ((elplg)leNel + <g|p|e>|g><e|))

yields E (yk ’ pk) 2y=—€Tr(op)and E (y,f ‘ pk) Ly2—(1+0)/2+¢€.

Similar approximations with €2 = 2dt and dt very small, yield an SME with

detection efficiency n = 5

Pridt = Pt + dt(Uzptoi - p) + \/ﬁ(azpt + pro; — 2 Tr(ozpt) p) dW;

with dy: = /7 Tr(gzpt + proz) + dWe ~ —ey/V/1 + 0.
Convergence towards either |g) or |e) (QND measurement of the qubit) based

on Lyapunov fonction V(p) = 1/1 — Tr(czp)? and Ito rules:

zdz dz* _ zdz
Vi—zz 201-2z2)32 J1_2
where z = Tr(&p), dz = 2n(1 — z2°)dW and dz* = 4n*(1 — z*)?dt. Since
E (dz ‘ z) =0,V,=E (V(zt) ’ zo) solution of 4V, = —27*V/.

dv = — — 20 Vdt
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Diffusive SMES A | psL

MINES PARIS

General form of diffusive SME with lto formulation:

. 1
dp: = (—I[H7pt] +> Lupelf — E(LlLypt + ptLLLy)> dt

+ Z \/7% (Lupt + ptLl — Tr ((Lu + Li)pr) Pt) dW,.¢,

dyie = /i Tr (Lupe+ pel L) dit + dW,e

with efficiencies 7, € [0,1] and dW, ; being independent Wiener processes.
Equivalent formulation with Ito rules:

May,peM, + 3, (1 = mu)LupeL ] dt
Tr (Mdytptl\/lgyt Y a- nV)L,,ptlet)

with Mgy, =1+ (—iH — 23 LIL,) dt + 3, /Wwdys.L.. Moreover
dy,.: = s,.:\/dt follows the following probability density knowing p::

Pt+dt =

2
]P((Su,t = [5V75V —+ dsl,])y ‘pt> = Tr <M5\/$ ptMim-‘r Z(l — nu)LthLj;dt> H e \;ﬁsy .
v v

®A. Barchielli and M. Gregoratti. Quantum Trajectories and Measurements
in Continuous Time: the Diffusive Case. Springer Verlag, 2009.
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. . . 24
Kraus maps and numerical schemes for diffusive SME’ K psim

Linearity/positivity/trace preserving numerical integration scheme for
. 1
dp: = (—/[H,pt] +> Lupel] — E(LZLth + ptL,tLV)> dt
14
+ v (Lupe + peld = Tr (Lo +LE)pt) pe) dWie,
v
dyv,e = /m Tr (Lupt + PtL:r,) dt + dW, ¢

With Mo = I+ (= iH = 330, LiL,)de, S =M{Mo+ (X, LIL, ) dt set

Mo = MoS™/2, [, =L,5~ /2
Sampling of dy,,:+ = s,+V dt according to the following probability law:

N ""tN
Al
N

IF’((SV,,_» € [sv,su +ds]), \pt) = Tr < s\ﬁpt + Z(l — nl,)L,,ptLTd > H e _2dsy

where I\7Idyt = Mo + > /Twdys,tL,. Exact Kraus-map formulation:

daye T >, (1= r]l,)L,,ptL dt
Tr (mdytpthyt +3,0 - ny)LthL,tdt)

detptM

Pt+dt =

7A. Jordan, A. Chantasri, PR, and B.Huard. Anatomy of fluorescence: quantum trajectory statistics
from continuously measuring spontaneous emission. Quantum Studies: Mathematics and Foundations,
3(3):237-263, 2016. 29 /38
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Qubits measured by photons (resonant) (1) A, psLz

Probe photon is in the vacuum state |0). Composite qubit/photon wave
function |W) before D:

<Ig><g| cos(0v/n) + |e){e| cos(0v/n + 1)

+ el Yl |e><g|a5‘"(fﬁf”)> ¥)10)

= ({&l¥) lg) + cost (e|v) €))]0) +sin 0 (e[ ) |g)[1).

With measurement observable n =3~ n|n)n
(density operator formulation)

, outcome y € {0,1} reads

MopkME . . -
s 7“('\:2;&;) if yx = 0 with probability Tr (Mopkl\/lg) ;
+1= My peM] . ) .
W if yx =1 with probability Tr (MlpkMI) :

measurement Kraus operators Mg = |g)(g| + cosf|e)(e| and M; = sin8|g)e|.
Almost convergence analysis when cos®() < 1 towards |g) via the Lyapunov
function (super martingale)

V(p) = Tr(le)elp) since E (V(psa) | i) = cos™0 V(p).
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Towards jump SME (1) FALt
Since Tr (Mong) =1—sin*0 Tr(apoy) and

Tr (MlpMI) =sin? 0 Tr(c.poy), one gets with sin?@ = dt and y ~ dN, an
SME driven by Poisson process dN; € {0,1} of expectation value
Tr (o-pto4 ) dt knowing py:

dpr = (a_pta+ — %(a+apt + pfa+a_)) dt

0-Pt0+
_ — dNy — | Tr (o .
+ ( Tr(oproy) pt) ( ! ( r(apta+)) dt)
At each time-step, one has the following choice:
» with probabilty 1 — Tr(a.p:oy) dt, dNy = Nepgr — N =0 and
Mop:M{

Ptrdt = —F
Tr (MoptMg)
with Mo = | — £oy 0.
» with probability Tr(cp:o4) dt, dNy = Neygr — Ny =1 and
MipeM]
Pttdt = 19t 74

Tr (MlptMI)

with M; = +v/dt o.
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Towards jump SME (2) AT |psLz

With left stochastic matrix ( 1 gdetdt 1 % K > including shot noise of rate

6 > 0 and detection efficiency 7 € [0, 1]:
> dN¢ = Nerge — Ne = 0 and

(1 — 8dt)Mop:M] + (1 — 7)My1 peM]
Tr ((1 — dt)MopeM§ + (1 — ﬁ)MlptMD

Pt+dt =

MopeMI + (1 — 7)MqpeMT
_ 0ptM, :'( 7)M1peM] + 0(dt?).
Tr (MoptMo 1 ﬁ)MlptMD

with probability
1—((§+ﬁ Tr (cr_pta+))dt - T ((1 — 0dt)Mop:M + (1 — ﬁ)MIptMI)+O(dt2)
and where Mg =1 — %a.m_ and M; = Vdt o.

> dNt = Nt+dt — Nt =1 and

0dt MopeM{ + iM1peME  Bp; 4 o peoy

Pt4+dt = - = =
Tr <9dtl\/|0ptl\/lg+ﬁl\/|1pt|\/|1) 0+ 7 Tr(cproy)

+ O(dt)

with probability

@+ Tr(a_pta+))dt =T (e'dt MopeMJ + ﬁMlptMI) + O(dt?)
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Towards jump SME (3) FALt
Jump SME with shot noise rate 8 and detection efficiency 7

dp: = (0:th+ — %(0’+0:pt + pta+a.)) dt

épt + njo.proy _
b — oo | \dNe = (0477 Tr (e dt) .
i ( Tr (ept-l-ﬁaptm.) pt) ( t ( +7 r(opta+)) t)

corresponds to the following choices
> dNt == Nt+dt - Nt =0
_ MopeM{ + (1 — ))MapeM]
Pt+dt = : - :
Tr (Moptl\/lo (- n)MlptI\/Il)

with probability 1 — (§+ il Tr(o.peoy ) ) dt,
> de = Nt+dt — Nt =1 and
perar = Op: + o peoy
thdt = = _——
047 Tr(apeoy)
with probability 1 — (§—|— il Tr(o:peoy ) ) dt,

where Mo =1 — % (040 + 1) and My = Vdt 0.
35/38
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Jump SME in continuous-time® (1) . psLm

General structure of a Jump SME in continuous time with counting process N; with
increment expectation value knowing p¢ given by (dN;) = <€_+ 7 Tr(VpeVT) ) dt,

with 6 > 0 (shot-noise rate) and 77 € [0, 1] (detection efficiency):

dpe = (—i[H, pel + VeV — L(Vivp, 4 ptVTV)> dt
Ope + VoV (.- :
(TN ) (et (7 (Vo)) ).

Here H and V are operators on an underlying Hilbert space H, H being Hermitian. At
each time-step between t and t + dt, one has the following recipe

> dN; = 0 with probability 1 — (é+ 7 Tr (Ve ) dt
MopeM{ + (1 — 7)VpeVidt
Tr (Moptlvlg T ﬁ)thVTdt)

Pt+dt —

where Mg = I — (iH + 3VTV) dt.
> dN; = 1 with probability (9‘+ 7 Tr (VpeVT) ) dt,

Ope + Vpe V1

Pt+dt = T Tr (Voruh) T (thVT) .

J. Dalibard, Y. Castin, and K. Mglmer. Wave-function approach to dissipative processes in

uantum optics. Phys. Rev. Lett., 68(5):580-583, 1992,
q p y: (5) a7/ 38



Numerical scheme for Jump SME . psLm

dpe = (—iH, pe] + VoV = J(VIVpe + peVIV) ) de
Bp: + MV p VT P +
+ ((ﬂﬁTr(thvf) - pt> (dNt - (0+ 7 Tr (thV )) dt) .

Take a discretization step dt > 0 and set Mg = | — (iH + %VJTV) dt, I\7I0 = MgS—1/2
and V = VS~1/2 with S = M{ Mg + VIVdt. Use the following numerical CP scheme:
> dN; = 0 with probability Tr (e—édfﬁloptmg +(1— ﬁ)dt\7pt\7f)

eie_dt'\’\/]lopt'\’?lz + (1 — T_])dt\N/pt\A/lT
Tr <e—§dfl\~/loptl\~/lg + (1 — ﬁ)dt\~/pt\~/f)

Pt+dt =

> dN; =1 with probability Tr ( (1 — e~0%)MopcM{ + 7citVp, V1)

(1 — eiédt) |\7|0pt|\7|(]; -+ ﬁdt\7pt\7T
Tr ((1 - e*g_df)lvloptl\]g + ﬁdt\7pt\7T) .

Pt+dt =

Probabilities are preserved exactly: for any p¢, 6 > 0, 77 € [0, 1]
Tr <e—§df|\7|0pt|\7|g +(1- ﬁ)dt\7pt\~/T> +Tr ((1 — e ) Mg pe M) + ﬁdt\7pt\7f) =1
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