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Plan of this lecture

1- Basics of gravitational waves; the 
observational landscape

2- PBHs as source of GWs and resulting 
constraints

A- 2nd-order GWs from scalar perturbations

B- Formation of PBH binaries in the late Universe

C- Formation of PBH binaries in the early Universe



1- Basics of gravitational waves
<latexit sha1_base64="cjLTDQbnVL0dtwDk4EMctIgkp28=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoCGWmKroRim5cVrAP6LQlk0nb0ExmyEMsQz/Ejb/ixoUiblwI/o2ZtqC2Hgg595x7Se7xY0alcpwvK7OwuLS8kl3Nra1vbG7Z2zs1GWmBSRVHLBINH0nCKCdVRRUjjVgQFPqM1P3BVerX74iQNOK3ahiTVoh6nHYpRspIHfs4kO0SvIAFjyjUSbxQQ4/rETyC/Z/qEAb37bRIL647dt4pOmPAeeJOSR5MUenYH14QYR0SrjBDUjZdJ1atBAlFMSOjnKcliREeoB5pGspRSGQrGS83ggdGCWA3EuZwBcfq74kEhVIOQ990hkj15ayXiv95Ta26562E8lgrwvHkoa5mUEUwTQoGVBCs2NAQhAU1f4W4jwTCyuSZMyG4syvPk1qp6J4WnZuTfPlyGkcW7IF9UAAuOANlcA0qoAoweABP4AW8Wo/Ws/VmvU9aM9Z0Zhf8gfX5DXDQoGQ=</latexit>

ds2 = (⌘µ⌫ + hµ⌫)dx
µdx⌫space-time metric:

<latexit sha1_base64="E1+6Wr0xC1jIcJYrF4Vw4RTi9i0=">AAACFHicbVBNSwMxEM36bf2qevQSLIKill1R9CKIXjwqWFvolpJNpzWYZJdkVixLf4QX/4oXD4p49eDNf2Pa7kGrjxl4vDdDMi9KpLDo+1/e2PjE5NT0zGxhbn5hcam4vHJt49RwqPBYxqYWMQtSaKigQAm1xABTkYRqdHvW96t3YKyI9RV2E2go1tGiLThDJzWL2yEga2ahSmmo0x49piHCPRqVtQTr9DZ3gx2a11azWPLL/gD0LwlyUiI5LprFz7AV81SBRi6ZtfXAT7CRMYOCS+gVwtRCwvgt60DdUc0U2EY2OKpHN5zSou3YuNZIB+rPjYwpa7sqcpOK4Y0d9frif149xfZRIxM6SRE0Hz7UTiXFmPYToi1hgKPsOsK4Ee6vlN8wwzi6HAsuhGD05L/keq8cHJT9y/3SyWkexwxZI+tkkwTkkJyQc3JBKoSTB/JEXsir9+g9e2/e+3B0zMt3VskveB/f2COcFw==</latexit>

⌘µ⌫ = diag(�1, 1, 1, 1)
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|hµ⌫ | ⌧ 1

hijTT  is the gravitational-wave strain. 
It satisfies a wave equation. Propagates at speed of light.  

hμν has 10 indep. components. 6 linear combinations are gauge-invariant: 
• 2 scalar potentials Φ, Ψ [generalization of Newtonian potential]
• 1 transverse ``vector” [2 independent components], and
• 1 transverse trace-free “tensor” [2 independent components] hijTT
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i

hTT
ii = 0 = rih

TT
ij



•  Quadrupole formula. Consider a (non-relativistic) matter source 
with a time-varying mass quadrupole moment Qij(t)  [~ M R2]. 

<latexit sha1_base64="reqFD0+iUTSkl/kcKRa3EWY4Fgs="></latexit>

hTT
ij (t, r) =

2

r

h
Q̈ij(t� r)

iTT r: distance to 
the source

•  Gravitational waves carry energy and momentum:

<…> = average over 
several wavelengths

Energy density:

Energy flux/
momentum density:

<latexit sha1_base64="dVDBjN80J08qNyXakNgnX7jGKOs="></latexit>

⇢GW =
1

32⇡
hḣTT

ij ḣTT
ij i
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PGW
a =

1

32⇡
hḣTT

ij rah
TT
ij i

➡  GW-power radiated by a time-varying quadrupole moment: 
<latexit sha1_base64="a6/rX/45b6QZAQzjIv94F5jLz3o="></latexit>
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Qij
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made with gwplotter

The gravitational-wave landscape



Linearly polarized plane wave

time

Geodesic deviation of test masses:
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�xi(t) ⇡ �xi(0) +
1

2
hij(t)�xj(0)

This is (heuristically) how LIGO (and LISA) work



Basics of pulsar timing arrays

neutron 
star
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time

Radio 
intensity

Earth

Pulse #

smooth ``timing model” 
(accounts for pulsar spin down, 
possible binary companion…)

Pulse time 
of arrival
(TOA)



t

Time residual Rp(t) = TOA - timing model(t) For each pulsar p:
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Rp(t)

32 M. Alam et al.

Figure 14. Summary of timing residuals and DM variations for PSR J1012+5307. Colored points indicate the receiver for
the observation: 820 MHz (Green) and 1.4 GHz (Dark blue). In the top panel, individual points are semi-transparent; darker
regions arise from the overlap of many points.

Figure 15. Summary of timing residuals and DM variations for PSR J1024�0719. Colored points indicate the receiver for
the observation: 820 MHz (Green) and 1.4 GHz (Dark blue). In the top panel, individual points are semi-transparent; darker
regions arise from the overlap of many points.

example: J1012+5307 (NANOGrav 12.5-year data)
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Figure 14. Summary of timing residuals and DM variations for PSR J1012+5307. Colored points indicate the receiver for
the observation: 820 MHz (Green) and 1.4 GHz (Dark blue). In the top panel, individual points are semi-transparent; darker
regions arise from the overlap of many points.

Figure 15. Summary of timing residuals and DM variations for PSR J1024�0719. Colored points indicate the receiver for
the observation: 820 MHz (Green) and 1.4 GHz (Dark blue). In the top panel, individual points are semi-transparent; darker
regions arise from the overlap of many points.

820 MHz     1.4 GHz



For each pulsar p:

unknown intrinsic 
pulsar noise

<latexit sha1_base64="8l1+3K943aVA9WEyrE/vHxW5L9I=">AAACG3icbVDLSgMxFM34rPVVdekmWARFKDNF0Y1QdKErqWKt0Kklk97a0MyD5I5YhvkPN/6KGxeKuBJc+Dem7SzUeiBwOOfc5OZ4kRQabfvLmpicmp6Zzc3l5xcWl5YLK6tXOowVhxoPZaiuPaZBigBqKFDCdaSA+Z6Eutc7Hvj1O1BahMEl9iNo+uw2EB3BGRqpVShftKIt3KaH9GxEdqiLcI/DmxMF7TQxiZvEVT49qacmkbYKRbtkD0HHiZORIslQbRU+3HbIYx8C5JJp3XDsCJsJUyi4hDTvxhoixnvsFhqGBswH3UyGG6R00yht2gmVOQHSofpzImG+1n3fM0mfYVf/9Qbif14jxs5BMxFBFCMEfPRQJ5YUQzooiraFAo6ybwjjSphdKe8yxTiaOvOmBOfvl8fJVbnk7JXs891i5SirI0fWyQbZIg7ZJxVySqqkRjh5IE/khbxaj9az9Wa9j6ITVjazRn7B+vwGlayf8w==</latexit>

Rp(t) = Np(t) +RGW
p (t)

GW-induced 
timing residual

5

C. Concise derivation of the timing residuals from
GWs

A common derivation of the time-residual induced by
GWs consists of deriving expressions for a null geodesic
in the presence of gravitational plane-waves using Killing
vectors [2, 30, 31]. Here we provide a new and concise
derivation in the spirit of the first calculation by Ref. [1].
Our derivation has the advantage of not being limited
to a plane wave, but directly applies to a generic super-
position of waves, with no special symmetries hence no
Killing vector fields. Consider null geodesics in the met-
ric

ds
2 = �dt

2 + (�ab + hab)dx
a
dx

b
, (27)

where the GW strain hab(t, ~x) is symmetric, trace-free
and transverse (@a

hab = 0). Specifically, consider light
rays originating at a pulsar p (event P ) and received on
Earth (event E). We define d`

2 = �abdx
a
dx

b. The null
geodesic condition implies that

dt =
�
d`

2 + habdx
a
dx

b
�1/2

= d`

✓
1 + hab

dx
a

d`

dx
b

d`

◆1/2

= d`

✓
1 +

1

2
hab

dx
a

d`

dx
b

d`

◆
+ O(h2), (28)

where we have expanded to linear order in hab. At this
order, we only need to compute dx

a
/d` along unper-

turbed geodesics. For unperturbed geodesics traveling
along the direction �p̂ (so that the unit vector p̂ points
from Earth to the pulsar), we have dx

a
/d` = �p̂

a. Inte-
grating Eq. (28), we therefore get

tE � tP = `E � `P +
1

2
p̂
a
p̂
b

Z tE

tP

dt hab(t, ~x(t)), (29)

where we have substituted d` by dt in the integral, as
they are equal to zero-th order in hab, and ~x(t) is the
spatial position along the geodesic. Now, in this gauge
the pulsar and Earth (seen as test particles) stay at the
same spatial coordinates [32]. This implies (i) `E � `P

takes the same value with and without GWs and (ii)
the proper time measured at Earth is also the coordinate
time t. Therefore the last term in Eq. (29) is precisely
the sought-after GW-induced timing residual R

GW
p . As-

suming the Earth is at the origin of spatial coordinates,
we have

R
GW
p (t) =

1

2
p̂
a
p̂
b

Z t

t�Dp

dt
0
hab(t

0
, (t � t

0)p̂), (30)

where Dp is the distance (or time) between Earth and
the pulsar.

It is useful to recast this result in terms of the Fourier
transform of the strain. Inserting Eq. (1) into the time-

residual (30), we obtain

R
GW
p (t) =

1

2
p̂
a
p̂
b

Z
df

Z
d
2⌦̂ hab(f, ⌦̂)

⇥
Z t

t�Dp

dt
0 e2⇡if(t0�p̂·⌦̂(t�t0))

⌘
Z

df e2⇡ift
R

GW
p (f). (31)

Upon performing the time integral, we find the Fourier
transform of the GW-induced time residual R

GW
p (f):

R
GW
p (f) =

p̂
a
p̂
b

4⇡if

Z
d
2⌦̂

hab(f, ⌦̂)

(1 + ⌦̂ · p̂)

⇥
⇣
1 � e�2⇡ifDp(1+p̂·⌦̂)

⌘
. (32)

The first term in the parenthesis corresponds to the
“Earth term” and the second term to the “pulsar term”.

D. Time-residual correlations

We define the (one-sided) cross-power spectrum
RGW

pq (f) of the GW-induced time residuals at di↵erent
pulsars p, q as follows:

hRGW
p (f)R⇤GW

q (f 0)i =
�D(f 0 � f)

2
RGW

pq (f). (33)

Using Eq. (2), we find

RGW
pq (f) =

1

(4⇡f)2

Z
d
2⌦̂

4⇡

p̂
a
p̂
b
q̂
c
q̂
dPabcd(f, ⌦̂)

(1 + p̂ · ⌦̂)(1 + q̂ · ⌦̂)

⇥
⇣
1 � e�2⇡ifDp(1+p̂·⌦̂)

⌘⇣
1 � e2⇡ifDq(1+q̂·⌦̂)

⌘
.(34)

We can think of the pulsar-term contributions as taking
the harmonic transform of the integrand at multipole ` ⇠
2⇡fD (note that the numerator vanishes as ⌦̂ ! �p̂ and
⌦̂ ! �q̂ so the integrand is well behaved there). In
practice, we have D ⇠ kpc ⇠ 3 ⇥ 103 lightyears and
f ⇠1/yr, thus

2⇡fD ⇡ 2 ⇥ 104 D

kpc

f

yr�1
. (35)

Therefore, as long as angular fluctuations of the SGWB
on a scale ` & 104 are negligible, we may safely approxi-
mate the terms in parenthesis by
⇣
1 � e

�2⇡ifDp(1+p̂·⌦̂)
⌘⇣

1 � e
2⇡ifDq(1+q̂·⌦̂)

⌘
! (1 + �pq),

where the Kronecker delta accounts for the factor of two
if the two pulsars are identical, i.e. have the same location
on the sky and are at the same distance. See Ref. [33]
for an explicit proof of the validity of this approximation
for an isotropic SGWB, and [34] for an anisotropic one.

It will be useful in what follows to introduce some com-
pact notation to denote integrals over the sky. For any
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p̂ = direction of 
pulsar p

In Fourier space: 
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they are equal to zero-th order in hab, and ~x(t) is the
spatial position along the geodesic. Now, in this gauge
the pulsar and Earth (seen as test particles) stay at the
same spatial coordinates [32]. This implies (i) `E � `P

takes the same value with and without GWs and (ii)
the proper time measured at Earth is also the coordinate
time t. Therefore the last term in Eq. (29) is precisely
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suming the Earth is at the origin of spatial coordinates,
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where Dp is the distance (or time) between Earth and
the pulsar.

It is useful to recast this result in terms of the Fourier
transform of the strain. Inserting Eq. (1) into the time-

residual (30), we obtain
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Upon performing the time integral, we find the Fourier
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The first term in the parenthesis corresponds to the
“Earth term” and the second term to the “pulsar term”.

D. Time-residual correlations
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We can think of the pulsar-term contributions as taking
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2⇡fD (note that the numerator vanishes as ⌦̂ ! �p̂ and
⌦̂ ! �q̂ so the integrand is well behaved there). In
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Therefore, as long as angular fluctuations of the SGWB
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where the Kronecker delta accounts for the factor of two
if the two pulsars are identical, i.e. have the same location
on the sky and are at the same distance. See Ref. [33]
for an explicit proof of the validity of this approximation
for an isotropic SGWB, and [34] for an anisotropic one.

It will be useful in what follows to introduce some com-
pact notation to denote integrals over the sky. For any
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⌦̂ = direction of 
GW propagation

The pulsar intrinsic noise is completely unknown (one cannot 
isolate pulsars in the lab!), but is uncorrelated between pulsars:
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hNpNqi =???⇥ �pq



characteristic GW strain 
Hellings & Downs function of 
θpq = angle between p and q

If GWs form a stochastic background, with isotropic energy flux: 
<latexit sha1_base64="uoof6gWNBmhH8vawZ23nkP0jCno="></latexit>

hRGW
p (f)R⇤GW

q (f)i / h2
c(f)H(✓pq)

The only way to detect GWs through pulsar timing is 
through cross-correlations of different pulsars.

GWs also contribute to timing-residual auto-correlations, but these 
are completely degenerate with the unknown intrinsic noise of 

pulsars => auto-correlations can only be used to set upper limits.
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Figure 6. Bayesian amplitude posteriors in a model that
includes a common-spectrum process, and an o↵-diagonal
HD-correlated process where all auto-correlation terms are
set to zero (see main text of Sec. 4.3). The posteriors shown
here are marginalized with respect to each other. The infer-
ence run includes BayesEphem.

Figure 7. Bayesian reconstruction of inter-pulsar spatial
correlations, parametrized as a seven-node spline. Violin
plots show marginalized posteriors for node correlations,
with medians, 5% and 95% percentiles, and extreme val-
ues. The dashed blue line shows the HD ORF expected for
a GWB, while the dashed horizontal orange line shows the
expected inter-pulsar correlation signature for a monopole
systematic error, e.g. drifts in clock standards.

5. STATISTICAL SIGNIFICANCE

As described above, the 12.5-year data set o↵ers
strong evidence for a spatially uncorrelated common-
spectrum process across pulsars in the data set, but it
favors only slightly the interpretation of this process as
a GWB by way of HD inter-pulsar correlations. In this
section we test the robustness of the first statement, by
examining the contribution of each pulsar to the overall
Bayes factor; and we characterize the statistical signif-
icance of the second, by building virtual null distribu-
tions for the HD detection statistics. We expect that

studies of both kinds will be important to establishing
confidence in future detection claims.

5.1. Characterizing the evidence for a
common-spectrum process across the PTA

Under a model that includes a noise-like process of
common spectrum across all pulsars without inter-pulsar
correlations, and in the absence of other physical e↵ects
linking observations across pulsars (such as ephemeris
corrections), the PTA likelihood factorizes into individ-
ual pulsar terms:

p({dj}N |{~✓j}N , ACP) =
NY

j=1

p(dj |~✓j , ACP), (4)

where dj and ~✓j denote the data set and the intrinsic
noise parameters for each pulsar j, and where ACP de-
notes the amplitude of the common-spectrum process.

Equation (4) suggests a trivially parallel approach to
estimating the ACP posterior: we performed indepen-
dent inference runs for each pulsar, sampling timing-
model parameters, pulsar-intrinsic white-noise param-
eters, pulsar-intrinsic red-noise parameters, as well as
ACP. We adopted DE438 (without corrections) as the
solar-system ephemeris, and we set log-uniform priors
for all red-process amplitudes, as described in Table 5.
We then obtained p(ACP|{dj}N ) by multiplying the in-
dividual p(ACP|dj) posteriors (as represented, e.g., by
kernel density estimators), while correcting for the du-
plication of the prior p(ACP).

As shown in Figure 8, the resulting posterior matches
the analysis of Sec. 4, while sampling very low ACP

values more accurately. We can then evaluate the
pall(CP)/pall(no CP) Bayes factor in the Savage–Dickey
approximation (see Dickey 1971b), obtaining a value
⇠ 65, 000, or log10 Bayes factor ⇠ 4.8, which is broadly
consistent with the transdimensional sampling estimates
reported in Table 2. The agreement of the two distribu-
tions in Figure 8 validates the approximation of fixing
pulsar-intrinsic white-noise hyperparameters in the full-
PTA analysis, which we accepted for the sake of sam-
pling e�ciency.

In a dropout analysis (Aggarwal et al. 2019; Vigeland
et al. in prep), we perform inference on the joint PTA
data set, but introduce a binary indicator parameter
for each pulsar that can turn o↵ the common-spectrum
process term in the likelihood of its data. These indica-
tors are sampled in Monte Carlo fashion with all other
parameters. The dropout factor (the number of “on”
samples divided by “o↵” samples for a pulsar) quantifies
the support o↵ered by each pulsar to the common-signal
hypothesis.

NANOGrav 12.5-year results

log10[characteristic amplitude at f = 1/year]

``common noise” among all pulsars

Upper limit: hc(f = 1/yr) ≾ 3e-15 
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2-A- GWs induced at second-order by 
small-scale density perturbations

Consider metric perturbation
<latexit sha1_base64="oTntS057+vXKC3yXMNiPjhjT3SM="></latexit>

hµ⌫ = ✏ h(1)
µ⌫ + ✏2 h(2)

µ⌫

ε: bookeeping parameter 

Suppose that the first-order perturbations are pure scalars:
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hTT(1)
ij = 0

Expand the (non-linear) Einstein field equations to second-order
<latexit sha1_base64="GcNxd9w19EBvj8eYbLksJs9VIDU="></latexit>

d
2
h
TT(2)
ij

d⌘2
�r2

h
TT(2)
ij + 2aH

dh
TT(2)
ij

d⌘
= Sij

wave equation effect of cosmological 
expansion
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Sij ⇠ ri�
(1)rj�

(1)



A very simple estimate

• Just after horizon entry
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hc ⇠ �2 ⇠ ⇣2

• GWs have energy density 
<latexit sha1_base64="A9V00+AvGNAg7yIFkYT097P1Bo4="></latexit>

⇢GW / (ḣc)
2 ⇠ !2h2

c

• GW frequencies decay as 
<latexit sha1_base64="Va7kzybWWpgHCla6eDU3Sm6oY0A="></latexit>

! / 1/a ) ⇢GW / a�2h2
c

• GWs behaves like radiation in the absence of sources =>   
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⇢GW / a�4 ) hc / 1/a
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) hc(k; a) ⇠ ⇣2(k)(aentry/a)

• For horizon entry (when k = a H) during radiation domination:
<latexit sha1_base64="fqNIiHM8nSEIXX2zGGnr5Yhe8Vg="></latexit>

aentry ⇠ 10�3 0.01 Mpc�1

k
⇠ 10�11 pc

�1

k



<latexit sha1_base64="AQ5F+1ayNSPACptcKkQuTl9MT6s="></latexit>

hc(k, a = 1) ⇠ 10�11 pc
�1

k
⇣2(k)

PTAs constrain hc ≾ 3e-15 at frequencies of ~1/yr,  i.e. k~1/pc.
<latexit sha1_base64="of19vigjsiBIc9KhakoG5lU1kkI="></latexit>

) ⇣(k ⇠ pc�1) . 10�2
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should be very close to detecting a stochastic gravitational wave background even if only one of the

compact objects which LIGO has detected was a PBH, for example the secondary mass object in

the recently detected event which falls into the mass gap between neutron stars and astrophysical

black holes [83]. It seems plausible that the associated stochastic background could be detectable

with current PTA data if a dedicated search was made by using specific GW templates generated

by power spectra that cause LIGO mass PBHs to form.
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FIG. 5. Plot of the constraints on the power spectrum amplitude from PBH, PTA, and µ-distortion sources,

as well as the measured one and three-sigma constraints from the CMB. The constraints for � = 0.3 (which

are tighter for the PBH constraints, and narrower for the other constraints) are shown in red, and the

constraints for � = 1 are shown in blue. The PBH, PTA, and µ-distortion constraints are shown with solid,

long-dashed, and short-dashed lines respectively.

The cosmic µ–distortion places an upper limit on the maximum PBH mass which can be gener-

ated by the collapse of large amplitude perturbations shortly after horizon reentry. The maximum

mass decreases as the power spectrum width � increases, but even for a narrow peak with � = 0.3

the initial PBH mass cannot be much greater than 104 M�, which is much smaller than the super-

massive BHs seen in the centre of most galaxies even at high redshift, with masses 106–109 M�,

whose origin remains a mystery. However, such large PBHs could still act as a seed to the SMBHs
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Gow, Byrnes, Cole and Young [2008.03289]
(see references therein for detailed calculations)

=> Currently PTA limits are just consistent with primordial 
fluctuations required to form PBHs. Future extended PTAs (e.g. 
built from SKA pulsars) should probe much lower amplitudes



2-B- Formation of PBH binaries in the 
late Universe (Bird et al. 2016)

Suppose 2 (equal) masses M approach each other on a nearly 
parabolic trajectory, with impact parameter b, relative velocity v.

At periapsis 
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rpvp = bv, v2p ⇡ M

rp

<latexit sha1_base64="e9wZviRqB/FYAPLRuWo6wBkK+UY="></latexit>

) rp ⇡ (bv)2

M
, vp ⇡ M

bv

Timescale of passage at periapsis: 
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tp ⇠ rp
vp

⇠ (bv)3

M2

Mass quadrupole moment: 
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Q ⇠ Mr2p

Energy lost to GW radiation:

<latexit sha1_base64="27hyOAjoO3DRkM/tKqM9zd2TM98="></latexit>

�EGW ⇠
...
Q

2
tp ⇠ M8

(bv)7
<latexit sha1_base64="/Tct6Nj38JnAisQbxCfX66tWw0s="></latexit>

�EGW & Mv2 i.e. b . M

v9/7
=> masses become bound if



    Quinlan & Shapiro 1989

� =
1

2

Z
dV h�vi

✓
⇢

M•

◆2

⇠ GMh

c2
G⇢h
c

(vh/c)
�11/7

• Merger rate per halo of mass Mh, density ρh

• ρh ~200 × (mean density at redshift of halo collapse), 
• approximate dnh/dMh by Press-Schechter mass function

=> Cross-section for capture through GW radiation:
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�(v) = ⇡b2max ⇠ M2v�18/7

• Total merger rate per unit volume: R =

Z
dMh

dnh

dMh
�(Mh)

Integral diverges at Mh —> 0, but small halos ``evaporate” within a 
Hubble time through 2-body relaxation (e.g. Binney & Tremaine)
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Bird et al. 2016
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Accounting for Poisson 
fluctuations

Assuming standard CDM 
power spectrum
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R ⇠ 1 Gpc�3yr�1

In either case, one find, for ~30 Msun PBHs making all of the DM

Somewhat lower than (but consistent 
with) merger rate inferred from LIGO 



• On small scales PBHs are initially Poisson distributed  
[Ali-Haïmoud 2018, Ballesteros et al. 2018, Desjacques & Riotto 2018]

• PBHs pairs born close enough decouple 
from Hubble flow deep in the radiation era. 

2-C- Formation of PBH binaries in the 
early Universe (Nakamura et al. 1997)

A: semi-major axis at decoupling

Scale factor of decoupling adec is such that
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A = adecXcom
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) A ⇠
4⇡⇢0�
3M

X4
com
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M ⇠ 4⇡

3
⇢�(adec)A

3
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P (Xcom) given by Poisson distribution 
of nearest neighbor

=> can compute the PDF of initial semi-major axis



•   Once a pair decouples from the Hubble flow, it falls almost head-on

•   It acquires some non-zero angular momentum dues to torquing by  
neighboring PBHs and large-scale tidal field

A R
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tdec
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R ⇠ adecX
2nd
com

• Given Poisson distribution for X2nd, can compute the PDF of 
initial angular momentum or equivalently initial eccentricity.
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p
1� e2 Peters 1964

• Given P(A) and P(e) can compute P(tmerge) thus merger rate.
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M/M� R90% [Gpc�3 yr�1]

10 330

20 77

40 15

100 2

200 5

300 20

TABLE I. Estimated 90% upper limits on the merger rate of
equal-mass binary black holes from the LIGO O1 run. The
limits for M/M� = 10, 20 and 40 are inferred from Refs. [75,
76], and those for M/M� = 100, 200 and 300 are taken from
Ref. [74] for non-spinning black holes.

V. POTENTIAL LIMITS FROM EXISTING
LIGO OBSERVATIONS

We now estimate upper limits on the volumetric
merger rate of binary black holes set by LIGO O1, and
how such limits would translate on the PBH abundance
provided the merger rate is that computed in Section II.

In Ref. [74], the LIGO collaboration provides 90% up-
per limits to the merger rate of intermediate-mass black
holes, with individual masses up to 300 M�. These limits
depend on the spins of the black holes, in particular on
their projection along the orbital angular momentum: in
the case of 100� 100 M� binary, the upper bound varies
by a factor ⇠ 4 between the nearly aligned and nearly
anti-aligned cases. Since Ref. [74] does not provide up-
per limits for non-zero spins for M/M� = 200 and 300,
we shall use their zero-spin bounds for all cases, keeping
in mind that they are only accurate up to a factor of a
few.

For M = 10, 20, 40 M�, we estimate the 90 % upper
limit on the merger rate from R90% = � ln(0.1)/hV T i

[74], where hV T i is the average space-time volume to
which the LIGO search is sensitive, and is obtained from
integrating Fig. 7 of Ref. [75]. We anticipate that LIGO
also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [40] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely
exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.
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FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [77] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [39] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]

If PBH binaries are undisturbed between formation and merger 
(in particular if they do not get significantly torqued), merger rate 
today >> LIGO bounds if PBHs make all of the DM.

merger rate for fpbh = 100%

LIGO merger rate upper 
limits (as of 2017)

Ali-Haïmoud, Kovetz & 
Kamionkowski 2017
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M/M� R90% [Gpc�3 yr�1]

10 330

20 77

40 15

100 2

200 5

300 20

TABLE I. Estimated 90% upper limits on the merger rate of
equal-mass binary black holes from the LIGO O1 run. The
limits for M/M� = 10, 20 and 40 are inferred from Refs. [75,
76], and those for M/M� = 100, 200 and 300 are taken from
Ref. [74] for non-spinning black holes.

V. POTENTIAL LIMITS FROM EXISTING
LIGO OBSERVATIONS

We now estimate upper limits on the volumetric
merger rate of binary black holes set by LIGO O1, and
how such limits would translate on the PBH abundance
provided the merger rate is that computed in Section II.

In Ref. [74], the LIGO collaboration provides 90% up-
per limits to the merger rate of intermediate-mass black
holes, with individual masses up to 300 M�. These limits
depend on the spins of the black holes, in particular on
their projection along the orbital angular momentum: in
the case of 100� 100 M� binary, the upper bound varies
by a factor ⇠ 4 between the nearly aligned and nearly
anti-aligned cases. Since Ref. [74] does not provide up-
per limits for non-zero spins for M/M� = 200 and 300,
we shall use their zero-spin bounds for all cases, keeping
in mind that they are only accurate up to a factor of a
few.

For M = 10, 20, 40 M�, we estimate the 90 % upper
limit on the merger rate from R90% = � ln(0.1)/hV T i

[74], where hV T i is the average space-time volume to
which the LIGO search is sensitive, and is obtained from
integrating Fig. 7 of Ref. [75]. We anticipate that LIGO
also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [40] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely
exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.

micro-lensing wide binaries
ultra-faint dwarfs

potential limits  
from LIGO O1 run
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FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [77] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [39] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]

If PBH binaries are undisturbed between formation and merger, 
then LIGO sets very stringent constraints on PBH abundance 

Ali-Haïmoud, Kovetz & 
Kamionkowski 2017
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FIG. 2. Characteristic rescaled initial comoving separation
X ⌘ (x/x)3 for PBH binaries that merge at the present time,
as a function of the fraction of dark matter in PBHs. The
curves are labeled by the PBH mass in units of M�. We see
that X⇤ ⌧ 1, indicating that PBH binaries merging today
are rare pairs with initial separation much smaller than the
characteristic inter-PBH separation. Here and in subsequent
figures, the change of slope at f ⇡ �eq ⇡ 0.005 is due to the
change in the dominant tidal torque, from large-scale density
perturbations at f . �eq to other PBHs at f & �eq.

Solving for X⇤, we obtain that the most probable value
of X for binaries merging today is

X⇤ ⇡ 0.032 f m
5/37(f2 + �

2
eq)

�21/74
. (30)

We show X⇤ in Fig. 2. We see that for all PBH masses
and fractions of interest, X⇤ ⌧ 1, indicating that PBH
binaries merging today are rare pairs with initial sepa-
ration much smaller than the characteristic inter-PBH
separation. This justifies our approximation to treat the
e↵ect of other PBHs as a perturbation on the nearly iso-
lated binary.

From our results in Sec. II B, the characteristic redshift
at which PBH binaries decouple from the Hubble flow is
z⇤ ⇡ 3zeq/(X⇤/f), which we show in Fig. 3. We find that
all binaries merging today typically form prior to matter-
radiation equality, and increasingly early for f & �eq.
The characteristic semi-major axis a⇤ is then obtained
from Eq. (11), and the characteristic angular momentum
j⇤ is simply j(t0, X⇤) =

p
2jX⇤, i.e., using Eq. (22),

j⇤ ⇡
1

p
2
(�2

eq + f
2)1/2(X⇤/f)

⇡ 0.023 m
5/37(�2

eq + f
2)8/37. (31)

We show the characteristic initial orbital parameters in
Fig. 4.

E. Merger rate

We now have all the required ingredients to compute
the merger rate. First of all, since the typical formation

m = 1
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FIG. 3. Characteristic decoupling redshift of PBH binaries
merging at the present time, as a function of the fraction of
dark matter in PBHs. We see that PBH binaries typically
form around matter-radiation equality for fpbh . 0.01, and
much earlier for larger PBH fractions.

time is prior to matter radiation equality, the time of
merger (i.e. the value of coordinate time since the Big
Bang) is approximately the time it takes to merge, for
binaries merging today. The probability distribution of
the time of merger is therefore

dP

dt
=

Z
dX

d
2
P

dXdt
=

1

7t

Z
dXe�X

P(�X). (32)

Since the integrand peaks at X⇤ ⌧ 1, we may set e�X =
1, and compute the integral analytically. Using �X /

X
�37/21, and �X⇤ =

p
2, we find

Z
dXP(�X) =

21

37

X⇤
p

2

Z
d�(�/

p
2)�58/37

P(�)

⇡ 0.59 X⇤. (33)

The merger rate per unit volume at the present time t0

is then obtained from

dNmerge

dtdV
=

1

2
f

⇢
0
m

M

dP

dt

���
t0

⇡ 0.042 X⇤
f⇢

0
m

Mt0
, (34)

where ⇢
0
m is the matter density at the present time, and

the factor 1/2 avoids double-counting of pairs .
We show the merger rate as a function of f in Fig. 5.

It scales as m
�32/37

⇡ m
�0.86. For f � �eq, it scales as

f
53/37

⇡ f
1.41, and for f ⌧ �eq it scales as f

2. Note that
this contrasts with the results of Ref. [9], which did not
account for torques by adiabatic density perturbations
(i.e. assumed �eq = 0). In their case, the merger rate
changes from / f

53/37 to / f
3 at f . 10�3, as PBH

binaries typically form after matter-radiation equality in
that case.

The next section is dedicated to check the most impor-
tant assumption underlying this rate estimate, namely
that between formation and merger, PBH binaries are
mostly una↵ected by their environment.
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FIG. 4. Characteristic initial orbital elements (semi-major
axis a and reduced angular momentum j =

p
1� e2) of PBH

binaries merging at the present time.
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FIG. 5. PBH binary merger rate, as a function of PBH frac-
tion fpbh and mass m = M/M�.

III. BINARY EVOLUTION BETWEEN
FORMATION AND MERGER

The goal of this section is to estimate the e↵ect of
interactions with the overall tidal field, other PBHs and
baryons after the binary has formed, once it is part of
non-linear structures.

A. Purely gravitational interactions

We begin by considering purely gravitational inter-
actions of PBH binaries with dark matter, whether in
the form of PBHs or otherwise. Before we start, let
us point out that if PBHs do not make all of the dark
matter, one must make assumptions about the rest of
it. Given that the scales currently probed by CMB
anisotropy and large-scale-structure measurements are
significantly larger than the scales of interest here, all
bets are open regarding the appropriate model. For in-
stance, the dark matter could be cold enough that its free
streaming length is below current limts from Ly-↵ forest
data [46], yet be e↵ectively warm on a scale containing a
few PBHs. Similarly, the dark matter could be an ultra-
light axion-like particle, massive enough to evade existing
constraints [1], yet light enough to have strong wavelike
e↵ects on the scales of interest. For definiteness, we shall
assume that the rest of the dark matter is made of cold,
collisionless particles with masses ⌧ M . In addition to
being the simplest scenario, it is also that where the dark
matter is expected to cluster the most, hence have the
largest gravitational e↵ects on PBH binaries. Making
this assumption is therefore conservative.

1. Characteristic properties of early halos

Consider a spherical region enclosing on average a total
mass Mh. The number N of PBHs it contains is Pois-
son distributed with mean hNi = fMh/M and variance
h(�N)2i = hNi. For hNi � 1, the distribution of per-
turbations on that mass scale is nearly Gaussian, with
variance at equality

�
2(Mh; eq) ⇡ �

2
eq +

f
2

hNi
= �

2
eq + f

M

Mh
. (35)

During the matter era, perturbations grow linearly with
the scale factor, �(Mh, s) ⇡ s �(Mh; eq). Perturbations
of mass scale Mh typically collapse when �(Mh, s) ⇡ 1,
i.e. at scale factor

scoll(Mh) ⇡
�
�
2
eq + fM/Mh

��1/2
. (36)

As a sanity check, with our assumed �eq = 0.005, we
find that the first small-scale structures form at z ⇠ 20
if f = 0, consistent with current estimates.

Once a perturbation collapses and virializes into a halo,
we assume its characteristic density ⇢h is ⇠ 200 times the
mean density at the time of collapse:

⇢h ⇡ 200 ⇢m(scoll). (37)

The variance of the relative velocity of two point masses
in the halo is typically

v
2
h ⇡ 2

✓
4⇡⇢h

3
M

2
h

◆1/3

. (38)

PBH binaries typically start with a very small angular momentum. 

Since tmerge~ j7, even small torques could change j by factors 
of a few, and tmerge (hence merger rate) by a lot!

In YAH, Kovetz & Kamionkowski 2017, we estimated 
analytically that PBH binaries should not be significantly  
torqued during subsequent structure formation. 

To be confirmed by simulations!



Two aspects to this problem
1- the ``microphysics”: what are the cross sections for 

different outcomes for 3-body interactions ?

2

LIGO/Virgo rates.
In this paper, we show that this conclusion is with high

likelihood incorrect, we believe that QCD formed PBHs
may very well constitute all of the dark matter. The
findings of this paper, should stimulate intense research
on a numerically difficult problem. Limits imposed from
the coalescing rate rely on the correctness of the PBH
binary semi-major and eccentricity distribution. The ini-
tial distribution has been first calculated in [49, 50] sub-
sequently re-calculated by several authors [43, 45, 46],
and its subsequent evolution has been deemed to be too
unimportant [40, 44–48] to circumvent LIGO/Virgo con-
straints. We will show that this distribution, in fact,
dramatically evolves between the first formation of bina-
ries and the present day, allowing for consistency with
current data.
PBH dark matter has the characteristics of perfect cold

dark matter on large scales, however, there are two im-
portant differences when compared to particle cold dark
matter. First, PBH dark matter is formed infinitely cold
as any peculiar motions of density fluctuations should
have inflated away during inflation. When binaries then
form from such initial conditions, the distribution func-
tion P (a, e) of binary semi-major axis a and eccentricity
e is highly peaked at e ≈ 1, reflecting very radial or-
bits. The binary coalescence time, due to the emission of
gravitational waves is given by

tgw =
3

170

1

(GMbh)3
a4
(

1− e2
)7/2

(1)

and becomes very short when e approaches unity. Any
perturbation of the binary would be expected to typi-
cally lower e, to get to a more equilibrated, unpeaked
steady state in P (a, e). This in turn drastically increases
tgw [46, 47, 51, 52]. We will show that simple three-body
interactions between the two binary members and a third
PBH indeed have this effect.
The second difference to particle dark matter pertains

to the granularity of PBH dark matter. As individ-
ual dark matter particles are fairly massive, PBH dark
matter has an additional isocurvature density fluctuation
component on small scales simply due to small-number
statistics and the associated Poisson noise, i.e the fluc-
tuations of the number of PBHs in a given volume con-
taining N PBHs on average, is δ(N) = ∆N/N = 1/

√
N .

Those isocurvature fluctuations lead to the early forma-
tion of PBH clusters at redshifts as high as ∼ 1000.
These clusters have been observed in numerical simula-
tions, with the smallest clusters observed in [46] and a
full range of clusters observed in [53]. Contrary to prior
claims [54, 55] the PBH isocurvature fluctuations have
been confirmed to be Poissonian [56, 57].
Following [53] the growth factor of isocurvature per-

turbations is given by

D(a) ≈
(

1 +
3

2

a

aeq

)

, (2)

where a is scale factor and eq denotes matter-radiation
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FIG. 1. An example of a scattering event. Shown are the
distances between the three PBHs participating in the scat-
tering event, R12 (pink), the initial binary, R13 (green), dis-
tance between one member of the binary and the perturber,
and R23 (yellow), distance between the other member and
the perturber. Initial binary properties: a = 8.1 × 10−5pc,
e = 0.999969, tgw = 4.48× 10−2Gyr. Final binary properties:
a = 7.59×10−5pc, e = 0.90, tgw = 5.0×1010Gyr. The impact
parameter is b = 7.1× 10−5pc.
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FIG. 2. The orbits of the three PBHs in the scattering event
shown in Fig.1, in a particular plane in the initial binary CM
frame. It is seen that the interaction is very complex.

equality. Assuming a spherical top hat collapse model,
we may require D(a)δ(N) ≈ 1.68 to determine the col-
lapse redshift acoll. In this model the final cluster density
is given by ρcl ≈ 178〈ρDM 〉(acoll) where 〈ρDM 〉 is the av-
erage dark matter density. These relations allow us to
determine the PBH number density in clusters

ncl ≈ 1.6× 105
1

pc3

(

Mpbh

M!

)−1

N−3/2
cl (3)
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2- the ``macrophysics”: what are the properties of the first 
structures forming in a CDM + PBH universe?
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• Depends on whether early-Universe PBH 
binaries are disturbed during formation of the 
first structures. To be checked numerically.

• LIGO could potentially place very 
stringent limits on the PBH abundance 
between ~1 and ~103 solar masses. 
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M/M� R90% [Gpc�3 yr�1]

10 330

20 77

40 15

100 2

200 5

300 20

TABLE I. Estimated 90% upper limits on the merger rate of
equal-mass binary black holes from the LIGO O1 run. The
limits for M/M� = 10, 20 and 40 are inferred from Refs. [75,
76], and those for M/M� = 100, 200 and 300 are taken from
Ref. [74] for non-spinning black holes.

V. POTENTIAL LIMITS FROM EXISTING
LIGO OBSERVATIONS

We now estimate upper limits on the volumetric
merger rate of binary black holes set by LIGO O1, and
how such limits would translate on the PBH abundance
provided the merger rate is that computed in Section II.

In Ref. [74], the LIGO collaboration provides 90% up-
per limits to the merger rate of intermediate-mass black
holes, with individual masses up to 300 M�. These limits
depend on the spins of the black holes, in particular on
their projection along the orbital angular momentum: in
the case of 100� 100 M� binary, the upper bound varies
by a factor ⇠ 4 between the nearly aligned and nearly
anti-aligned cases. Since Ref. [74] does not provide up-
per limits for non-zero spins for M/M� = 200 and 300,
we shall use their zero-spin bounds for all cases, keeping
in mind that they are only accurate up to a factor of a
few.

For M = 10, 20, 40 M�, we estimate the 90 % upper
limit on the merger rate from R90% = � ln(0.1)/hV T i

[74], where hV T i is the average space-time volume to
which the LIGO search is sensitive, and is obtained from
integrating Fig. 7 of Ref. [75]. We anticipate that LIGO
also strongly constrains masses M  10 M�, and defer
this detailed analysis to the LIGO collaboration, updat-
ing that carried out in Ref. [40] with the S2 run. We
summarize our estimated limits in Table I.

We show these limits in Fig. 6, alongside the PBH bi-
nary merger rate if they make all of the dark matter, and
if PBH binaries are not significantly perturbed between
formation and merger. We see that the latter largely
exceeds the estimated upper limits, by 3 to 4 orders of
magnitude, depending on the mass. This indicates that
LIGO could rule out PBHs as the dominant dark mat-
ter component, and set stringent upper limits to their
abundance.

To estimate these potential limits, we solve for the
maximum PBH fraction for which the merger rate is be-
low the LIGO upper limits. Note, that the merger rate is
not linear in f , nor a simple power law through all range
of f , so these limits must be computed numerically. We
show the result in Fig. 7, alongside other existing bounds
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FIG. 6. Merger rate of PBH binaries if they make up all of
the dark matter, and provided PBH binaries are not signifi-
cantly perturbed between formation and merger (solid line).
Superimposed are the upper limits from LIGO given in Table
I and described in the main text.
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FIG. 7. Potential upper bounds on the fraction of dark matter
in PBHs as a function of their mass, derived in this paper (red
arrows), and assuming a narrow PBH mass function. These
bounds need to be confirmed by numerical simulations. For
comparison we also show the microlensing limits from the
EROS [21] (purple) and MACHO [20] (blue) collaborations
(see Ref. [77] for caveats and Ref. [32] for a discussion of
uncertainties), limits from wide Galactic binaries [22], ultra-
faint dwarf galaxies [25], and CMB anisotropies [24].

in that mass range. We see that LIGO O1 may limit
PBHs to be no more than a percent of the dark mat-
ter for M ⇠ 10 � 300 M�. If confirmed with numerical
computations, these would become the strongest existing
bounds in that mass range.

VI. DISCUSSION AND CONCLUSIONS

NSTT [39] pointed out long ago that PBHs would
form binaries in the early Universe, as a consequence of
the chance proximity of PBH pairs, and estimated their
merger rate at the present time. Following the first de-
tection of a binary-black-hole merger [5], Sasaki et al. [9]

Summary of lecture 2
• PTAs indirectly probe the primordial power 
spectrum. For now, PTA limits do not put 
pressure on PBHs, but this could change 
with next-generation PTAs.
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should be very close to detecting a stochastic gravitational wave background even if only one of the

compact objects which LIGO has detected was a PBH, for example the secondary mass object in

the recently detected event which falls into the mass gap between neutron stars and astrophysical

black holes [83]. It seems plausible that the associated stochastic background could be detectable

with current PTA data if a dedicated search was made by using specific GW templates generated

by power spectra that cause LIGO mass PBHs to form.
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FIG. 5. Plot of the constraints on the power spectrum amplitude from PBH, PTA, and µ-distortion sources,

as well as the measured one and three-sigma constraints from the CMB. The constraints for � = 0.3 (which

are tighter for the PBH constraints, and narrower for the other constraints) are shown in red, and the

constraints for � = 1 are shown in blue. The PBH, PTA, and µ-distortion constraints are shown with solid,

long-dashed, and short-dashed lines respectively.

The cosmic µ–distortion places an upper limit on the maximum PBH mass which can be gener-

ated by the collapse of large amplitude perturbations shortly after horizon reentry. The maximum

mass decreases as the power spectrum width � increases, but even for a narrow peak with � = 0.3

the initial PBH mass cannot be much greater than 104 M�, which is much smaller than the super-

massive BHs seen in the centre of most galaxies even at high redshift, with masses 106–109 M�,

whose origin remains a mystery. However, such large PBHs could still act as a seed to the SMBHs
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